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Formulas are obtained for the mean first passage times (as well as their dispersion) in random
walks from the origin to an arbitrary lattice point on a periodic space lattice with periodic boundary
conditions. Generally this time is proportional to the number of lattice points.

The number of distinct points visited after n steps on a k-dimensional lattice (with £ > 3) when n

islargeisain + amnt + a3 +amt 4 - - -

. The constants a1 — a4 have been obtained for walks on a

* gimple cubic lattice when k¥ = 3 and a, and a, are given for simple and face-centered cubic lattices.
Formulas have also been obtained for the number of points visited 7 times in n steps as well as the
average number of times a given point has been vigited.

The probability F(c) that a walker on a one-dimensional lattice returns to his starting point before
being trapped on a lattice of trap concentration ¢ is F(¢) = 1 + [¢/(1 — ¢)] log e.
Most of the results in this paper have been derived by the method of Green’s functions.

NUMBER of problems in solid-state physics
are directly or indirectly related to various
aspects of random walks on periodic space lattices.
The theory of such random walks on infinite lattices
was first discussed by Polya' who was especially
concerned with the effect of dimensionality on the
probability that a walker starting at a given point
eventually returns to that point. Some other types
of problems which are of special interest involve the
average time required by a walker to go from a given
lattice point to another preassigned point for the
first time and with the average number of distinct
points occupied in a walk of a given number of steps.
Results on these topics as well as the effect of a
small number of lattice defects on random walks
have been discussed in the first paper of this series.”
That paper is concerned mainly with random walks
whichi involve jumps to nearest-neighbor lattice
points only. Many of the results are generalized here
! G. Polya, Math. Ann, 84, 149 (1921).

* E. W. Montroll, Proc. Symp Appl. Math. Am. Math.
Soc. 16, 193 (1964).

to be applicable to walks which involve steps to more
distant neighbors. We also discuss the average num-
ber of points occupied k times in an n-step walk as
well as the number of times a given point has been
occupied in such a walk., The average number of
points occupied in an n-step walk was first esti-
mated by Dvoretsky and Erdés,® further analysis
having been made by Vineyard* and one of the
authors.” Repeated occupancy was first considered
by Erdos and Taylor.®

Green’s function techniques and Tauberian theo-
rems are the main mathematical tools used in this
paper. Although emphasis is placed on walks in
which steps are taken at regular time intervals, the
generalization to those in which the steps are taken
at random times is developed in Sec. V.

We also discuss the effect of traps of a given con-

3 A, Dvoretzky and E. Erdos, Proc. 2nd Berkeley Sympos.
Math. Stat. and Prob.,, (University of California Press,
Berkeley, 1951), p. 33.

H. Vineyard, J. Math. Phys. 4, 1191 (1963).

s P. Erdos and 8. J. Taylor, Acta Math. Acad. Sei. Hung.

11, 137 (1960).
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168 E. W, MONTROLL
centration on the probability of a walker on a one-
dimensional lattice returning to his starting point
before being trapped.

Since the first draft of this article was completed,
a book by Spitzer’ has appeared which contains a
discussion of some of the topics included here.

I LATTICE GREEN’S FUNCTIONS AND RANDOM-
WALK GENERATING FUNCTIONS
We begin by studying discrete random walks on
lattices with periodic boundary conditions (.e.,
toroidal lattices), and in particular will assume that
there exists an integer N such that the lattice points
§ = (84, 83, *** , &) satisfy

G+ 5N, s+ LN, -+ 8+ GlN) =

when the 7's are integers.

There are N* distinct lattice points on our k-
dimensional lattice. Let P.(s) be the probability
that the random walker is at a point s after the nth
step. In view of the periodie boundary conditions,

Po(si + 51N, 82 + 3N, -+, s + 3:N) = P(s), (L.1)

when the j's are integers. The {P,(s)} satisfy the
recursion formula

Pa(s) =

(317322 T ’Sk)

jz_: p(s — 8")P,(s"), (1.2

if p(s) represents the probability that any step results
in a vector displacement s by a walker. We find the
Fourier expansion of p(s)

AM2rr/N) = 3 p(s) exp (2xir-s/N),

which we call the structure function of the walk, to
be of considerable importance. In particular

Yops) =1 and NO) =

when walkers are conserved; i.e., when walkers are
neither created nor destroyed in the walk. The
reader can easily verify that

(e +et - +a)k
for k-D simple cubic lattice

{eic2 + cots + 0301)/ 3
for 3-D face-centered cubic lattice

(1.3)

(14

\B) = 4 (1.5)

C1C2C3,
for 3-D body-centered cubic lattice,

.

where
¢; = cosd; and &; = 2nr;/N. (I.5a)

¢ F. Spitzer, Principles of Random Walks (D. Van Nostrand,
Inc., Princeton, New Jersey, 1964).
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Properties of random walks can be described
effectively through the random-walk generating
funetion

P(s,2) = Ez"P,,(s). (1.6)

43
We restrict ourselves now to the initial condition
PQ(S) = 55,0 (1.7)

which corresponds to walks which start from the
origin, s = 0. By multiplying (2) by 2", summing
over all n, and applying (7), one finds that P(s, 2)
satisfies the Green’s function equation

P(s,2) — 2z E p(s — 8" )P(s’,2) = da0. (1.8)

This equation can be solved for our generating

function P(s, 2) by considering the function

u(z, 2rr/N) = Y P(s, 2) exp (2mir-s/N). (1.9

If we multiply (8) by exp (2xis-r/N), sum over s
and employ (9) and (3) we find
u(z, 2s1/N) = {1 — 222rt/N)}™" (1.10)

Since P(s, 2) is the Fourier inverse of u(z, 27r/N),
we find

-k exp (—2mir-s/N)
N T e/

In the case of an infinite lattice, N — = and

Pls, 2) = (2)[ f

From this it is clear that

P(s,z) = (1.11)

exp (—1s- ﬂ)dﬁ.

i a@ | (12

n—as&dﬁ

P,(s) = (1.13)

@2r )
Also since we assume walkers to be conserved

S Ps) =1, (1.14a)

and
S P(s,2) = (1 —2)7.
In all the analysis above we assume |2} < 1.
We will find it expedient to separate out the
singular and nonsingular parts of P(s, z) by writing

(I.14b)

P(s,2) = (1 — 2N + o(s, 2), (1.15)
where
os,5) = N+ T SREWSTY - (116)
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in which the prime indicates that the term with
ry = py = +-- = 7, = 0 is to be omitted. In general,
when the limit N — o is taken, the sum can be re-
placed by an integral. Although the resulting integral
may be a singular function of z the singularity is
weaker than (1 — 2z)™ as we show later.

We will also be interested in the properties of the
first passage time, and for this purpose we define
F.(s) to be the probability that a random walker
reaches the point s for the first time at step n. The
generating function of the F,(s) will be denoted
by F(s, 2):

F(s,2) = 2, F.(s)".
Bl

It is possible to relate the F,(s) to the P,(s) since,
if the random walker is at step n he must first have
reached there at some step j and then returned to
sinn — jsteps. Taking account of the initial condi-
tion of Eq. (1.3), we find

Py§) = duobeo + 2 Fi(8)Psi(0)

(1.17)

The generating functions therefore satisfy
F(s,2) = [P(s,2) — 8.,0]/P(0,2). (1.18)

The probability that the walker reaches point s at
some time is just F(s, 1). For N < o« the probability
of reaching any point on the lattice is one, inde-
pendent of the dimension, When N = o« the
probability of a return to the originis 1 — [F(0, 1)]™*
In one and two dimensions F(0, 1) = o and the
walker returns to the origin with probability one.
In higher dimensions the return to the origin occurs
with probability less than one. The same results are
true for the first passage to any point s.

Another function that will be useful later is
F{(s), the probability that the random walker
reaches s for the rth time at step n. This function
satisfies the recurrence formula

> FiV(s)F(0),
i=1

and its generating function F’(s, z) is therefore
given by

F(r)(s’ Z) —

F{(s) = (1.19)

[FO0, 27 'F(s, 2) = Z F{(8)e.

n=1

(1.20)

II. STATISTICS OF FIRST-PASSAGE TIME

The first results to be given will be those related to
first-passage times. Let (n'(s)) be the jth moment of
the first-passage time to reach point s. In terms of
F(s, 2), (n’(s)) can be written

(n'(®) = (¢ 8/32)'F(s, 2)L.-1. (IL.y
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In particular, if we substitute the representation of
Eq. (I1.15) for P(s, 2) into (I1.18) we find, for the
first two moments

o - [y -
N*,

e(s, )], s # 0, (II.2a)
s =0, (I1.2b)

(n’(s)) = [2N"¢(0, 1) + 1] (n(s))
+‘2N*[a"§’z’ 2) _ 6“’%’; Z)]m if s#0, (IL3a)

{n*(0)) = 2N™¢(0, 1) + N*. (11.3b)

Notice that the expected number of steps required to
return to the origin is N*, the total number of lattice
points, independently of the structure of the lattice.
The second moment of the expected number of
steps required to return to the origin for the first
time does depend on lattice structure as is indicated
by the function ¢(0, 1). Moments of the number of
steps to reach other points on the lattice for the first
time all depend on the structure.

So far we have given formal results valid for any
k-dimensional periodic lattice. In the next few
paragraphs we shall illustrate the general theory by
evaluating some of the relevant functions for par-
ticular lattices. In our evaluation we will need some
analytic properties of the functions A(8) and o(r, 2)
which appear in many of the formulas derived above.
We shall be interested only in symmetric random
walks, hence the expansion of A(#) in a neighborhood
of the origin is

N8) = 1 — 43 6%+ 0@Y, (L4

mli—

where

-3

m

mip(m). (IL5)

We will make use of ¢(s, z) for an infinite lattice in

the imit z = 17. The expression for ¢(s, z) when
N=owis
1
o(s, 2) = (‘277
exp (19 -s) d'd d's _
X f f @90 P,z (L6)

The function ¢(s, 1) is singular in one and two dimen-
sions. We can see this by considering the contribu-
tion to ¢(s, 1) from a neighborhood of the origin

8 =0
f fo';??l

+ - (I1.7)
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If the integrand is transformed to polar coordinstes,
there arise contributions of the form

k-1
[ fi
which diverges in one and two dimensions, but re-
mains finite in higher dimensions. We will be inter-
ested in the behavior of (s, 2) fors = O and s =
(s + - -+ -+ sh} large but not large enough to violate
the condition s < N*. It will be demonstrated that
the properties of (n(s))/N* can be obtained fairly
simply for large distances from the origin.
Let us begin by decomposing the integral defining
¢(s, 2) into two parts:

(11.8).

S Y exp (i9-5) d"
¢(s,2) = (27'.)" f f 1 — 2+ $2(o18) +

+ (—2715z f f em{1 féxw)

1 "
Tl —z+ e+ + a,":di)}d"
= ‘Px(s:z) + @2(s?z)- (119)

The singularity in one and two dimensions at z = 1
comes from the function ¢,(s, 2) since the integral
for ¢.(s, 1) has the form

f---fr’““‘dr

at the origin of # space. In higher dimensions both
@i1(8, z) and ¢.(s, 2) approach zero as 8 — «, but

lim [gx(s, 1)/eu(s, 1)] = 0. (11.10)

£

o o lctak)

This limit can be established by examining the be-
havior of the infegrands in the neighborhood of
# = 0, which gives the principal contribution in the
range of large s. A detailed justification is given in
Appendix A. We therefore see that the significant
analytic properties of ¢(s, z) are contained in ¢, (s, 2)
for large s.

We shall recast the form of this function as a
Laplace transform and begin by using the identity

w? = f e ™ dt
4]
to rewrite it as :
(s, 2) = f U gy
a
&

X H{ ./;r exp (?:19,'3; -— %210,219,2) d'}i}i (11.11)

i=1
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where the interchange of orders of integration ean be
justified in detail. Thus @ {(s, z) can be exgressed as a
Laplace transform

@fs,2) = f e T, by dt,
8

where F{z, t) is the product of integrals in Eq, (I1.11).
Since each of the integral factors of F{z, t) is analytic
in z at z = 1, we may expand F{z, t) in a Taylor
series around z = 1,

Fe, ) =F{1, ) + ¢ — D[oF/oz],.. +

Since we are interested in the behavior of ¢,(s, 2) at
2z = 1 we can invcoke an Abelian theorem for Laplace
transforms’ which states in the present context that
the behavior of ¢(s, 2) at z = 1 is determined by the
behavior of F(z, ) at { =

To determine this behavior we note that ast — «
the integrand of each of the integrals in ¢(s, 2)
is peaked sharply at the origin with negligible contri-
bution coming from values of ¢; greater than
2/c;tlz). Hence the ranges of integration on the ¢
integrals (—=, =) can, as { — o be replaced by
{— o, =) so that

(I1.12)

<. (I1.13)

Fe, ) ~ TI @olrtey™ exp (—}/22t0)

and 7
FQ, t) ~ [0y -+ a:(200)**]  exp (—N?/28), (I1.14a)
where
&
= 2 (s:/0:)". (I11.14b)
In one dimension we find
1 ¢ —{i—2}t—{a¥/21e2) ~}
e (s, 2) ~ oy fa e rde
2} 3
=0 — ot K;( 20 — z)]*)

21 — 21} ’

where K,,.(z) is a Bessel function of the third kind
of imaginary argument, The two-dimensional form
ei{s,z)for A = 0is

f Tt exp {—(1 — )t — N/21) at

(s, 2) N21r0'1<72

o, K201 — Y.

(IL.186}

7D. V. Widder, The Laplace Transform (Princeton Uni-
versity Press, Princeton, New Jersey, 1941).
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When A = 0 we may use an Abelian theorem for
Laplace transforms’ to show that it follows from the
asymptotic form F(1, {) ~ (2wo.0,t)”" that

(0, 2) ~ —(1/270,0,) log (1 — 2) (I1.17)

for z — 17, In three dimensions and higher ¢, (0, 1)
is defined by a convergent integral and must be
calculated numerically. For large \* an asymptotic
expression for ¢, (s, 1) is

1 ® —\2/2¢ —;/2
‘191('5'; 1) (21T)k/20'1 o j; 4 t dt

= NGk — 1)/20, -+ o™
The 3-D expression for P(s, z) asz — 1is

P(s,2) ~ (2rho,0205) * exp | —A[2(1 —2)]*}.  (11.18b)

(I1.182)

Let us now consider some results for specific
lattices. The simplest case is that of a one-dimen-
sional lattice with jumps to nearest neighbors with
probability %. For this case we can calculate an
explicit expression for® P(s, z):

3 l”“ exp (2rirs/N)
P(s, 2) = N Z—E 1 — z cos (2ar/N)
_ A=+ U
a—uY ’

(I1.19a)

where

U=z"'1-—(1-25Y. (I1.19b)

It is known that the mean recurrence time for
return to the origin is infinite for an infinite lattice,
even though the return probability® is 1. Likewise
the expected time to reach any point is infinite al-
though the probability of reaching any point is 1.
This difficulty is avoided in the case of a finite lattice.
Here, in contrast to the Polya case, return to the
origin or to any lattice point occurs with probability
one in any number of dimensions. We shall ealculate
the expected time to reach any point for the first
time for nearest-neighbor jumps, and then present
the generalization for different one-dimensional
random walks, in the limit of large N. For the lattice
with jumps to nearest neighbors only, we find® by an
exact calculation starting from KEgs. (II.2a) and
(I1.19)

n(s)) = s(N — s). (11.20)
To treat the case of the general one-dimensional
walk for which N >> s, we use Egs. (I1.2a) and (I1.15)

W, Feller, An Introduction to Probability Theory and
its Applications (John Wiley & Sons, Inc., New York, 1951),
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to find
}Viﬂ (n(©)/N = ¢(0, 1) — ¢(s, 1)
~ lim [¢,(0, 2) — @i(s, 2)] = s/d”. (11.21)

In the two-dimensional case, since
K\2( — 2)]!} ~ =% log (1 —2) — log A + O(1)

for large X, we have the expression
lim (n(s))/N? ~ 128X,
N—o

0103

(I1.22)

For the symmetric random walk on a simple square
lattice with jumps to nearest neighbors, o, =0, =27
and the mean passage time is
. (n(s)  2logs
Im Ty =
The three-dimensional first-passage time is given
by

(11.23)

lim £33
1
= ¢(0, 1) — m -, s#0. (IL.24)

It is interesting to note that, in one and two dimen-
sions, the first term in the asymptotic expansion
for the mean first-passage time depends only on A
and the ¢; and not on any further detailed description
of the lattice. Furthermore, {(n(s))/N* is an increasing
function of A for large \ in one and two dimensions.
In three and higher dimensions the mean first-
passage time depends in a detailed way on the
lattice [through ¢(0, 1)] and to a first approximation
is a constant, independent of A,

Calculation of the variances of the first passage
times is considerably more difficult because, at the
very least, the expression for the variance contains
¢(0, 1). For the one-dimensional random walk with
jump probabilities of £ to either nearest neighbor,
the detailed expansion of P(s, z) around z = 1 i8
from Eq. (II.19)

P(s,2) =1 —s(N —s)(1 —2) + ts(N — )

XN +sN~—§ =50 —27"+---. (11.25)
From this expression we derive
o*(s) = (n*(8)) — (n(s))*
= 3s(N — s)[N° — 25s(N —s) — 2], s#0. (I1.26)
For s = 0 we have
F0,2) =1 —[P0,2)]" =1~ N1 —2)
+ INN? — )L —2)* — -+, (11.27)
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from which it follows that®
a’(0) = INN — DIV — 2). (11.28)

It is possible to derive an asymptotic value for
a*(0) for any 1-D transition probabilities by noticing
that in the limit N = «, the prineipal contributions

m
lN—l (211)}—1
N & {1 —N¥
2

(-G

EJIV 14+ (- I)N]{l — )\<2W[%(N —]-vl)] + 2#)}"

come from small j. We therefore expand A(27j/N)
according to Eq. (II.4) and find

N [3(N=-1)) —2
#(0, 1)"’7"};5 > i

1 i=1

¢(0, 1) =
(3 (N=-1)}

N

i=1

(I1.29)

In the limit of large N the series can be replaced by
its sum to infinity i=°, and the asymptotic expression
for the variance becomes

¢’(0) ~ N*/3q} (11.30)

in agreement with the special result given in Eq.
(11.28). It is also possible to derive an expression for
o*(s) for s < N by this technique. A calculation
similar to the preceding serves to show that

900, 1) _ dp(s, 1) _ Ns*
3z 9z 6ai’

hence the principal contribution to ¢*(s) comes from
the first term in the expression for (n’(s)). Using
the expression for ¢(0, 1) given in Eq. (I1.29) we
find

(I1.31)

a*(s) = (sN*)/(84}). (11.32)

It is shown in Appendix B that the asymptotic
form for ¢(0, 1) in the 2-D case as N — o« is

(0, 1) ~ (roy05)"" log N. (I1.33)

Hence in 2D the variance in the return time to the
origin is

*(0) ~ (2/w010,)N* log N. (11.34)

The sum defining ¢(0, 1) converges in three dimen-

sions and greater. As N — o, ¢(0, 1) has the integral

form (IL1.6). These integrals have been calculated

by Watson®’ for cubic lattices. From the numerical
values one obtains the following estimates of ¢°(0)

® G. N. Watson, Quar. J. Math. Oxford, Ser. 10, 266
(1939).
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for the cubic lattices:

s.c. ¢*(0)/N®

2 (f d
~ 2r)° [ff 1~ 3 +c+c3) —1=2.032,
f.e. ¢*(0)/N°®

2 [ d’
~ (21[')3 fff 1 -~ %(clcz + ¢ + cacl) —-1= 1690,
b.c. o°(0)/N*®

2 ([ a9
~ @2n)® fff 1 — 06, — 1 = 1.786.

It is of incidental interest that the expression for
the variance

a°(0) = N*[20(0, 1) — 1] + N* (11.35)
shows that, for k > 3,
e©0,1) 2 3, (11.36)

a result which seems otherwise difficult to prove.

III. NUMBER OF POINTS VISITED r TIMES IN AN
n-STEP WALK

We now turn to the statistics of the number of
distinct lattice points visited during an n-step walk.
We will be concerned mainly with the large n case,
although some results will also be given for any
integer n.

Let 8, be the average number of lattice points
visited in an n-step walk. Then

S.=14 2 {Fis) +Fo® + - + F.6)}, (IILI)

where the primed summation proceeds over all
lattice points except the origin. The integer 1 repre-
sents the fact that the walker was originally at the
origin. As before F;(s) is the probability that the
walker arrives at s for the first time after the jth
step. Hence the summand of (III.1) represents the
probability that the point s has been occupied at
least once in the first n steps.
It is convenient to define a quantity A, by

(111.2)
1. Then

A],=S1,_Sk_1, k=1,2,"‘.
Since S; = 1and 8, = 2 we find A, =

A, = 2V F(s) = —F,0) + X F(s). (IIL3)
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Hence the generating function for A, is

AR = 3 7a,

= -3oRO + T LR, (L4
8o that .
ARR) = —F@©0,2) + 2. F(s,2). (IIL5)
However from Eq. (1.18)
Fs,2) = Ii(%%’%ém (IIL6)
and
ARy = —1 + ;1%%%~ (I11.7)
Then Eq. (1.14b) implies
AR) = —1 4+ {(1 — 2P0, 2)}™". (I11.8)

The generating function S(z) can be obtained
immediately from this expression since

Sg = 1,
SI 1 + A;,

i

S,=1+4+A + A+ -+ + A, ete.,
we find
S@) =

(I1L.9)

1 zA,
1-—-z+1—z

S S ()N
—1—z+1—z

Hence from (II1.8)
8@ = {1 — 2)’P(0,2)} . (I111.10)

The asymptotic properties of S, as n — « can be
inferred from the analytic behavior of A(z) asz — 1
by employing the following Tauberian theorem'’:

Let A(y) = 2 a, exp (—ny) be convergent for
ally > Oandleta, > Oforalln. Ifasy — 0

Aly) ~ oly™), (II1.11a)

where (i) ¢{z) = z'L{z) is a positive increasing
function of z for z greater than some z,, and which
increases monotonically to infinity for x sufficiently
large; (ii) ¢ is 20; and (iii) L{cz) ~ L(z) as x — o}
thenasn — =

&+ a4 o+ an~em)/T(e 4+ 1).
In our problem we interpret a, -+ ---
A+ - 4 A, and A(y) as Ale™).

10 G. H. Hardy, Divergent Sertes (Oxford University Press,
New York, 1949).

A,
1—2z

o D IR

(I1I.11b)

+ a, as
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As z — 1 the asymptotic behavior of P(0, 2) in

one, two, and three dimensions is as follows®:

ID P0,2) = 1 — 297}, (I11.12a)
2D P0,2) ~ —v 'log (1 — 2), (II1.12b)
3D P(0,2) ~ PO, 1)

+all =2+ -, (I11.12¢)

where a is a constant which depends on the lattice.
Then, if we let z = exp (—y) and let y — 0,

1D AR) ~ (2/y)}, (I11.13a)
2D AR) ~ (x/y)[1/log (1/y)], (IT1.13b)
3D AQR) ~ PO, DI (I11.13¢)

The Tauberian theorem given above applies di-
rectly to our problem? if we choose

1D ¢ =1%, L) =2}, (111.14a)
2D o =1, L(z) = n/logx, (I11.14b)
3D o =1, L) = 1/P@,1). (I11.14c)

We therefore find for the number of distinct lattice
points visited after n steps

1D 8, ~ (8n/x), (I11.152)
2D 8, ~wn/logn, (II1.15b)
3D 8,~n/PQ,1). (II1.15¢)

These results have been derived by Erdos and
Dvoretsky® and by Vineyard* by somewhat dif-
ferent methods. The values of P(0, 1) are 1.5164 for a
simple cubie lattice, 1.3445 for a face-centered and
1.3932 for a body-centered cubie lattice.*"*

It is interesting to note that the 2-D S,/ has the
same asymptotic behavior as the number of primes
less than n. Perhaps one can find some deep connec-
tion between random walks on square lattices and the
distribution of primes.

We have shown in Appendix C that the generating
funection for the average number of lattice points
visited at least r times, S{7, is

SV P } -1 1
S (z) - {1 P(O’ z) (1 —_ z)zp(O, z) 3 (III.16)
while that of
is
VN _ 1 r=1 1
A(R) = {1 P(0, z)} (1 —2)P0,2)’

r > 2, (111.17)
The average number of lattice points visited exactly
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r times after n steps, V" is given by

V& = 87 — 8, (II1.18)
Its generating function is
V@) = > V%
1]
- 1 {1 — }H (IT1.19)
T = 2P, ) PO,2)) - '

By applying the above Tauberian theorem to
Eq. (II1.17) we can generalize (II1.15¢) to find S,
the average number of points occupied at least r
times in a walk of n steps on a three-dimensional
lattice. If we set z = ¢ and let ¥y — 0 we find

oo 1 r—1 1
NC )"{1 ~ FQ, 1>} PO, Dy’

so that in the notation of the Tauberian theorem
¢ =1and

(I11.20)

L) = = {1 — }H
PO, 1) PO, 1)
= constant. (111.21)
Hence, since for r > 1
87 = A + A7 4 e 4 A7
Eq. (II1.16) implies that asn — «
- n _ 1 r—1
S, PO, 1) {1 P, 1)} . (111.22)

Noting that the quantity f = 1 — [P0, 1)]!
the probability that a random walker who starts
from the origin ever returns to the origin, we can
write
S ~n — HF (I11.23)

The values of f for the three cubic lattices are sc
0.34056, bee 0.28223, and fee 0.25632.

Asn — o, the average number of points occupied
on a 3-D lattice exactly r times in an n step walk is

VO = 80— 8V U — N (111.24)

If one wishes to find correction terms to the
asymptotic formulas (I11.15) for S,, the number of
points visited at least once in an n step walk, he
must proceed in a more systematic manner. In the
3-D case it is shown in Appendix D that
PO,2) = u, — uy(l — 2)* + u(l — 2)

— w1 — 2 + (I11.25)

The numbers u, for the various cubic lattices are
given in Eq. (D.3) of that appendix.® It was also
shown that
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(3/mE) = 1.1695454  sc, - (111.26a)
u, = 1/2%r = 0.2250791 bee,  (II1.26b)
3Y/4r = 0.4134967 fecc. (I11.26¢)

The values of u, and u, have not been ealculated for
the bee and fee; however, for the sc lattice,"

us = 1.384761, (ITL.272)
vy = (§>% — 0877159.  (ITL.27b
s =4\ =Y - (II1.27b)

Equation (II1.25) can be substituted into the
generating function S(z) [see Eq. (II1.10)] to obtain

8@ = [l — 21
+ (/u)(d = 2)7F + [@d — wguo)/ug)(l — )7

+ [ — 2uquatts + ugud)fus]l(l — 2)F 4+ -
(I11.28)

Now the coefficient of 2" in the series expansion of
1 —2)"is

form = —2: (n-+ 1), (I11.29a)
form = —3: (2n + 1)!1/2"n!n!, (111.29b)
form = —1: 1, (I11.29¢)
form = —1: (2n — 1)1/2"7'nl (n — 1)!. (111.29d)

One can use Stirling’s expansion for large n to find

(2n + 1)! 2<T)*

22 Int
X [1 * 8 128n2 + - ] ,  (II1.30a)

@n — D! ~ 1
2l (n — 1! (mr)*
X l: — + 128n . :] (I11.30b)
Then

S, ~ _0 + 27 2 (7—) + ) — uu + uo)/up

+ (3u1u§ + 4ud — Suguu,

+ dugld)/[4us(n)t] + O /n).  (IIL.31)
In the case of the bec lattice
~ 47°n 167° <2n) 1
S~ T wer\- T oW
= 0.71777001n + 0.130846n! 4 O(1).  (I11.32)

oAl Maradudin, E. Montroll, G. Weiss, R. Herman, and
H. Mllnes, ‘Green’s Functions for Monatomic Simple Cubic
Lattices,” Acad. Roy. Belg. Cl. Sci. Mem. Coll. in 4° (2) 14
(1960) No. 7.
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In the case of the fce lattice

S~ g + st )+ oW

= 0.74368182n + 0.258048n"% + 0(1),

219/3 7

(IT1.33)

while with the extra information available for the sc
lattice one finds in that case

S, ~ 0.65946267n + 0.573921n'/
+ 0.449530 + 0.40732n™"* + -+

A similar expression can be obtained for the
number of points occupied at least once after n steps
on a 1-D lattice walk in which the walker steps
only to a nearest-neighbor point on each step (steps
in either direction being equally probable). Then
from (I11.10)

(111.34)

s =4=2r o0 -a)
=21 -2t - 11 - 2!
— &1 — 2 — sl =2t — -1}, (IIL35)
80 that
5 . 2en+ 1)!{ 1
" T Il Cn + 1)
- @?1——:1—) - } (111.36)

If n is chosen to be as small as 4 this yields 3.347
as compared with the exact value 3.375 given in
Table II. By using Stirling’s approximation [see
Eq. (I1I1.30)] for the factorials we find the somewhat
simplified expression

6471,2 }

&n
S ~ (?) {1 T 4n

The generating function for the number of points
which are occupied exactly once in an n step 1-D

(I11.37)

TasBLE I. Values of P(s, 1) for a simple cubic lattice when
§? = 812 + 82* -+ 82 < 15. These numbers correspond to the
symmetrlcal case with P(s18283, 1) = P(s8183, 1) =
This function is the lattice Green’s function defined by (II 6)
and (I.5) when z = 1.

(s1, 82, 83) P(s, 1) (s1, 82, 8) P(s, 1)
001 0.516387 023 0.132451
002 0.257336 111 0.261470
003 0.165271 112 0.191792
011 0.331149 113 0.144196
012 0.215590 122 0.156953
013 0.153139 123 0.126946
022 0.168331 222 0.135908
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TasLE II. 8,.” = Average number of points occupied
at least r times in a 1-D walk of n steps.

n/r 1 2 2 4 5
0 1 0 0 0 o
1 2 0 0 0 0
2 52 1/2 0 0 0
3 3 1 0 0 0
4 27/8 11/8 1/4 0 0
5 15/4 7/4 12 0 0
6 65/16 33/16 3/4 1/8 0O
7 35/8 19/8 1 174 0

walk is, from (III.1‘9) and (I11.12a)

VP = [(1 — 2P, 0)]*

A -29/0 -2 =1 +2)/(1 -2
142 +22+2° + - . (I11.38)

Hence

7=1 and V" =2 for n>1. (IIL.39)

The asymptotic expression for V" for large n on a
2-D square lattice can be obtained by finding the
generating function for

.D,(,l) = V,(.l) — V(i)l,
D®@) = =1+ (1 — 2)7'[P, O

(here DIV is analogous to A, in the calculation of
S.). By employing (II1.40) and our Tauberian
theorem we find

(111.40)

VY ~ na*/(log n)* (I11.41)

to be the asymptotic number of points occupied
exactly once in the 2-D case. The result has also
been derived by Erdos and Taylor® by a different
method.

The 1-D generating function for S{*, the number
of points occupied at least twice in an n-step walk is

— E
S(”(z) = {1 . (1 z)%} il____z)z_.
= 8V — (1 + z) (I1T.422)
Hence whenn > 2
8P =8 — 2 (I11.42b)

which can be verified in Table II. Similarly,
S®(z)
= [ =20 = 2 + (1 — 2] - D/ — 5
= @ - HSVE) — 201 + 2/ — 2)
Hence
S =288 — 8, — 4

if n>4. (IT1.42¢)
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Tasie II1. V,® = Average number of points occupied
exactly r times in a 1-D walk of » steps.

n/r 1 2 3 4 5
0 1 0 0 0 0
1 2 0 0 0 0
2 2 1/2 0 0 0
3 2 1 0 0 0
4 2 9/8 1/4 0 0
5 2 5/4 1/2 0 0
6 2 21/16  5/8 1/8 0
7 2 11/8 3/4 1/4 0

Similarly

S* = 48% — 38, —6 if n> 6, (I11.42d)

ete.

This scheme can be continued further and when these
formulas are combined with (II1.36) and (II1.37),
very accurate asymptotic expansions can be found for
8¢ for 1-D walks, r < n.
Iv. THE NUMBER OF VISITS TO A GIVEN LATTICE
POINT DURING A WALK OF n STEPS

The probability that a point s is visited at least r

times in an n-step walk is

n

DSTF(s) if s #0,
i=1

DIFTR0) if s =0,

i=1
so that the probability that s is visited exactly r
times is

S FO®E) — FEE),

i=1

if s#0,

o (s) = (IV.1)

3 FEV0) — FOO)],

je=1
L if s=0.
The formulas for 8" (0) are distinctive because the

walker starts at the origin.
The generating function for 87 (s, 2),

89(s,2) = 3028, (IV.2)
is easily seen from (I1.20) to be
(1 —2)7'F(s, 2)[1 — F(0, 2)]
ﬁ(r)(s z) — X [.F(O; z)]r_l) s # 0, (IV3)

1 — [FO,2)]"
X[l - F0,2)], s=0.
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The mean number of times the point s has been
visited after n steps is

M, (s) = > r8(s). (IV.4)
This has the generating function
Ms, ) = X 3 (9"
= 87,2
_ F(s, 2) .
= T=70 = FO. ] if s#0
= (1 — 2)7'P(s, 2). (IV.5)
Ifs =0,
M@O,2) = {(1 —2)[1 ~ FO,2)]}™
= (1 - 2)7'P(0, 2). (IV.6)

Hence (IV.5) is valid for all s including s = 0.

The asymptotic form for M,.(0) for 3-D lattices
can be obtained by using the expression for P(0, 2)
given in Appendix F. There it is shown that

P(0, 2) ~ uy — [2(1 — 2)]}/m0oi0505 + -+, (IV.7)

where the u, and ¢’s are defined generally and evalu-
ated for walks on cubic lattices where only steps to
nearest-neighbor points (all with equal probability)
are taken. By combining Egs. (IV.6), (IV.7), and
(I11.29) we obtain

M,0) ~uy — 2/an)t/re,0005 + OA/m).  (IV.8)
The numerical results are
1.51639 — 1.31969n° + -+ sc,
M,(0) ~31.39320 — 0.25397n"* + ... fee, (IV.9)
1.34466 — 0.46658n°F 4 .- bee.
Asn—> o
M.(s) — P(s, 1). (IV.10)

These functions have been tabulated for'' sc lattices
when s* < 25. Some values are given in Table I.

When s is large and z — 1 we have from (I.18b)
[where A* = 3 (s;/0;)]

exp {—\2(1 — 2"}

Aoy0303(2m)°

P(s,2) ~

1

~ )\0’10’20’3(27")2

Hence, from (IV.5), (IV.7), and (I11.29), when s

{1 — A2 — 2]+ ---}. (AV.11)
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and 7 are both large, but still with s <« n?,
1

)\0'10'20'3(2#)2

o)

Employing the ¢ values given in Appendix D for
the walks involving only steps to nearest-neighbor
Iattice points on cubic lattices we find

E
_3_2[1_8@) +]
4s7 T

M(s) ~ ﬁ L [1 _ s<—2~)} + ---]bcc (IV.13)

M(s) ~

(Iv.12)

N

3 3\ ]
Bor? [1 - s(;) + --- | fee.

A word of caution should be given concerning these
results. One would expect that M ,(s) should appear
with some ordering with respect to nearest neighbors.
However the bec results are not between the sc and
fece. This is because all lattices were obtained by
restricting walks on a fundamental sc lattice. If the
unit cells of each of the lattices were made the same
size and s reexpressed as a length the results would
fall properly in order.

V. LATTICE WALKS FOR CONTINUOUS TIME
VARIABLE

The preceding results can be used as a basis for
the analysis of continuous time random walks on
discrete lattices. In this theory we shall be interested
in functions like P(s, t) and F(s, ) (the probability
of being at s at time ) and the probability density
for reaching s for the first time at time ¢, respectively.
We shall assume. that jumps are made at random
times i, t;, &5, :--- where the random variables

T1=tn T, =t —

by, s "
T, =t,— (V.1)
have a common density y(t). It will be convenient to

define a further class of probability densities {y,(t)}
by

tn'—!.) o

Yoll) = (1), v.2)
W = [ Ut — 1) dr,
n=1223,- . (v.3)

These are the probability densities for the oceurrence
of the nth step at time {. The most significant
property of the ¥,(¢) is the fact that their Laplace
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transforms are
[ e n@a=wwr, 9
where
v = [ ey (v.5)
In terms of the F,(s) defined in Sec. 1, F(s, ) is
given by
F(s, ) = 2 Fu(s)¥ult) (V.6)
and its Laplace transform is
s, = [ " (s, e dt
=~ L REWT

where F'(s, z) is the generating function of Eq. (I.17).

The function P(s, t) is almost as simply related
to the generating function P(s, z). Let ¢(s, ¢) be the
probability density for the random walk to reach s at
time { (not necessarily for the first time) and let

¥(t) = probability that walker remains fixed in

time interval (0, t)

=1-— j: Y(z) dx = j:mw(x)dx.
Then

(V.8)

P60 = [ Q699G = dr, (V)

or, in terms of Laplace transforms,

Prs,w) = Q*(s, Wil — $*@l/u.  (V.10)
But Q(s, 1) is given by
s, ) = 3 P& (v.11)
or "
@*(s,0) = 3 POV
— P[s, v*@), (v.12)

so that only the generating functions already dis-
cussed need be calculated.

Moments for various quantities of interest are
easily derived from the formulas above. For example
the first moment and variance of the first-passage
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time to s are

= [(n*(s)) — (n(s))’]T?
+ e)T? — T%,  (V.13b)

where T" is the nth moment of the time between
steps and (n(s)) and (n’(s)) are given by (IL.2) and
(IL.3).

Continuous analogues of other discrete results
are obtained in the same manner. For example, the
probability density for the random walker to reach s
for the rth time is

s, §) = 2: FOOWG  (V.148)
or
F7*s,u) = Fs, y*@)],  (V.14b)

where F (s, 2) is given by (1.20).

We can also consider the statistics of the number
of distinct steps visited after a time ¢. Let S(f) be the
average number of lattice points visited at least
once in time ¢. Then

S(t) = Z f‘ Fs, 1) dr. (V.15a)
Hence the Laplace transform of S(f) is
{80} = LAl (V..15b)

— Y*@)PO, ¥*W)

To find the large ¢ behavior of S(¢) it is necessary to
use the expansion

V) = 1 — ul + ow) (V.16)

in Eq. (V.5), together with the asymptotic forms of
Eq. (II1.12) for the behavior of P(0, 2) in the neigh-
bor hood of z = 1. In this way, we find that in one
dimension

£{8()Y = @/Tt + 0(w™) (V.17)

in the neighborhood of w = 0. But, by a Tauberian
theorem’ this implies that

S = @t/«T) + 0Q1). (V.18)
In three dimensions the result is
S = (t/T)/P©O,1) + 0Q1).  (V.19)

The results are in agreement with (II1.15a) f,nd
(II1.15b) since the number of steps n is just ¢/T in
the ecase of steps at regular time intervals.
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VI. EFFECT OF TRAPS ON PROBABILITY OF
RETURN TO THE ORIGIN ON A 1-D LATTICE

Another type of random walk problem is concerned
with effect of traps on the probability of a walker
eventually returning to the origin. We shall limit
ourselves here to a discussion of the 1-D case while
an analysis of the 2-D and 3-D problems, which are
much more difficult, will be given elsewhere.

It has been shown” that in the presence of one trap
at I, and another at [, with I, < 0 < [, the probability
that a walker initially at the origin is trapped before
return to the origin is

h— B)/2h(=1) = 37" —

This probability is not changed by the addition of
any number of new traps which are not located in the
interval [, < 0 < I,.

Let ¢ be the concentration of independently located
traps. Then, if it is known that the origin is not a
trap, the probability that a trap exists at [, and at [,
and none in between is

el — o) '

LY.

— o) e.

Hence the probability of our walker being trapped
before returning to the origin is

i i @1

li=1 lg=—1

= (1 — c)_‘{ﬁ:l a- c)"‘}{li; a- c)"/ll}

= —[¢/(1 — ¢)] loge.

Then as a function of concentration of traps, the
probability of a walker returning to the origin before
being trapped is

Flo) =1+ [¢/0 — ¢)] log c.

APPENDIX A, ASYMPTOTIC FORM OF
o(s, 2) ASs — o

— o THE - &Y

The Green’s function

expis-8dd -8dd
v(8,2) = g3 f f - @D
can be expressed as
1 ® -a ’ is®
¢(S’z)=Wj; e daf--'fe ¢
X eaz)\(\?) d"‘ﬂ. (A.2)

When s is very large the main contribution to the &
integration comes from small values of |8|. In this
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range in a symmetrical random walk (see 1.4)
N®) =‘1—%Z°’? ? %Zﬁii‘&?'}?—
f

If we let 8,‘0,’ =P a:nd )\,‘
becomes

1 m—u ~z
<p(s,z)=—(%)—k[ e " da

<[

{1 + ‘OLZ Z (F'sz/s Sz)§92¢1

(A.3)

= 8;/0;, then ¢(s, 2)

f |(¢x+vg+"-)e—}au ZM“’@;“
— 3k

ee} d"@/si e 8
(A.4)

As all 3; —» o the limits on the ¢ integration can be
extended to & « with errors of only Olexp (—es?)]
appearing.

If we let

Ri@) = [ ey de, (A.5)
then

0 F 3
ofs, )~ o [ 000 aed [T Rua)

0

y=1

x {1 + 1oz & G S9RRY o

(), 5,
SS, 0/ azhg—? 0/ azhij=12

where as usual the prime in the summation indicates
that the terms with 7 = § are to be omitted.
From standard integral tables one finds

Ry(a) = (2r/a)t exp (—1/2a),
(Ra/Ro)a = a7 (1 — a™),
(R/Ro). = a7*(3 — 6a™* + a™7).
Then, if we let

® m—atie 1
— n —a{l-z) —— 2
8.2) j; « Ve exp( L Ex,) da,
we find
(2r2) M [ B
P E

z=l

X (3Sk+2 - 63—1}\i«’gk+4 -+ 2-2?\381;4-6)

+ 1 Z/_

ﬁ"(s: Z) ~

[Sk+2 - 2_10\2 -+ >\1)Sk+4

+ 27NN Seve] + - ]

In the special case z = 1, we see that

8.(1) = @/NPPrEn — 1)

179

where

k
M= 3N = s/
¥ml

Generally,

8, = 2(%)*"“’@(1 T K*(B‘ (- z)]i)

where K, is the »th modified Bessel Function of the
second kind. When z = 1

T3k — 1) {1

ofs, 1) = PR L

X [3 - sk@—‘)z + k(k + 2)(%)4]

— (1/20)(1 — 3k) X “f’ [1 — k% + 2D/2N

(1 - lk) E Hig

i=1 G

+ k(k + 2NN\ + 0(>\"4)}-

If i(s, 2) is defined [see Eq. (1.9)] as

ﬂ"l(s) z)
=__1__ff exp (i9-s) d'®
(2r)* 11—z 4 326?95 + -

then as s — o and z — 1 when & >
Eq. (1.186)]

+ o1y’

3, then [see

TGk — 1)
P b G

which is the leading term in ¢(s, 1). Hence if we let

o(8,2) = ¢i(s, 2) + @afs, 2)

where ¢,(s, 2) is defined as ¢(s, 2)
that when k& > 3

QDI(S) Z) ~

— & (s, 2), we see

‘Pl(s5 1)

m s, D =

APPENDIX B. CALCULATION OF 2-D {0, 1) FOR
N X NLATTICE AS N—> =

The expression for ¢(0, 1) in a finite lattice is

(Eq. I1.16)
) N-y N1 21{_" 1
¢0, ) =N" 3 3 {1 - >~( )}
ri=1 rg=1 N
L(N=1)/2] 1(N=-1)/2]
~ 4N (1=
1 1
+ 0@/N). (B.1)

As N — = this sum approaches a divergent integral,
the divergence being related to the smallness of
1.~ A@nr/N).as (@rr/N) — 0. Hence one would
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expect the main contribution to (0, 1) to result from
small integral values of r, and r.. In this range one
can approximate X by [see Eq. (1.4)]

M2rr/N) ~ 1 — 20 /N Yol + oard) + -+ . (B2)

We now restrict ourselves to oy = o,, the more
general case being amenable to a similar analysis.

The range of surnmation in (B.1) is divided into
two parts; the first part containing those lattice
points (ry, r,) such that (> + r2)? < aN where o is
small enough so that (B.2) is a good approximation
of A for all these points, and the second containing
the remainder of the lattice points. It can be shown
that the contribution of the second set to (0, 1)
remains bounded as N — «. The contribution of
the first set is

4N"*

2 2

1<{r12+15%) i<

@/t + )

When N is sufficiently large, the sum is well approxi-
mated by the corresponding integral, which we ex-
press in polar coordinates

aN [ 34
0+~ [T 2 Troga.

1<ir*4rs®) d<al
Hence, as N — o« for fixed o,
@0, 1) ~ (1/x0}) log N.
In the unsymmetric case o, # o3, one finds
20, 1) ~ (1/rey09) log N.

The above ideas can, with a little effort, be made
completely rigorous.

APPENDIX C. GENERATING FUNCTION FOR AVER~
AGE NUMBER OF POINTS VISITED AT LEAST r
TIMES IN AN n-STEP WALK

Let 8! be the average number of lattice points
visited at least r times in an n-step walk. Then

S:r) e Fir—l)(o) + R + Fv'(‘r-l)(o)

+ X HFPE FFO@E A+ - + ()}, (C1)
where the primed summation proceeds over all
lattice points except the origin. As usual F}7(s) is

the probability that the walker arrives at s for the
rth time on the jth step. The sum

FO@) + FO@) + -+ + FO)

represents the probability that the point s has been
occupied at least r times in n steps. The reason

FUP0) + -« + FI2(0)

is chosen to represent (r — 1) returns to the origin
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instead of r is that the walker started at the origin,
so visiting the origin ¥ times means refurning to it
r — 1 times.
It is convenient to define a quantity
AT = 87— 87 (C.2)

Since 8" = 1 and 8" = 2 while 8" = 8 =0
forr > 1,

AP =1 and AY =0 if r> 1.
Also
S =5, + A7 AT 4+ - 4 A, (C.4)

Through the use of an appropriate Tauberian
Theorem we will be able to find the asymptotic
properties of S{” in terms of the properties of the
generating function

C.3)

AT = DA, (C.5)
Note that
A” = FP0) + X FD()
= [FU™20) — FOO1 + 2L F(s).  (C8)

Hence if we multiply this equation by 2" and sum
fromn = 1to « we find

AG) = (F00,2) — FO0,2)} + 2 F(s, 2.
From Eq. (1.20) we obtain
A" = {FO,2} {1 — F©,2) + 2 F(s, )},

while Eq. (1.18) implies

N
1 P(s,2) = 850 |\
X {Pm, 5t Z[ PO, 2) ]}
Finally from (I.14b)
AV = {i - }5@%’5}'_ {1 — 2P, )}

From this expression and (C.4) one finds

87 = {1 - ?&5},_ (1 — 2P0, 2}~ (C.)

APPENDIX D. THE ASYMPTOTIC FORM OF
P(0, z) AS z — 1 FOR 3-D LATTICES

The generating function

P@©,2) = (2;3 f _f f - Wd;‘f\(@) ®.1)
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can be expressed as

(2111')3 f_ff = 3(5(@)

_ (-2 Meo) d’o _
@ fff Aol —ane)] % %

The first part, 4, has been found by G. N. Watson®
for simple, body-centered, and face-centered cubic
lattices. His results are

sc 1.5163860591,
bee @r%)7'[T®)]* = 1.3932039297,
fece 9{r@)}°27""*r* = 1.3446610732.

We shall be concerned with the determination of
édasz— 1.

The main contribution to § as z — 1 comes from
values of ¢ close to the origin. We can write

Me) = 1 — YHolel + oip: + oies) + O(Y). (D.4)

For example in the case of steps to the nearest-
neighbor lattice points only on cubic lattices one
finds from (I.5) that

(D.2)

(D.3)

sc oy =0, =0, = 3}, (D.5a)
bcc g, = O3 = 03 & 1, (D.5b)
fece o, = 03 = 03 = @)L (D.5¢)

As ¢ — 0 and z — 1 the integrand of § becomes
2/{(ol0} + o202 + 0303) ‘
X [ — 2) + 3(eiot + 202 + @303) + ---1}.
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It can be shown that as z — 1 the range of integra-
tion can be made infinite in § if one is concerned
only with terms first order in (z — 1). Then, if we
let x; = o;¢; and calculate § using polar coordinates

with ¥ = 22 + 22 + 2 we find

so =2 [° dr _Ba-2p
o Jo (1 —2) + %rz T 410907
so that
P(0,2) ~u, — [2(0 — 2)]}/ 010005 + O(1 — 2). (D.6)

It is much harder to calculate the term of O(1 — 2).
It has only been done for the simple cubic lattice.
Since

3! s,
1/0'10'20'3 =91 bCC, (D.7)
é)? fee.
we find that for bee
1 4 1
P,2) ~ 3 (T@} — ~[30 -2+ -+ ; (D.8a)
for fee
or@)® 3
PO, ~ UL Sy (D 8b)

More terms have been obtained for the sc lattice'":

3 (3\} "
P(0,2) ~1.516386 — = (5| (1 —2)

4+ - . (D.9)

Y
4 1.384761(1 — 2) — % (%)
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The positions of the singularities of the partial wave amplitude in the complex £ plane are investi-
gated for that case of a relativistic, two-particle elastic scattering amplitude satisfying the Mandel-
stam representation. For a finite number of intermediate states it is shown that the convex hull of
singularities in the £ plane is related to a growth indicator function. For an infinite number of inter-
mediate states it is demonstrated that the imaginary parts of the singularities in the £ plane are

unbounded from either above or below.

I. INTRODUCTION

HE concept of complex angular momentum was

first introduced by Regge in connection with
nonrelativistic potential scattering.’ It has recently
been applied to relativistic elementary particle scat-
tering where the momentum transfer of one channel
is the total energy in the crossed channel.’ Its use-
fulness for several different purposes has been well
established in nonrelativistic potential scattering.

One can show in potential scattering that bound
states and resonances are associated with poles in
the angular-momentum plane. This fact leads to the
conjecture that all elementary particles and reson-
ances are associated with moving poles in the com-
plex angular-momentum plane.®> Furthermore, the
asymptotic behavior (large energy) of the cross
section is related to the singularities in the complex
angular-momentum plane.*

The purpose of this paper is to investigate the
positions of the singularities of the partial wave
amplitude in the left half of the complex-¢ (ie.,
angular-momentum) plane from the point of view
of axiomatic S-matrix theory.

Before proceeding, we briefly summarize some
essential properties of the partial wave amplitude
in the complex angular momentum plane.

Regge has shown that the partial wave amplitude
for a superposition of Yukawa potentials is a mero-
morphic function of £ in the half-plane Re £ > —3.
If r times the potential has a certain number of

* This work was conducted under the auspices of the
U. 8. Atomic Energy Commission. o

1 The author’s present address is Lawrence Radiation
Laboratory, Livermore, California.

1T. Regge, Nuovo Cimento 14, 951 (1959). .

2 See, for example, G. F. Chew and S. C. Frautschi, Phys.
Rev. Letters 7, 394 (1961).

3 R. Blankenbecker and M. L. Goldberger, Phys. Rev.
126, 1202 (1962), and G. F. Chew and S. C. Frautschi, Phys.
Rev. Letters 8, 41 (1962). .

4 See, for example, V. N. Gribov, Nucl. Phys. 40, 107
(1963).

finite derivatives at r = 0, then the partial wave
amplitude can be analytically continued to Re
£ < —1%, the distance depending linearly on the
number of finite derivatives of » times the potential.®
In the region Re £ > —%, when the nonrelativistic
energy E > 0, the poles lie in the upper half-plane,
and for £ < 0 the poles lie on the real axis. When
we are able to continue analytically the partial
wave amplitude to Re £ < — %, the poles need not
lie on the real axis when £ < 0. If they do not,
however, they must occur in complex conjugate
pairs.’® When £ > 0 and Re £ < —1, the poles
need not generally lie in the upper half-plane.®

In axiomatic S-matrix theory, if the validity of
the Mandelstam representation is assumed, then a
suitable continuation in the complex £ plane can
be defined for Re £ > N where N is the number
of subtractions needed in the Mandelstam rep-
resentation.” The partial wave amplitude is hol-
omorphic for Re £ > N. The existence and properties
of Regge poles for Re £ < N have so far not been
established rigorously except for some tentative
results in the elastic unitarity approximation® and
for special cases where the crossed channel is
neglected.’

In this paper we restrict ourselves to the case
of elastic pion-pion scattering without consideration
of isospin, and assume that the elastic scattering
amplitude obeys the Mandelstam representation.
These restrictions are introduced for the sake of
simplicity and are not crucial to the proof. The

5 R. G. Newton, J. Math. Phys. 3, 867 (1962); 4, 1342
(1963).

6 B, R. Desai and R. G. Newton, Phys. Rev. 129, 1445
(1963).

7 See, for example, A. Martin, Phys. Letters 1, 72 (1962).

8 See, for example, R. Oehme, Phys. Rev. Letters 9,
358 (1962).

8 A. O. Barut, “Analyticigy in Angular Momentum of the
Relativistic Many Channel § Matrix from Dispersion Rela-
tions and Unitarity,” University of California preprint.
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latter is based only on the analytic properties of
the elastic scattering amplitude.

In See. II we outline what is meant by the
Mandelstam representation. We define the partial
wave amplitude @,(s) and relate its singularities in
the complex £ plane to the Mellin transform of the
absorptive part of the elastic scattering amplitude.
In Sec. III we relate the Mellin transform of the
absorptive part of the elastic scattering amplitude
to its Laplace transform. To make the procedure
clear, we first consider a case where the elastic
scattering amplitude for fixed s has only a finite
number of branch points in the complex ¢ plane.
We then rotate the path of integration of the Laplace
transform of the absorptive part of the elastic scat-
tering amplitude in the complex ¢ plane and, hence,
analytically continue the partial wave amplitude to
a larger region. In Sec. IV we consider the general
case for which the elastic scattering amplitude has
an infinite number of intermediate states (i.e., branch
points). Since the branch points run to 4+ and —
infinity along the real axis of the ¢ plane we will not
be able to rotate the path of integration of the
Laplace transform of the absorptive part of the
elastic scattering amplitude as we did for the case
of a finite number of branch points. From this
property we are able to show that the imaginary
part of the singularities in the £ plane are neither
bounded above nor below.

II. PARTIAL WAVE AMPLITUDE

Consider the reactions shown in Fig. 1 and given
below

1: x(P) + «(Ps) — «(P3) + =(P,),

2: w(P) + a(=P) - a(Ps) + w(=Py), (1)
3: w(Py) + 7 (—P;3) = x(—P,) + w(Py),
and define in the usual manner
h=c=m,=1), s=—(P, +P), @
t=—(P, — Py, u=—(P, — P,

where s + t + u =
of the ¢th particle.
Let A(s, ¢, u) be a function of three complex
variables of which two are independent. Define it
to be holomorphic except in the following regions:

4 and P, is the 4-momentum

(1) s > 4 and real for all ¢; when s = 4, the
A(s, t, w) has a branch point with the cut running
from 4 to «. Likewise at s = (2n)’ forn = 1, 2, 3,

-+, o there are branch points with cuts running
from (2n)° to «.

s) FOR RE ¢ < N 183

Ps Py
Fia. 1. Diagram de-
scribing the pion-pion
elastic scattering ampli-
tude. ’
Py P2
(2) t > 4 and real for all #; when ¢ = 4, then

A(s, t, u) has a branch point with the cut running
from 4 to «. Likewise at ¢t = (2n)° forn = 1, 2, 3,
.-+, o there are branch points with cuts running
from (2n)% to .

(3) u > 4 and real for all s; when 4 = 4, then
A(s, ¢, u) has a branch point with the cut running
from 4 to . Likewise at u = (2n)’forn = 1, 2, 3,
.-+, o there are branch points with cuts running
from (2n)° to .

The elastic scattering amplitude for the three
processes of Fig. 1 is described by the one function
A(s, t, u) in the following way'’:

A(s, ) = lim A(s 4 7e, &, u)
e—0

where { < 0 and real; s > 4 and reai,

An(t,u) = lim A(s, 4+ ¢, w) 3)

where ¢ > 4 and real; v < 0 and real,

Aqi(u, s) = Hm A(s, t, u + 7e)
€0

where 4 > 4 and real; s < 0 and real.

Let us consider the amplitude A(s, ¢, u) as a
function of ¢ for an arbitrary fixed s. The singularities
of A(s, t, w) In the complex ¢ plane are shown in
Fig. 2. ‘

To construct the analytic function A(s, £, %) in
terms of a Mandelstam representation, with a finite
number of subtraction constants, it is necessary for
fixed s that lim,.... |4 (s, ¢, w)| < t". The power of m
can be arbitrarily large, but must be finite.'* For the
proof that follows, we must strengthen this condition
and assume that |A(s, {, u)| is not only bounded
by a large but finite power of [¢| but also that this
power m' is not an integer. [The reason we must

10 J. C. Taylor, “Special Topies in Dispersion Relations,”
NYO-9364, New York University.

1 M. Surgawara and A. Kanazawo, Phys. Rev. 123,
1895 (1961).
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Fi1a. 2. Singularities

of Als, t) for fixed s === =eg==S Ro t

in the complex £ plane.  -3-324-2 . 04 18 36

imt

strengthen this eondifion will become evident in
Eq. (24). We want to take the Mellin transform of a
function B™(s, £) which is closely related to A (s, ¢, u).
In order for this to be defined, the following two
conditions must be satisfied:

M@a@l:;MMW,
|46, 4wl = 0™,

s fixed

where X, < X,. Since A{s, ¢, u) is analyticat ¢ = 0,
this implies that X, must be a positive integer.
We also bave that X, < X, 4+ 1 from Eq. (23),
so that X, cannot be an integer.] This is not a very
restrictive condition since if |A(s, ¢, )| does go
asymptotically as [t|™ for some fixed s, we only need
to change s until the above assumption is satisfied.

We first consider a case where A(s, {, w) has an
arbitrary but finite number m of branch points on
either cut (see Fig. 2). For convenience we assume
that both cuts have the same number of branch
points. The function so defined is called A™(s, ¢, u).

Applying the Cauchy integral theorem to 4™ (s, ¢, )
with the smallest number N of subtractions needed
for convergence, we obtain for fixed s,

=L [ 400
w\y ! d 7
+ f ' AL, v u;,z 4+ @y (1). {4

A™(s, u) and A7(s, t) are the discontinuities across
the left-hand and right-hand cuts, respectively; i.e.,

AT, u)

= lim [A™(s, u + 16} — A"(s, u — 1¢)]/2¢ (5a)
0
fort < —s, and
A'(s, V)
= lim [A"(s, t -+ i) — A"(s, t — 16)}/20 (5b)

0

ZIMMERMAN

for ¢t > 4. ®y.,(t) is a polynomial of degree N — 1
in the variable ¢.

For a finite number of branch points we will
assume that crossing symmetry is still true'®; i.e.,

Als, ) = AT, . (6)

We have thus succeeded in congtrueting an an-
alytic function A™(s, ¢, u) which is holomorphic in
the cut ¢ plane'® for fixed s and has m branch points.
To include all the branch points we must take the
limit of the sequence {A™(s, i, )} for m — .
It follows that

Afs, t,u) = lim {A™(s, £, w)}.

TR

@

A (s, ¢, u) has the required properties of the Mandel-
stam representation, as stated below Eq. (2), and
has the integral representation

t ®A,(s ) dt

Acs, ¢,
%) = @ — ey
= A, w) du’
+ T Jy u,N( r ) + G)N—l(t>; (8)
where
Afs, §) = lim A7(s, 1),
Au(-S‘, u) = lim A:l( 8, U), (9)

Py

(Py_l(t) = Jim (P;.r-g(t),

m—yoo

and N is the minimum number of subtractions
needed for convergence of Eq. (8).
The partial wave amplitude can be defined by

(10)
where Z = 1 4 2i/(s — 4) for fixed s > 4. From
Eq. (8) it follows that @.(s) is
[ —n@—g]
2

o éZPe(Z){Z ().

w0

L @ = D6 = 4"

T

m@~—f dZP (D) AGs, 1, ),

Qs) =

® dr’d (s, ¥)
xJ. V0 — 32 — (s — 4)]
o [=HZ + 16 — )"

Xf
4

du’ A.(s, u’) } (11)
W+ HZ 4 D6 - 91
2 F. M. Kuni and I. D. Terentiv, Soviet Phys.—JETP
13, 607 (1961) [Zh. Eksperim. i Teor. Fiz. 40, 866 (1961)].
13 The cut ¢ plane is defined to be all those values of com-
plex ¢ outside the portion real axis £ > 4 and ¢t < —s; i,
ot &4y =)and[—s, — @)}
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where b, is the nth coefficient of the polynomial
Cr-s(?).

For Re £ > N the order of integration in Eq. (11)
can be interchanged, and we get the Froissart-
Gribov formula'*
04+ (=92

(s — 4)

X f: dt Q,(1 + s——i—‘z)A,(s, D, (12

G.s) =

where Q,(Z) is a Legendre polynomial of the second
kind and has the following properties'’:

+1 m
202 =5 [ TP for e2m,  (30)

2T + DI (s _2—t 4)-‘"

I'@2e 4 2)

Q2) =

XzF1<1+8,1+5;2+25;—S_4>

; (13b)

and

2F1(1 L4162+ 2; —824)
_ ST L+ T+ 2= =
- ¢ + D@L + 2 + n)n!

for |(s — 4)/¢] < 1.
To study the analytic properties of @.(s) it is
useful to recast Eq. (12) in the form

4+ (=D - DT + 1)
wT'(2¢ + 2)

X {f dt t'L‘A,(s, t)
4

X 2F1<l+ 1,¢+4 120+ 2; —* _t 4)}

4)/17] (13¢)

Qs) =

(14)

In principle, @.(s) should now be separated for
even and odd £ for the sake of analytically continuing
the two amplitudes separately.'® However, for odd
integer ¢, it is clear that @,(s) = 0, so we only need
to consider the case of even £. In this case, Eq. (14)
reduces to

Qfs) = 2(s — 4)'T°¢ + 1)/xT(2¢ + 2)
X {fm dt A, f)

; (15)

14V, N. Gribov, Soviet Phys.—JETP 15, 871 (1962)
{Zh. Eksperim. i Teor. Fiz. 41, 1221 (1962)].

15 Bateman Manuscript Project, California Institute of
Technology, Higher Transcendental Functions (McGraw-Hill
Book Company, Inc., New York, 1953), Vol. 1.

18 See, for example, A. Martin, Phys. Letters 1, 72 (1962).

X2F1(6+ 1,€+1;%+2;—s_4)}'
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Equation (15) can be used to define an analytic
function @(£, s) in the complex £ plane for Re £ > N,
which coincides with the partial wave amplitude
@.(s) for even integer values of £, Furthermore, it
has been shown that G({, s) is holomorphic for
Re £ > N.'* We also assume that Eq. (15) defines
a correct analytic continuation of @(¢, s). That is
to say, the analytic continuation defined by Eq. (15)
for Re £ > N, agrees with the given @,(s) of Eq. (10)
when Eq. (15) is continued to integers less than N.

In order to study the analytic properties of @(¢, s)
for Re £ < N, we would like to have a simpler
expression than Eq. (15). To construct one which
contains only the leading singularities (i.e., the
singularities farthest to the right) in the ¢ plane,
we separate from ,F,[1 + 4,14+ £;20+ 2; — (s — 4)/1]
the first few terms of its asymptotic expression as
t — . These terms are denoted by g, below.

Let

il + 1,8+ 1,20+ 25 —(s — 4)/1)

= {2F1[5+ Le+ 12042, —(s — 4)/1]

_ $ DAL+ B+ D~ — 4>/t]*}
P Q2L+ 2 + k! T2 + 1)
+ t I’¢+ 14+ Bree+ 2)—(6 — /8"
T &S A+ 24BEITE+1)
= go(s, t; t) + gh(s; t} t): (16)
where
gols, &, £) = F. L+ 1, £+ 1;20 + 2; (4 — 5)/1]
— (6 + k + DT+ 2[4 — 9)/8"
= T+ DE!'T@E+ 2 + k)
and ,
gh(s: tr 0

= 2F1[l+ 1, l—l— 1; 2{+ 2; (4 et 8)/t] - go(s, t, l).
Equation (15) then becomes

2s — DT+ 1
72 + 2)

a:(s) =
X { f i dige(s, t, DA (s, Dt

+ f " dtgats, £, DAL, t)t“"} an

fqr Rel{ > N.
The first term in the braces of Eq. (17) is holo-
morphic in £ for Re £ > N — h — 1. [Since

go(s, £, &) = O()™ " and |A(s, t)] < O@®)",
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it follows that

f dt gols, t, DAGs, Ot
4
< [t las, )] 14G, 0 £ <
4

for Re £ > N — h — 1. Furthermore, since the
integral is analytic in £, the first term in the braces
of Eq. (17) is holomorphic for Re £ > N — h — 1.]
Therefore, the second term in the braces of Eq. (17)
containg the singularities of @(¢, s) farthest to the
right in the complex £ plane; therefore, this is the
only term we need to consider in order to continue
@£, s) analytically to the region Re £ < N.

f dt gi(s, t, A (s, D
4 .

_ 5‘_: I*¢ 41+ e+ 1)@ — 9*
I+ D'+ 2 + k)

k=0

x [

Equation (18) shows that the analyticity of
@, s) in the complex £ plane is related to the
Mellin transform of the absorptive part of the
amplitude."”

5 A, (s, 8) dt. (18)

III. ANALYTIC CONTINUATION FOR
A FINITE NUMBER OF INTERMEDIATE STATES

In this section we will, for heuristic reasons,
replace A,(s, t) by A%(s, t) as defined in Sec. I
and study the resulting analytic properties of @(¢, s).
This is equivalent to considering the elastic scatter-
ing amplitude with only the first m branch points
on either branch cut.

In the previous section we have shown that in
order to continue @4, s) analytically to Re £ < N,
we need only consider the properties of the Mellin
transform of the absorptive part of the elastic
scattering amplitude.

We first study the holomorphic domain of the
following related function'®

MIAAYs, 0 = [ AT, 0P dn (9)
4

This function, as we already know, is holomorphic
for Re £ > N. However, we still do not know if we
can extend this region further. The Mellin transform

17 This relation between the singularities of the partial
wave amplitude and the Mellin transform of the absorptive
part of the elastic scattering amplitude was also pointed out

y A. O. Barut, and D. E. Zwanziger in Phys. Rev. 127,
974 (1962). M. Froissart also used the Mellin transform in
studying the complex angular momentum in potential scat-
tering in J. Math. Phys. 3, 922 (1962).

18 Since k is an integer in Eq. (18), we can absorb it in .
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of a function may have a natural boundary as
shown by the following example."
Let

—(k+1)?

<z <Le™
k=012 -, o

k for e
Fx) = (20)
0 otherwise.

Sofor Rep > 0
ms,,[F(x)] = f F(x)x"" dr = f F(e‘")e~pv dy,
o 0

where we have substituted z = ¢*. F(e™*) now

becomes
E for F<y< &+ 1)
Fe™) = E=0,1,--,o (21
0 otherwise
and we find
© (k+1)9
MA@ = 3 [ e hay
k=0 vk?
= l Zw: k(e—k’p _ e—(k+1)’p)
P k=1
1 = —k3p
=3 I;e . (22)

This power series is known to have a natural
boundary at Re p = 0.

In Eq. (19), A%(s, t) is only defined along the
real axis. In order to study the analytic properties
of the Mellin transform 9% ,[A%(s, £)] of A%(s, ©),
it is more convenient to define an analytic function
B™(s, t) of t, the Mellin transform of which is related
to 9 ,[A.(s, ¢)]. For computing I, ,[B™(s, ¢)], the
path of integration may be varied, which we cannot
do for 9t} [AV(s, 1)]. B7(s, t) is

T AN, ) atf

B"‘(SJ t) = 7 Js t/N(t/ _ )

® A%(s, t) dt
t/N(tt + t) )
where A7(s, £) is defined in See. I. The function
B™(s, t) has the following properties:
(1) |B™(s, t)] = O(|t|"") as [t| — oo. This follows
from the fact that |B"(s, £)] = O(|A™(s, ¢, w)|) as

|§) — o, and we have assumed that [A™(s, ¢, u)| —
O(t|"') where N — 1 < N’ < N, since N is the

n G

w 1

(23)

13 G, Doetsch, Handbuch der Laplace Tmnsformatwn (Ver-
lag Berkhauser, Basel 1950), Vol. I 151.
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minimum number of subtractions needed for con-
vergence in Eq. (4).

(2) B™(s, t) is a holomorphic function in the
t plane except for a right-hand cut running fo «
and branch points at (2n)° wheren = 1,2, --- , m
and a left-hand cut running to — « with branch
points at (—2n)* wheren = 1,2, -+- , m.

Consider the Mellin transform of B™(s, t) where
the path of integration is from zero io infinity at
an angle § to the real axis where 0 < 6 < 7. We
obtain (see Appendix A)

Ma. [B™(s, O]

(=D" + (1"
sin (ru)

{me.[4%G6, 91}, @9
where, for convenience, we have introduced p = —£™°
Since M} ,[AT(s, D] is analytic for p < —N' and
1/sin (xp) is analytic everywhere except when p is
an integer or zero, then 9w ,[B™(s, #)] is analytic
for —N < p < —N' {see Fig. 3) with N’ not an
integer.

With the use of Fq. (24) we obtain the more
convenient representation of 9% [A%(s, £)] discussed
before:

sin (rp)
(=Y + (=17

(2m)2e%¢
f B™(s, )t dt
5

gL [4%Gs, O] = NG, [B™(s, 1]
- sin (rw)
=D+ (=11

sin (zp)
D DT

where 0 < 8 < .

The reason that this representation is more con-
venient is that C™(s, {) is defined everywhere in the
upper half of the complex ¢ plane, whereas A%(s, )
is only defined for real ¢

We demonstrate that the first term on the right-
hand side of Bq. (25) is an entire function of p.
Consider the region Re g > —N. Then

f B™(s, )¢ dt, (25)
{2m} s‘{ﬁr

© sin (wu)
(=D + (=1

has an integrand which is holomorphic in u. Since
[B™(s, £)] — O(t/") as t — 0 [see Eq. (23)], the
integrand is eontinuous for all { on the path of
integration if ¢ < —N. Furthermore, the path of
integration is rectifiable, so that the integral in Eq.

(amysest .
f PUIBRs, ) dE (26)
[1]

20 When we are working with the Mellin trénsform, we
use uas the variable, but when we are working with the
Laplace transform it is more convenient to use £. :
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imp

g

-

E
]

- Fra. 3. Region of ana-

- I :
NI NN N Rep lyticity of the Mellin
M{ /?‘ o transform of C™(s, ) in

P the complex y plane.

(26) defines a function of u which is analytic for
Re p > —N. A path is rectifiable if it is of finite
length; e.g., [[&™ " di] = (2m)* < .
Now consider a case where Re g < N'. From
Eq. (25) we find
sin (ru)
(=D" + (-1
—~sin (rw)

T =D + (=1
+ £ ) As, DT de.

(2m)rest
f T B, f) dt
¢

f( — ¢ B"(s, ) dt

@n

Since
B™G, )] > 0"} as [t} — =,
|47, D] = 0(H") as || >
and
[B™(s, ] — O(1) as ¢ -— (2m)%",
[4%s, D} — 0(1) as t— 4,
both integrals on the right-hand side of Eq. (27)

converge for Re x < —N’ and Eq. (27) defines a
holomorphic function in this region. Hence

sin (ru)
(=" + (=

is an entire funection in the p plane. Using this fact
we only need to consider the second term in Eq. (25)
which is

{2m) e i8
} L PUBs, dt (28)

. sin (rp) fm”
=D + (=17
With the transformation ¢ = £*(2m)%"’, we find

f : B™(s, )¢*"' dt
(2m)rast

diB™(s, ",

(2m)y2eit

- (zm)ﬂe”fo dwC™(s, W,  (20)
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Fic. 4. Path of . o2r T
integration of the . or g
generalized Laplace 4 | 0
transform of C™(s, w) Rew
in the w plane. . or
. 2

where C™(s, w) = B™[s, ¢*(2m)%"’] and is analytic
for all Re w > 0. Reintroducing ¢ as the variable,
the integral in Eq. (29) is proportional to
206wl = [ €6, we dw,  (B0)
0
where we have let 4 = —{.

Since C™(s, w) is holomorphic for Re w > 0,
we can generalize the Laplace transform in Eq. (30)
s0 that the path of integration makes an angle ¢’
where —7/2 < ¢ < /2 with respect to the real
axis in the w plane (see Fig. 4). We use the following
notation:

£ [C (G, w)] = j;m‘ C™(s, we™** dw. (30a)

By rotating the path of integration in the Laplace
transform we see that, under certain conditions,
the convergent half-plane of ¢ likewise rotates and
therefore analytically continues Eq. (25) to a larger
region then defined by its integral. We can therefore
define @,(s) in a larger region.

In order to demonstrate this continuation, we
make use of the following theorem:

Theorem I**: If F(z) is analytic in a Riemann
surface between the angles @ < arg z < $ with the
exception of z = 0 and z = «, and satisfies the
conditions

(i) |F@)) < Ae*” with « >0 and 2z =re'’

Gi) |F@)| < B with b <1,
then
L IFE)] = f " R d 31)

converges for a < 6 < B and Re (pe*’) > a. These
are the collection of half-planes which are perpendic-

2t See Ref. 19, p. 366.
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ular to the ray of length « along 6 and bounded
by a« < & < B (see Fig. 5). All of these integrals,
£'[F(2)], are elements of the same analytic function
and therefore form the basis of analytic continuation.

There exist many different possibilities for the
convex hull of singularities of £°[C™(s, w)]. To show
this we even limit ourselves to the special case that
C™(s, w) is of the exponential type for Re w > 0;
that is, we assume that there exists a constant b
such that

|C™(s, w)| < €' for Rew > 0. (32)

Using Theorem I, we note that in this special
case £°[C"(s, w)] is holomorphic, at least outside
the horizontal left-half strip

Re £ < b, [Im ¢} < b. (33)

In order to enlarge its holomorphic domain, we
will define the growth indicator® of C™(s, w) as

Vg, 9 = lim sup (18107l RN
lwlow ¢ w]
for —7/2 < ¢ < 7/2.
Consider the half-planes H,, defined by
Re (te?) < Vip,s), ~—n/2<¢<n/2, (35)

where at the endpoints we replace V(¢, s) by its
limits. The intersection of all the H, within the
region of allowed ¢, defines a region T’; i.e.,

T= nH¢.
[

Then by means of Theorem 1 it can be shown that T
is the convex hull of singularities®'** of £°[C™(s, w)];

{

(36)

Fic. 5. Rotated bound-
ary showing the region
of analyticity of the
Laplace transform of
C(s, w) in the £ plane.

\'
4 [¢] N

imt

22 8ee Ref. 19, p. 378. .
3 K. Hille, Analytic Function Theory (Ginn and Company,
Boston, Massachusetts, 1962), Vol. I1, p. 463.
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hence, £°[C™(s, w)] is holomorphic in the ¢ plane
with the exception of the convex domain 7. Equa-
tion (34) demonstrates that many possibilities exist
for V (9, s), and hence for T, since C™(s, w) can have
various asymptotic forms. Consideration of Egs.
(24), (25), (28), (30), and Theorem I gives us all
the convex hull of singularities of Eq. (19). Since A
is arbitrary in Eqgs. (17) and (18), even for a finite
number m of intermediate states in the elastic
scattering amplitude, the convex hull of singularities
of @.(s) is determined by the singularities of Eq.
(19). Exceptions are possible additional poles on the
real axis at the negative integers.

The convex hull of singularities of @(£, s) may be
constructed from that of o, ,[A%(s, t)] as follows.

Let T be the convex hull of singularities of
a, M [A%(s, 1)). From Eq. (17) it follows that
the convex hull of singularities of @({, s) for
Ref{ > N — h — 1 is the union of all T* for k =

0,1,2 .- ,k;ie,
U
h

k=0,100

Since & is arbitrary, we can let it be as large as we
like, hence \_J, T* for all k is the convex hull of
singularities of @ (£, s) in this special case of finite m.

From the remarks above, we see that the position
of the singularities of @(¢, s) in the £ plane requires
knowledge of the growth indicator function of
C™(s, w). For an infinite number of intermediate
states in the elastic scattering amplitude, the domain
of singularities of @({, s) in the £ plane is not as
arbitrary as for a finite number of intermediate
states. In fact, we show that the imaginary parts
of the singularities are unbounded.

IV. CONTINUATION FOR AN INFINITE NUMBER
OF INTERMEDIATE STATES

Let us now consider the general case where the
elastic scattering amplitude has an infinite number
of branch points. In this case we are not able to
proceed exactly as we did before. We cannot rotate
the path of integration in the Laplace transform
as we did in Eq. (30a) and hence we won’t be able
to use Theorem I to analytically continue to a larger
domain. We are unable to rotate the path of integra-
tion because regardless of the point we rotate about
or how small the amount of rotation, we will always
run into a singularity since singularities extend all
the way to infinity, unlike the case for a finite
number of intermediate states. However, from this
observation we will be able to prove by contradiction
that the imaginary parts of the singularities in the
¢ plane are neither bounded above nor below.
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To show that the imaginary parts of the sin-
gularities are neither bounded above nor below, let
us consider the analogue of Eq. (19) with an infinite
number of intermediate states; namely,

LA, 0 = [ As, 00 a @D

By a development analogous to that used earlier,
we obtain an equation similar to Eq. (23):

M. [A.(s, 1]

_ sin (mu)
(=D)" + (=11

The path of integration can be taken, just as before,
at an angle 6, (0 < 6 < =), to the real axis, since
C(s, t) is analytic in the upper half-plane and
t“B(s, {) vanishes at infinity for Re p < —N.

By means of the same argument used to establish
the analytic behavior of the expression (28), we can
conclude that

[ " B . (G8)

eit

]fo #7BGs, )t (39)

sin (ru)
(=" + (=1

is an entire function in the u plane. Hence all the
singularities will be contained in the term

we‘a
f;u

With the substitution t = e***
Eq. (40) becomes

t7'B(s, ©) dt. (40)

and g = —{,

e i f e Cls, w) dw = e’ £,[C(s, w)], A1)
[}

where C(s, w) = B(s, ¢'’¢”) and we have defined
£4[C(s, w)] as a holomorphic function in the £ plane
for Re£{ > N:

£,[C(s, w)] = fo Te 0, w)dw.  (42)
It has the following properties™
|£6[C(s, w)]] < conste™®™*

for Im£{>0 and Re{ >N (43a)
and |
1£6[C(s, w)}| < const e ™" ™ ¢

for Im£{ <0 and Ref{ > N. (43b)

In order to show that G({, s) has singularities
running to infinity along the imaginary axis of the
{ plane we assume the converse; ie., @, s) is

2 See Ref. 19, p. 403,
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holomorphic above some arbitrary point on the
imaginary axis. This is equivalent to assuming that
there exists an upper bound on the position of sin-
gularities of £,(s, w) in the ¢ plane. We show that
this gives us a contradiction. Hence, there can exist
no upper bound on the singularities in the £ plane
of @(4, s). Likewise, the same argument is true for
a lower bound.

Assume that in the upper half-plane, with Re
£ < N, there exists an upper bound on the position
of the singularities of £,[C(s, w)]. Assuming the
above, we may draw a line which touches this
bound and makes an angle ¢ with the vertical
(see Fig. 5). Since, by assumption, £,[C(s, w)]
contains no singularities to the right of this bound-
ary, it will have an analytic continuation. If we
call this new function £%[C(s, w)], then the following
properties are associated with it:

(1) £%C(s, w)] is an analytic continuation of
£4[C (s, w)]
2) L5770, w)] = £4[C(s, w)].

There can exist three separate cases that we must
look at. They are the following:

IC exp [7, Im (¢e™ )],
Imé&Y >0
|C exp [n, Im (te”*")]],
Im ' <0,

where 9, < 7, and for all ' such that 0 < ¢/ < ¢.
(2) Case 1is not true for any ¢/, 0 < ¢’ < ¢.
(3) Case 1 istrue for some particular angle ¢’ = ¢
where 0 < ¢ < ¢.

Case 1 can be eliminated immediately, since, if it
were true, we could rotate the path of integration
of £%[C(s, w)] in the £ plane and according to
Theorem I this would imply that C(s, w) was
analytic in the sector bounded by a line parallel
to the real axis and one intersecting it at an angle
—y¢ at £ = 0. However, this can never be true since
no matter how small ¢ is, the triangle will always
inclose a singularity of C(s, w). Hence, either Case 2
or 3 must be correct if there exists an upper bound
on the position of the singularities on the imaginary
axis of the £ plane, as we assumed.

If we assume that Case 2 is true, then one of the
following three conditions must be correect:

1) |L%UCE6, W] <

(a) [L%[C(s, w)]| < const |exp (1, Im fe™)]
for Im (%'*) > 0
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and
|£%[C(s, w)]] < const |exp (n, Im £'*)]
for Im (') <0,

where n, > 7, ¥ > 0 and Re (te'*) > p > N.
Here p is the length of the arm perpendicular to the
tilted plane (see Fig. 5).

(b) |£%[C(s, w)]| > const |exp (7, Im £e™*)|
for Im&* >0
and Re £’ > p > N forall 4, < 7,
(¢) |£o[Cls, w)]| > const |exp (4, Im £e’?)]
for Im e’ <0

and Re £’ > p > N forall 5, < 7,. :
Assume Condition (a) to be correct and let ¢ - 0.
This implies that

|3[CGs, w)]] = |£4[Cls, w)]] < const ¢ ™
for Im £ > 0, and that
[£5[C(s, w)]| = |£4[C(s, w)]| < conste™™*

for Im £ < 0 and 5, > 73,. However, this contradicts
Egs. (43a) and (43b).

Consider Condition (b) to be correct and again
take lim ¢ — 0. This condition implies that

|E3CGs, W)]] = |£[Cls, w)]| > e ™¢

for Im £ > 0 and all 3, < #,. This contradicts
Eq. (43a).

Likewise, if we assume Condition (c) to be correct
and let ¢ — 0, this will give us a contradiction to
Eq. (43b). Hence, Case 2 can never be correct.

Therefore, to complete our argument all we must
show is that Case 3 can never happen.

If Case 3 is correct, we restrict our angular region
to ¥’ such that 0 < ¢’ < ¢ (see Fig. 5). Restricted
to this smaller region, it follows from the same
arguments as above that Cases 1 and 2 cannot be
satisfied, since the arguments were independent of
how big the sector angle was. Therefore, Case 3
must be correct in this smaller sector. We can again
restrict our region to a smaller sector;i.e., 0 < ¢ < ¢’
and continue this process until Cases 1 or 2 are
correct and then we will have a contradiction, since
Cases 1 and 2 can never be true, no matter how small
the sector is. Hence, Case 3 must be true no matter
how small a sector we choose. This gives us a
contradiction, as can be seen with the use of the
following theorem.

Theorem I1: A funetion f(z) which is holomorphic
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in a sector of opening w and which is bounded on
the boundary by e"'*' is either bounded in the closed
sector by ¢”'*' or else

lim sup {max [f(re’*") — exp (ur + Br"")|} >0
for some 8 > 0.

The proof of Theorem II is found in Appendix B.
Notice also that

|£5[CGs, W]l < 1) < =, (44)

where £ = |[¢| ¢'¥’*"/® and independent of ¥ where
0 < ¢ < ¢ ¢ <y is a particular angle at which
Case 3 is satisfied. [One way to choose 7(|¢]) would
be the. following: Let f(|¢]) = max, |& [C(s, w)]],
where £ = [{| &Y"*"®, 0 < ¢ < ¢.] From the
argument above, ¢ can be arbitrarily small.

Theorem II can be applied to £%[C(s, w)] with
sector opening ¢ and 4y = max (y, sin ¢, §). We
notice that £%[C(s, w)] cannot be bounded in this
closed sector by e’'*!, since if it were, then Case 1
would be true in this sector and we know this can
never happen. This implies that for every ¢ > 0
there exists an r, such that for r > r,

sup max Iee\%[C(S, 'lD)]l > exp (qr + ﬁrr/d») —

and since we can choose ¢ as small as we desire,
we can always find a ¢ such that e”**" — ¢ > f(r).¥"*
This gives us a contradiction, since

|%[C(s, w)]| > exp (or + Br/*) — € > f(r)

which is contrary to how f(r) was chosen [see
Eq. (44)].

We have now succeeded in showing a contradic-
tion of the initial assumption that there exists an
upper bound on the position of the singularities of
£Y%[C(s, w)] in the upper half £ plane for Re £ < N.
A gimilar argument can be used to show that there
also exists no lower bound. Hence, there exists an
infinite number of singularities running to infinity
along the imaginary axis in both directions.

Looking at Eqs. (38) and (40), we see that Eq.
(37) has the same singularities £%[C(s, w)]. From
Eq. (17) we note that the singularities of G(¢, s)
for Re £ > N — h — 1 are the same as the sin-
gularities of D ', 9M7*M[4,(s, )] except for
possible additional poles on the real axis at the
negative integers. Since h is arbitrary, we can let
it be as large as we like. Hence, the position of
the singularities of @(f, s) in the £ plane will be
the same as those of Y_*_, 97 “*P[A,(s, ¢)] with the
possible exception mentioned previously. If there
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are no cancellations of singularities in the sum
D e MIYP[A,(s, ¢)], then @£, s) will have an
infinite number or singularities going from 4+« to
— o along the imaginary axis just as 91 4[4, (s, t)].

In principle, it is possible that the singularities
in the sum )y, 9; $*9[4,(s, t)] cancel. However,
it is obvious that the singularities farthest to the
right in the £ plane of 9, {[4.(s, )] cannot cancel.
Hence, there will still exist an infinite number of
singularities running from ¢~ to —z in the £ plane.
This concludes our proof.

V. CONCLUSION

It has been shown that if the elastic pion—pion
scattering amplitude satisfies the Mandelstam rep-
resentation, then for a finite number of intermediate
gtates the convex hull of singularities of the partial
wave amplitude is related to a growth indicator
function. However, for an infinite number of inter-
mediate states there are stricter conditions on the
positions of the singularities of G(¢, s) in the complex
£ plane. In fact, for Re £ < N, where N is the min-
imum number of subtractions needed for converg-
ence in the Mandelstam representation, there exists
an infinite number of singularities on one or more
axes parallel to the imaginary one of the ¢ plane
(with Re £ £ N), extending to infinity in both
directions. We have not shown that this is a natural
boundary nor that the singularities lie on one line;
however, this may very well be the case.

This proof is not peculiar to the pion—pion elastic
scattering amplitude nor of the Mandelstam rep-
resentation, but is based only on the fact that the
elastic scattering amplitude is an analytic function
for fixed s and has branch points running to infinity
along the real ¢ axes.
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APPENDIX A
To take the Mellin transform of B™(s, f) we define
(&) = B™(s, D", o) = An(s, 7.
Define the Mellin transform of f(t) to be

@ (8)
() = f foe dt, (A1)
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where the path of integration is taken along a ray
from zero to infinity, making an angle 8 to the real
axis where 0 < 8 < .

Let t = re™*’, then

m(f) —_ f dT e—iaruvle-iﬂ(n—l)A(re-id)
0

= e‘”“[ dr ' A(re™*")
0
e—iﬁp @ o
= f drr“_lf dt (1)
T 0 4

1
X {t — re”*? +

where we have used the equation

o =1 [ ar sl + S0

Interchanging the order of integration in Eq. (A2)
gives

(=n”
t 4+ re‘”} (42)

—10u+|ﬂ

o) = —— [ areo
1 D"\
X fo dr{tew — T @)
The evaluation of the second integral results in
f dr 1{ ” + .,1 }
—~7r te +r
— 1 R 1AV 1\ i\
_sin(ru){ ( te) +( 1)(te) }
tu—l i0(p—1) . ¥
—m{—( DT+ (=D (A4)
Thus Eq. (A3) becomes
m(f) — e—iﬁ(u—l)
© p=1__ 1)+t 1\ ,i0e-1)
% f At [ (=" + (=1)7]e
" sin (mu)
—_ ‘[m dt tu—l ¢(t)[(_1)N - (—1)“‘1]
4 sin (mu) '
where 0 < u < N — N,
If ¢ (u) is the Mellin transform of f then ¢ (u—N) is

the Mellin transform of B™(s, t) where B™(s, t)t " =
7(¢). This gives us
(=1)" — (=1

sinw(u — N)

X f4 dt VAT, B).

M[B™(s, )] =
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If welet W’ = u — N, then

(B, 9] = L= 0

X f it ¢4, ), (AB)
4

forO0 <y’ +N<N—-No —N<uy < —N.

APPENDIX B

Theorem II: Consider a function f(¢) which is
holomorphic in a sector of opening w formed by the
intersection of rays a and b. Ray a is defined to be
the line from the origin to infinity along the positive
imaginary axis. Ray b is the line from the origin
to infinity making an angle w + =/2 with respect
to the positive real axis, where 0 < w < =/2.
If f(z) is bounded on the boundary by e’ then
f(z) is either bounded in the closed sector by e"**
or else

lim sup {max |f(re'*’)] — exp (yr + Br™'")} > 0

for some 8 > 0.

Proof: The proof of Theorem II is a trivial con-
sequence of a theorem by Phragmen and Lindelof
which says:

Theorem (Phragmen—Lindelof)®: A function f(2)
which is holomorphic in a sector of opening w and
which is bounded on the boundary of the sector is
either bounded in the closed sector or else

lim sup {max |f(re’’)| — exp (Br"'*)} > 0
for some 8 > 0.
Define the functlon g(2) to be g(zg) =e *einw),
then [g(z)| < ¢™""*' onray aand [g(z)] < €' Thus
we have that [f(2)g(z)] < e”"*'e’"*! < 1 onray a
and {f(2)g(2)] < ¢ e < 1 on ray b. Hence, we may
apply the Phragmen-Lindeloh theorem to f(z)g(z).
Then, either f(2)g(z) is bounded everywhere in the
sector or else
lim sup {max [f(re’®)e’”| — exp (Br"'")} > 0
for some 8 > 0.
This is obviously equivalent to

lim sup {max |f(re’’)] — exp (o + 8,”")} > 0.
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A determination is made of the temporal evolution of the momentum autocorrelation function
for a noninteracting gas constrained by walls. A frequency-dependent dielectric constant is calcu-
lated from the latter by applying an appropriate Kubo relation. Deviations from the Drude conducti-
vity are obtained which, for high frequency and/ or large systems, are found to be ~ 0(10%/8mw?L?),
where L is the spatial dimension of the assembly and o the frequency of the applied field.

A similar calculation is performed to determine the effects of boundaries upon measurements of
scattering cross sections for slow neutrons. It is found that, for realistic experimental conditions,

wall perturbations are unlikely to be of importance.

I. INTRODUCTION

N theoretical investigations of the relationships
between macroscopic transport phenomena and
the microscopic properties of matter, it is frequently
stipulated that the macroscopie system be of infinite
gpatial dimension. Such an assertion corresponds to
assuming that boundary perturbations which might
be introduced into an actual experimental measure-
ment would be negligible, relative to contributions
due to interactions between the constituent particles
of the assembly of interest. Indeed, the higher the
density of particles or the greater the relative
strength of interactions between them, the less
important should be any perturbations due to wall
effects.

It is of interest to supplement these rather general
qualitative remarks with explicit calculations.
Ideally, one would solve the complicated finite-
space n-body problems associated with transport
phenomena being considered. Unfortunately, the
latter is usually a very difficult task. However, by
neglecting interactions between particles, thus con-
sidering only the effects of collision of particles with
the walls, one can at least obtain useful upper
bounds for the errors which might be introduced
into measurement in virtue of the finite size of an
experimental system. In the following work, we
consider this question for two particular transport
quantities of interest: (1) the frequency-dependent
dielectric constant and (2) the cross section for the
scattering of slow neutrons.

In the course of investigating the first of these
phenomena, we also solve the ancillary problem of
calculating the temporal evolution of the momentum
autocorrelation function for a gas of noninteracting
particles constrained by finite boundaries. As a

* National Science Foundation Postdoctoral Fellow.
t Present address: National Bureau of Standards, Wash-
ington, D. C

model which demonstrates essential features, we
choose a one-dimensional box and assume specular
reflection of particles at the walls. The unconditioned
probability density for locating particles in phase
space is taken to be Maxwellian in momentum space
and uniform in configuration space. Thus, in Sec. IT,
an explicit determination of the temporal behavior
of the autocorrelation funection for all ¢ > 0 is
obtained. It is interesting that, although no in-
formation is lost when a particle collides with a
wall (as a consequence of the assumption of specular
reflection, the momenta before and after collision
are perfectly correlated), it is found that phase
mixing introduced due to the initial distribution is
sufficient to insure the temporal relaxation of the
autocorrelation function. Initially positive, the latter
decreases, becomes negative, and finally decays
asymptotically to zero (ef. Fig. 1, below).!

After having obtained the momentum autocorrela-
tion function, the dielectric constant may be cal-
culated according to an appropriate “Kubo rela-
tion.”*® Thus, in Sec. III, certain aspects of the
frequency dependence of the dielectric constant are
investigated, emphasis being given to obtaining
estimates of perturbations which might be intro-
duced into measurement of the latter as a con-
sequence of the finiteness of a large system.

In Sec. IV, consideration is given to a similar
problem concerning the measurement of cross sec-
tions for the scattering of slow neutrons.*® The

 Recently, I. Oppenheim and P. Mazur (Physica, to be
published) have considered the temporal evolution of the
momentum autocorrelation function for Brownian motion in
finite systems. Although the details of the relaxation are not
exﬂlicitly_calpulatqd in the latter study, similar asymptotic
behavior is discernible.

2 M. 8. Green, J. Chem. Phys. 20, 1287 (1952); 22, 398
19 Kubo, J. Phys. Soc. Japan 12, 570 (1957).

4 L. Van Hove, Phys. Rev. 95, 249 (1954).

8 R. Glauber, Phys. Rev. 98, 1692 (1955); Lectures in

Theoretical Physics (Boulder Lectures), Vol. IV (Interscience
Div., John Wiley & Sons, Inc., New York, 1963).

193



194

model system chosen for this calculation is the same
as that described above. Scattering functions are
obtained by taking space-time Fourier transforms
of G.(q, t | qo) (the latter being defined as the condi-
tional probability density for finding a particle in
the neighborhood of configuration point q, at time ¢,
given that it was located at g, at time zero). Here,
too, an estimate is made of the order of magnitude
of spurious values introduced into a measurement
of the scattering functions due to the finite spatial
extension of the scattering system.

In summary, the following calculations have as
their primary purposes: (1) a demonstration of the
explicit temporal behavior of the momentum auto-
correlation function for a finite system; (2) the
identification of parameters determining the im-
portance of wall perturbations occurring in measure-
ments of the particular transport phenomena dis-
cussed above; and, (3) the estimation of the ranges
of these variables for which the perturbations are
significant.

II. MOMENTUM AUTOCORRELATION FUNCTION

We first investigate the temporal evolution of the
momentum autocorrelation function for a one-dimen-
sional noninteracting gas constrained by walls at
which particles experience specular reflection.

The autocorrelation function IT1({) may be obtained
as follows:

I(t) = (p(0)-p(2))

= f @Po dqePo*<P; ¢ | Po, Qo)fo(Po, Qo), 2.1

where {p; t | Do, Qo) is defined as the expected value
of the momentum of a particle at time ¢, given
that at {=0 it had momentum p, and was located
at qo. fo(Po, Qo) is the unconditioned probability
density for finding a particle in the neighborhood
of phase point (po, qo) at time zero.

Upon choosing a coordinate designation such that
the walls are located at ¢ = 0 and ¢ = L then,
as a consequence of the assumption of specular
reflection (by which it is meant that the collision
of a particle with a wall is an instantaneous event
which does not change the absolute value of the
momentum of the particle), it may be readily shown
that

(p; ¢ lpm Q) = Pghz.ao@o); 2.2)

where

RALPH NOSSAL

+1 for m@nL — q,)/t < po
< m([2n + 1]L — ¢,)/t

—1 for m(2n — 1]L — g,)/t
< po < m2nL — go)/t,

n being any integer, inclusive of zero. Consequently,
upon taking the equilibrium probability density to
be Maxwellian in momentum and uniform in con-
figuration space within the box, Eq. (2.1) and
Eq. (2.2) imply

10 =27 [ da, [ dpiheno)

ht.u. = (23)

—ﬁpo */2m

2wmp™") !
2.4
where 87! = kT.
After introducing Eq. (2.3) into the latter equa-
tion, some simple coordinate transformations provide

(@mmp™")TI(t)

1 +L/2 Lm/2t
~L/2 0 3Lm/2¢
3Lm/2t 7Lm/2t
T w [wr])
Lm/2t 5Lm/2t
X {(p - qm/t)Z —(B/2m) (p—am/t)?

+ (p + qm/t)z —~(8/2m) (r+am/t)’}. (25)

Next, interchange the order of the ¢ and p integra-
tions, and also notice that

f_ jz dgF () = f dgF(9)H, ()

5Lm/2¢

where

H&L/@s{ ol = 4L
0 if |q > 3L

_ 17 sin (BL/2) i

- Tf ap SRELZ) p-ae
+L/2 . ﬂ

[ aaw — am/y exp[ 2

~L/2 - m) ]
= @rmgY) # [ +: d S0 (kL/2) {1 - ﬂ}

k gm
iy _ ),
X exp( m 28m

[ X1

(2.6)

For example,

2.7

Consequently, Eq. (2.5) can be expressed as

5 Lo - £10),
where

L@ = f: k2 (kL/2) ( 2mp )

X sin {(n + LKL}

() = 7% 2.8)

2.9)
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and

1) = f_ +: dk sin (kL/2) exp (;,’f:;z)

X sin {(n + 3L}
—mf al

t o
Defining

(2.10)

1= (1L,

n=0

@.11)

then, by explicitly evaluating the integrals given by
Eq. (2.10), it is seen that

- ()

X {1 +2 3 (=1) exp (:—%"{-‘ﬁ)}

n=]

(2.12)

But, the term in the brackets can be identified with
the zeroth theta function,® defined by

Solus i) =142 >, (=1 ™™ cos 2rnu), (2.13)
n~l
80 that

1 = @mwr/20),(0; imBL*/2xt?).  (2.14)

An advantage of making such an identification
is that one may now make use of the following
inversion formula®:

Solu; ) = 1/vle™ ™" 9,G0u/v; i/v), (2.15)

where

©

Suy i) =2 3 ™D cog [r(2n + D).

n=0

(2.16)
Thus, an alternate form for Eq. (2.12) is given by
= Z'L-az(o : 12¢8/mBL?)

_2r g _2'(n + l)th)
=T Lo ( mﬁL22 )

We can now evaluate I(f) = Y. I,(t). From
Eq. (2.10),

2.17)

n=0

10 =~ [ @l I+ 10), @18)

m/B.

¢ E. T. Whittaker and G. N. Watson, 4 Course of Modern
Analysis (Cambridge University Press, Cambridge, England
1946), 4th ed.

where I(0) is evaluated by imposing II(0) =
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Fi6. 1. Temporal evolution of the momentum autocorrela-
tion function, as a function of the dimensionless time variable
T = (2x2/mBL2)M.

Hence,
0 =25 {wgff %
- % f;o w _i o e (—2"27%2; %)%2)- @2.19)

Finally, from Egs. (2.8), (2.10), and (2.19), the
following expression for the autocorrelation func-
tion is obtained:

mf2 & 1 —2°(n + 1)
8 {1# §(n+%)2 e"p( mpL2 )

8 & (—21r’(n + %)%2)
~ mBL? ,,Z.,o exp mBL* :
The rapid convergence of the representation given
by Eq. (2.20) enables an explicit examination of
the decay pattern of the autocorrelation function

(cf. Fig. 1, where II(¢) is plotted as a function of
the reduced variable T° = 2«°t/mBL?).

Q) =

(2.20)

III. DIELECTRIC CONSTANT FOR FINITE SYSTEMS

Correlation function relations for electrical con-
ductivities®*” may be applied to finite systems
providing that boundaries constraining the motion
of particles be transparent to external applied fields.
Assuming, now, that the particles of the assembly
carry fixed electrical charge, the frequency-dependent
dielectric constant, e(w), may be calculated as
follows.

ew) = 1 — (4me’8/m’w) Im x(w), 3.1)

T E. W. Montroll, Lectures tn Theoretical Physics (Boulder
Lectures), Vol. III (Interscience Div., John Wiley & Sons,
Inc., New York, 1961).
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where 7, ¢, and m are the density, charge, and mass,
respectively, pertinent to the particles of the assem-
bly, and  is the frequency of the applied external
field. [The Kubo relation for the dielectric constant
usually appears as

ew) = 1 — 478w Im lim dt

A0 YO

X exp (iw — N (J(0)-J()
=1 — 47fw” " Im lim . dt

A0 Yo

X exp (lw — Nt 2 ’_Z (e.e;/m.m;}p:(0)-p;(1)),

where J is the full current density due to all charge
carriers of the assembly. Equation (3.2) is obtained
by assuming that only one species of charged
particle is the effective carrier; e.g., that a contribu-
tion due to the motion of positive ions may be
neglected when compared with that due to electrons.
It is to be noticed that the joint correlation terms
{p:(0)+p;()), ¢ = j, do not appear in Eq. (3.2)
since interactions between particles are ignored in
our model. On the other hand, such terms could not
be neglected for an interacting gas except, perhaps,
if the density of charge carriers were very low.]
x(w) is defined by

) = lim f =V d.
A—0 0

Thus, in virtue of Eq. (2.8) and Eq. (2.10),

(3.2)

_4_17'/_ mtwta

x(w) = s [LI(®)] dt
4””‘" f 1) dt.  (3.3)
The latter equation imphes
_4Ame 8 [T .
In x@) = 257" 5 f At I sinwt  (3.4)

so that, upon using the explicit formula for I(f)
given by Eq. (2.19), one obtains

_2mw 3 [1 f"” .
8 Bw{ dt sin (©)
& exp [—20°(n + &) t/mb“’L’]}
X X o+ 3
Let the infinite sum appearing in the above
expression be approximated by a continuous integral:

o~ exp [—2x°(n + 3)°¢*/mBu’L?]
2, (n+ 3

© 2 2r2
,-'tjk‘/(; g exp [— 21r((:;:l‘-21))2t/m/3 L]

Im x(w) =

3.5)

n=0

n=0
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where k, a constant, is to be determined such that
the sum has the correct value for L — = (ie,,
n=0

k f dx/x’)-
3
Clearly, k = =°/4.

Under such an approximation, Eq. (3.5) becomes

~ _@_i l ” ” 3
~ 28 aw{wj; dxf dt sin (2)

exp (—2r°z%t /mﬂw”L“)}

>t 3 =

Im x(w)

X

_mc_vi{ f dz fmﬂw'“m’z'
T T8

81r2 2 2 }_"’}
X 7] [1 - mﬂ 2L2] *

Let us examine the latter expression when wZ >> 1.
First, it is to be noticed that

(3.6)

lim x(w)

L—co

T TNy

which is the correct limit for a gas of noninteracting
particles. On the other hand, as an approximation
for large but finite oL,

3.7

mBLAw/8x%2?
X f e dn} (3.8)
13
_ _med /1 _ _)*
=% aw{ [1 = (2 TR
2(mBL2w2/8x2)}
[T e )
0

~ (m/Bw){l — @r°Y(mBu’L*) ). (3.9)

Comparing Eq. (3.9) with Eq. (3.7), it is seen that
for large but finite wL, the measured dielectric con-
stant, [e(w) — 1], will be diminished by a quantity
which is inversely proportional to (mBw’L*)*. In
virtue of Eq. (3.9), it may be concluded that bound-
ary effects will be unimportant if mgw’L® >> 10°.°
[These conditions are certainly met a propos micro-
wave analysis of plasmas, even if the plasma is
quite hot. (Assume L ~ 1 cm, T = 30000°K,
w & 10" cps. Since the electron mass & 1077 gm,
one has mBw’L® ~ 10* >> 10°.) On the other hand,

8 An investigation of x(w) for small (wL) appears in
Appendix A, below.
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analysis at radio frequenecy would be complicated
by boundary effects. (Even if L. &~ 10 em and
T ~ 300°K, because w =~ 10 cps one would have
mBuw’L? ~ 10°, so that the inequality would not
be satisfied.)]

IV. SCATTERING FUNCTIONS

Let us next consider certain functions appearing
in the scattering theory of slow neutrons.*’® The
same model as that employed in the calculation
of the momentum autocorrelation function (cf.
See. II) is used in the following analysis.

First, consider the time-relaxed spatial density,
G.(q; t | qo), defined as the conditional probability
density for finding a particle in the neighborhood
of phase point q, at time {, given that it was located
at q, at time zero. This function can be obtained
from
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G.g;t | q) = f dp dpo e"p(g(;mﬁ.‘f(fm)

X @, q; t | Po, Qo)

exp (—Bpa/2m)
f 0™ g )

X f4; ] poy @0)y (4.1)

where f(q; ¢ | Po, Qo) is the conditional probability
density for finding a particle in the neighborhood
of q, at time ¢, given that at { = 0 it was located
at ¢, and had momentum p,.

However,

f@;t]po, Q) = 8q — gt [ po, @) (4.2)

where q(¢ | po, Qo) is the position of a particle at
time ¢, given that at ¢ = 0 it was located at (qo, o).
It is to be recognized that the latter is given by

(q0 + Pod _ ZnL) for 2nmL  gom <po < @n+4+ DHmL  gom
m ¢ ¢ t l
o | po, o) =
‘“(9‘0 + &t _ 2nL) for (2n — OmL _ gm <po < 2nmL  gem
m ¢ t ¢ ¢ '
n=-.-.,-2-10,1,23, - “4.3)

Upon placing Eq. (4.3) into Eq. (4.1) and performing
some simple coordinate transformations, it may be
readily shown that

G.lg;t | a0)

Lm/t
fer f dp glp + 2nmL/t | q]é(g — pt/m)

> [ o oto + Gn + DmL/t | g
X 8q + lpt/m — I,

where

(4.4)

9 | 9 = Qemg™)
X {e-(ﬂ/'zm)(p-t-qomﬁ)’ + e—(ﬂﬂm)(?-hh’m)’}.

(4.5)

Let us now discuss the relationship of G, to the
scattering theory of slow neutrons. The cross section
for the scattering of low-energy neutrons may be
expressed as

d’ 1 K’
dﬂ 260 = m E [a:theoh(k) CU)

+ a‘?nesinc(k) OJ)], (4'6)

where S,..(k, «) and S...(k, w) are referred to as

the coherent and incoherent scattering functions,
respectively.” We focus our attention on the second
of these, which has the following definition.*

Sunalk, w) = f Tdte Uk, ) @)

with

Xy O = 3 3 (exp [—ik-0,0)] exp [-+ik-g,(ODr-
4.8)

In the approximation of classical mechanics, the
joint expectation defined by Eq. (4.8) has the follow-
ing interpretation:

x.lb, ) = [ dgo P(q) [ dg e P(g | g), @8)

with P(g | g¢,) being the probability density for
finding a particle in the neighborhood of ¢ at time ¢,
given that it was at ¢, at ¢ = 0; P{g,) is the un-
conditioned probability density for finding the
particle in the neighborhood of ¢, at ¢ = 0.
Thus, in the elassical approximation, and within
% @eor and @ are, respectively, the coherent and in-

coherent seattering lengths. K, and K’ are the wavenumbers
of the neutron before and after scattering; k = K, — K'.
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the approximations of the model used for this cal-
culation, the incoherent scattering function can be
expressed as

L
Suclhy ) = L7 [ dauSth, | 0, (4.9)
0
where
. +o )
Sk, e | g) = f_ die'x(k, t | ),  (4.10)
and
+® R
X, t1a) = [ et UG t] ). @11)

The effects of boundaries on a measurement of
Sk, @) may now be estimated. From Eq. (4.5)
and Eq. (4.11) one immediately obtains

X(k) l I Qo)

© Lm/t
= Zf dp g(p + 2'nmL/t l qo)ei(m/m—ao)k
#=0 Y0

« Lm/t
+ 3 [ dp o+ 2o+ UmL/e ] 0)

n=0

X e—s(uo+1al/m—L)h. (412)
Consequently, in virtue of Eq. (4.5),
Crmp™xth, £ a0 =22 5| [“ap
257“"11 ~(Bm/2t%) (p+ao)?
X 4 cosh [p + gl)e
+ cosh (2Bl /Ellp — gl e
% e—zsm» L2/12 i (p=ao )k] m f dp
X {e—(ﬁmlm Y(p+ao)? +e—(ﬁm/2t J(p—qo)? }ei(p—ao)k
(4.13)

where, in order to obtain Eq. (4.13) it has been
noticed that

- —(A—-B)*
e‘ (A+.B)’ + e (4—-B)

= 2¢ ¢ *" cosh 24B.

Again using the Fourier representation for the step
function [ef. Eq. (2.6) and ff.], one obtains

@rmB " x(k, t | ¢0)

[ ao 012 o
0

4m

n=1

Xf dp{e—iﬂpe—2,8m(n’L’+}p’)/t’
—

X cosh (28nmLp/?)
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X cos ([k _ 0]q0)e€(p—qo)k}:l

2—_m f+w d0 Sin (0L/2) e"u‘/"'
70

+o
X f dp e—(ﬂmp’/Zt’+i9’—f[D—dolk)
-0

X cos ([k — 6lqgo). (4.14)
However, let it be recalled that the theta function
of the third kind is defined by®

Fu;w) =142 i e ™™ cos (2rnu). (4.15)

With this identification, Eq. (4.14) yields, simply,

@rmB™Yx(k, ¢ | go)
2mf dasm (0L/2) R

X f dple™**e "*"*"" cos ([k — 6]qo)
X 8:(i8Lmp/xt®; 2mL* [xt®)e’ *70*}, (4.16)

An advantage of making the identification given
by Eq. (4.15) is that one can now make use of
well-known expansions of the ¢ functions in order
to facilitate evaluation of asymptotie expressions for
the scattering functions. Indeed, the Jacobi factoriza-
tion for ¢; is given by®

F H [1 + 26—(21»—1)1"
n=1

X cos (27Tu) + e—(4u—2)rr],

Ss(u; ) =

4.17)
where
—2ax v

F—H(l

n=1

Thus, in virtue of Eq. (4.17), Eq. (4.16), and
Eq. (4.10),

@rmB NS, w | q0)
=2mf a f desm 0/2 ¢

+
Xf dp 6—0'01)/146—ﬂm12’w’/2¢’
-0

X €08 ([k . O/L]qo)ei(p—qo)k

X IT 11 — exp (—4aBmL’*/ )]

A=l

X fI [1+ 2 exp (—[4n — 2]8mL%*/t%)

n=1

X cosh (28mLw’p/t")

+ exp (—[8n — 4]pmL’w"/ t2)]}- (4.18)
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However, for gmL’w’ >> 1,
2rmB8 Sk, w | qo)

~2mf date— f desm"/‘? i3

x f dp{e—iﬂp/Le—-ﬂmp’w’/zt'

X cos ([k . 0/L]qo)ei(v—ao)k
X [1 + 2 exp (—28mL%*/t?)
X cosh (28mLu’p/t9)]}, (4.19)

the latter approximation being valid due to the fact
that for large ¢, where the neglected terms of the
product factorization would be important, the de-
creasing multiplicative factor, e™*‘/t, becomes dom-
inantly small.

Performing the g, integration which is necessary
in order to obtain Sk, «) from S, o | go) [ef.
Eq. (4.9)], Eq. (4.19) yields

@) Suucll, ) = 2m [ dbe /s f a9
v {sm (0/2) i 1 [(1 _ e-.'o) + (1 _ e—-i(zu,—a)):l
T8 2% ] 2QkL — 6)
X f dp e—~|'9(p/L—k)e—mﬂm’p’/2t’}
+ o -4t + o :
+ 2m f dt gT f de {s______m 0/2) yiors L

w0 2

A= (1 — e @)
X[ R ) ]

+w
—i8(p/L—k) [ _—~mBu? (p—2L)3/2¢%
xf dpei(v/ )[ernﬁw(p )2 /2¢
-0

+ e—mﬂw’ (p+2L) ’/Zt’]} .

Finally, as shown in Appendix B, careful analysis
of the latter (for kL >> 1) yields

Sinc(k; w) = (27;:?6) —~mBw?/2k®

(4.20)

f(k) 1 1
X [1 T T "<(kL)2 57 (mﬁw”Lz)*> ] )
(4.21)
with
[f(k)] = 4 [cos® (kL) sin (kL)| < 4. (4.22)

The leading term in Eq. (4.21) is that appropriate
to an unconstrained one-dimensional noninteracting
gas, whereas the term proportional to (kL) ™" provides
the first-order correction.

In scattering experiments, detectable energy
changes are usually of the order hw > 0.001 eV.
Corresponding to such an energy change’® k™' =
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287 X 107%/(E.v)}, < 1077 em. Thus, for realistic
experimental conditions, boundary effects are un-
likely to be of any important concern.
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APPENDIX A:
DIELECTRIC CONSTANT FOR SMALL (wL)

Let us briefly investigate x(w) for values of
(Bmw’L?) ~ 0(1). Starting with Eq. (3.5), integration
over { provides

_melne i mpLt |’
== {Z > [27#@ T >]

1 m6L2w2
X, o [‘sﬂn +r -

= mBL*
K50 + l)}
However, for small Lw, the integrals appearing in

the above equation may be approximated by unity.
In this case,

Im x(w)

yz)] dy

(AD)

Im x(w)

R (m/4n’Bw){mBL'"} {§(mBL'") — 1}.  (A2)
Hence, in the rf range, x(w) would have a sign
change as a function of frequency.

APPENDIX B: ASYMPTOTIC ANALYSIS

The expression given by Eq. (4.20) may be
written as

Sinc(k} w) = [Sl + S2] + [S3 + S‘J, (B]')
where
+ o -1t
@rmg S, = 2m f ats—
+0/2
% f 20 [sin 0/2]e (A — ¢
X f dp e—iﬂ(ﬂ/L—lc)e—mﬁp’w‘/w‘ (BZ)
+ o —it
@rmB S, = 2m f dt‘?—
[sm 0/2]6'0/2 _ —.(2kL—0)
X f_@ 90 oirb@kL — 6) )
X f dpe—io(p/L—-k)e—me’w’/zt’, (B3)



200 RALPH NOSSAL

©@rmB )18, = 2m f dti-:—

[sin 8/2}""*
X f ap BRYZ g

X f dpe—iﬁ(piL—k}

{e——(ﬁmw’nt*) {p+2L3*

_- e——:’B)

(B4

+ e tﬁmwﬁzzin(wzm*}

and
+ -1t
@rmB )8, = 2m f dte—t-
*=  [sin 0/21¢"*[1 —
X f_p ae 2in 00kL < 6)

X f+°° dpg—iﬁ(';zlL—k)[e——(ﬁmm'/zt“) {p+2L32

6—:’ (2&L-—5)]

+ e-(ﬁmw’/2!’)(v-2L)’}. (BS)
Let us analyze each one of these terms separately
; sin (6/2),

Noticing that [¢'"*(1 e Y26 =
the first contribution may be written as

= (2fm>{2mf S [ apt 2

X E o)l (L aL)h f dp e eos (pk)}
(B6)

-

= (2amB/k*)le P 2

d(){2 qur 22 ,;0 (211)‘ (; ;k) }

27l'mﬁ) —mBw?/2k2
{{Ege) )

— o(1/KL?) + ---].
(B6")

Similarly, as a consequence of the coordinate
6§ — kL, one obtains (for

transformation ¢
|kL} >> 1)

e () [ a2
S; = (27rm f_m dé T
% sin (3¢ — 2kL)sin (3¢ + kL) ZrmL) -mBarEe /et
(¢ — kL)(e + kL) le]
B7)

i %
cos (kL) ?—1—?70%%2 (?I}{%E) o~ mPe /2

= sin (o — [k} L]/2)
X f_«, %o = k| L)

sin® (kL/2) (21rm6>*
{kL| K*

~ 2

+ 2

_mpﬁ,iL:/ZP:

For the third term,
So=4 de[sm (0/2) 5~

But*®

+o —58 =
»84 = f de{gew

sin (kL)

(27!' m8> g2k
kL]

os (kL) 7 (T3

+ ol [ 1ZLZ}*) B7)
2 G (’% ?a%)%]
{ mﬁ) cos (2kL}e‘"*8“”%} (BS)

[ 2 )
( ) cos 2kL e""ﬁw“m»}

**  Isin® (6/2) . ]

+2 f_ ) d@[———-—-——ﬁ sin 26
2 —me? *
x a2kt 5 (B8 v

+ o) Cop) e

(B8)

+eo 2
[ desﬂ—éé’l’?-) cos 260 = 0,
(B9)

+o . 2
f da?i“——f@l sin 26 = 0.

Hence, S; is at most only of order 1/k°L® of the

strength of S,.
Finally, from Eq. (B5),

sin ((8 — kL1/2) sin ([0 + kL]/2)
(6 — kL)(6 + kL)

X [2 cos 20][(2m3)%L/;one""‘*“’“’”’} (B10)

colskilfi'L sin (kL) cos (kL)

** sin 6 {2rmB
X.[_f,w T < VA

~ 2
) —mBew?/2k?

1
+ 0<kL (m3w2L2)*)
~ 2[“03 ZEL o5 (KL) sin (kL)]

|kL|
« {(%}:;;3) _,,,,3‘",,2,”}'

Thus, by virtue of Eqs. (B10), (B7'), and (B6'),
Eq. (B1) implies Eq. (4.21) of the main text.

1o H. B. Dwight, Tables of Integrals and Other Mathematical
Data (The Macmillan Company, New York, 1961), 4th ed.

(B10")
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The correlations between positions of particles in classical equilibrium statistical mechanics are
usually expressed by correlation functions. It can be seen that if the correlation functions of a system
are known, its configurational entropy per unit volume is already determined (independently of the
interaction potential or other thermodynamical parameters). In this paper we consider all sequences
of functions of an increasing number of variables (these functions are candidates for correlation
funections) for which an entropy per unit volume may be defined. These sequences are called corre-
lation functionals and are investigated in detail. They prove useful to the study of the limit of an
infinite system in statistical mechanics (thermodynamic limit). Furthermore they allow the segre-
gation of certain thermodynamic systems into phases to be made evident.

INTRODUCTION

TRIPPED of its unessential features, the main
problem of equilibrium statistical mechanics is
typically the following. Given a large box A with
volume V and a large number n of particles enclosed
in the box and interacting through a two-body
potential &, what is the macroscopic aspect of the
system of particles? We assume that the density d
and the energy per unit volume ¢ are given, then
(forgetting kinetic energy) every admissible con-
figuration (x,, --- , X,) of the particles in the box
satisfies the conditions

Vn=V'Y 1xd, V') &; —a)~e. (0.1)
i=1 i<y
We ignore configurations with ‘‘exceptional” be-
havior, sets of configurations being weighted with
Lebesgue measure. According to the usual ideas
about ergodicity, and from the existence of thermo-
dynamics, one is led to think that the problem
described above is reasonably well set (for reasonable
),
In the greater part of this paper, the configurations
satisfying conditions of the type (0.1) are studied
without further reference to physics. In the last two
sections, applications to equilibrium statistical
mechanics are indicated, without attempt to gener-
ality. In Secs. 1 to 3 the limit of an infinite volume V
is investigated, using methods anslogous to those
employed by the author' and Fisher’ to prove the
existence of the thermodynamic limit, generalizing
the classical result of Lee and Yang.? In Secs. 4 to 6

* Permanent address: Institut des Hautes Etudes Scien-
tifiques, Bures-sur-Yvette (S.-et-Q.), France.

1 D. Ruelle, Helv. Phys. Acta 36, 183 (1963) and Lecture
notes of the Theoretical Physics Institute, University of
Colorado, Boulder, Summer 1963.

2 M. Fischer, Arch. Ratl. Mech. Anal. (to be published).

#C. N. Yang and T. D. Lee, Phys. Rev. 87, 404 (1952).

the notion of correlation functionals is defined and
studied. In Secs. 7 to 9, correlation functionals are
represented in terms of expectation values in a
Hilbert space, in a manner which is reminiscent of
quantum field theory. A notion of analytic correla-
tion functional is introduced. In Sec. 10, the pre-
ceding theory is applied to the study of the thermo-
dynamic limit of the grand canonical correlation
functions. In Seec. 11, a (unique) decomposition of
analytic correlation functionals, established in See.
9, is shown to correspond to a physical splitting of
large systems into phases.

Throughout the paper we have, in a somewhat
pedantic way, distinguished between a real Lebesgue-
measurable function 4 and its class A. It is assumed
that the irritated reader will mentally omit the tilde.
Furthermore systematic use has been made of sym-
bols Like N* [to represent the set of positive or
rather, as one should say, sirictly positive (>0)
integers]. The text has been written so that it is pos-
sible to go through Sec. 1, Sec. 7 and only the itali-
cized part (definitions, propositions, theorems) of the
other sections and to get, in this way, rapidly an idea
of the results obtained in the paper. This also gives
quick access to the motivation which is contained in
the last two sections.

The main results of physical interest may however
already be stated now, although in an imprecise
manner. A correlation functional p is defined as a
sequence of funetions of an inereasing number of
variables: p = (p, p2{1), pa(fs, &), --+). In such a
sequence the function p,, (&, - - - £,) may be under-
stood as the probability density of finding p -+ 1
different particles at positions z, z + &, ---, 2 + &
(pp+1 1s thus a candidate for a correlation function in
statistical mechanics). To each p we will further
attach a real number s(p), its entropy per unit
volume. Consider a sequence (A;) of boxes of volumes
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V; tending to infinity and let U; be the volume of the
set of configurations of points in V;, the correlations
of which are given (in the limit) by p. The entropy
per unit volume of p is defined as
s(p) = lim V7' log ;.

§—o

0.2)

The existence of the limit (0.2) is not trivial and is a
central result of the paper.

We show that, for potentials of a certain type at
least (hard-core potentials), if we compute the
grand canonical correlation functions at any given
temperature and chemical potential for a sequence
of boxes tending to infinity, we can choose a sub-
sequence of the sequence of boxes such that the
correlation. functions have limits, which form a
correlation functional p. Furthermore s(p) is the
physical entropy per unit volume. This result justifies
the names given to p and s(p). The idea here is the
following. Suppose that some correlations are fixed
for a large system of points [by such conditions as
(0.1)]. If a new correlation condition is imposed it
may or may not decrease the entropy per unit
volume of the system. If it does, that new condition
is inadequate because it leads to a set of configura-
tions which has negligible probability; if it doesn’t,
we proceed by imposing new correlation conditions.
In this way, one ean find which correlation function-
als, compatible with the original correlation condi-
tions, have the same entropy per unit volume, and
may therefore describe the system.

For a large class of correlation functionals there
exists a natural and unique decomposition into a
sum {or integral) of similar objects. This is true in
particular for analytie correlation functionals (which
justifies their introduction). This decomposition is
seen to correspond to a deeompeosition of a physical
system into phases, defined as large, macrosecopically
homogeneous, regions. A short heuristic discussion
of how phase transitions may occur is given at the
end of Sec. 11.

1. NOTATIONS AND BASIC INEQUALITIES

Let R be the field of real numbers and Z the ring
of integers. It will be convenient in what follows
to use systematically the notations

R, ={z:2€R,z > 0},
(¢:2 ER,z > 0},
}

R% =
N=hn:n€ Zn>0},
N*={n:n€ Z,n> 0}.

Let RB” be the p-dimensional numerical space,
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v & N* with the usual topology. An element x of
R’ is a sequence ()<<, of real numbers and we
writex, = 2; + 2, if 2f = 2§ + zifori =1,2, -+, 5,
A translation r,,, z, € R’ is the mapping of R’ onto
itself defined by

(1.1

It will be understood in what follows that the meas-
ure of a subset of R’ is its Lebesgue measure (vol-
ume); measurability will mean Lebesgue measura-
bility.

We will call %,..,, p € N¥, the set of all measurable
functions defined on R, with valuesin R\U {+ =},
and vanishing outside of a bounded set. We ecall
@, the set of classes of such functions (two functions
are said to belong to the same class if they differ
only on a set of measure zero). We will denote by
(Ely Tty Sn)y with £, 00 & = Rv’ a pomt of va’
and by A,..(&, - , &) the value of 4,,, at this
point. We also let U, and @, be identical with R
and say that A, € %, belongs to the classof 4, € @,
if £, = A, € R. Let A = (4,.1),e~ be a sequence
such that, for each p €& N, 4,., € ¥,., and only a
finite number of terms in the sequence do not vanish.
We call % the set of all such sequences A. We say
that a sequence A = (A,:1)zen is the class of an
element 4 = (A,.)),ey of ¥ if, for each p E N,
A,41 € @,y is the class of 4,,,. We call @ the set
of all such sequences 4.

Let ® be the topological sum,* for p € N, of the
spaces R™. We make use on & of the measure which
reduces on R™ to the Lebesgue measure for p & N*
and to 1 for p = 0 (R® is reduced to a point and the
measure of the set consisting of this point only is 1).
Unless otherwise stated, measurability and integ-
rability on ® will always be with respect to the above
measure. ) will be identified with the sef of all
measurable functions on & with valuesin R\J {4 =}
and vanishing outside of a compact (of ®). @ will be
identified with the set of classes of such functions.
9H,.. and @,.: will be canonically identified with
subsets of ¥ and G respectively. The addition and
the multiplication by an element of R* is defined
in Mandin @ If A € ¥ and A does not take the
value + = the product of A by any real number is
defined, the produet of the class 4 € @ of A by any
real number is then also defined. If 4*, A € ¥ and,
for all ¢ € @®, either A'(¢) = A*@) = +» or
AYe) — ¢ € R. U {+ =} we write A* > 47,
we also write A® > A% if 4%, A® € @ are the classes
of A* and A? respectively. In what follows, if L € %

4 See for instance N. Bourbaki, Topologie Générale, Fascicule
de Résultats (Hermann & Cie, Paris, 1953).

T, X = T + Zo.
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has been introduced, we will usually, and without
further comment, call its class A. Similarly, if
A € @ has been introduced, we will note 4 any
element in the class 4. If 4 € @ is integrable, its
integral will be noted [ A(¢)dt.

Let X = (x.)1<:<n De a sequence of points in R’,
n € N* and let 4,.; € %,.1, p € N*. We define
A [X]=0forn<p

gy-}-l{X} = E gpi'l{xix - zin? =t
for n> p,

y iy — Ti)
1.2

where the summation extends over the n!/(n—p—1)!
sequences (4, %y, - - - , 4,) of p + 1 different integers ¢,
withl <7< A= (Au)ey € A we write
also

E[X] = nzl + Pg\;' Zy«H[X]-

Let now A be a measurable subset of finite measure
Vof B", A = (A%)14.<, & sequence of elements of @,
J = (JM)i<oce & sequence of open intervals of B,
g & N. Thepoints X = (@, - -+, %) of A", n & N¥
satisfying the conditions n'A°[X] € J° for ¢ =
1, .-, ¢form aset of measure n!1V(A, n; A, ) < V™.
V(A, n; A, J) is independent of the choice of the 4°
in the classes A° and invariant under translations
of A. Furthermore, if A; C A,

v(AI) n; A: J) S ‘U(Azr U A} I)' (1 4)

Let A" = (4], Jpenforo = 1, - -+, g. There exists
a compact M C E’ such that, for each p & N¥
e =1,+.. ¢ AJ,, reduces to the class of the zero
function in the complement of M”. We may choose
M to be symmetric (M = — M) and convex. Defining
then A’ as the subset of A formed by the points z
such that z 4+ 3 M C A, we write

1.3)

VA, 7 A D) =04, n;A, D (1.5)
If A, and A, are disjoint we have
V(A Mgy + 71034, )

> V(AL ma A, DU (A, n0 A D). (1.6)

It will be convenient in what follows to choose for
M a cube

M={z:—x <z <« for i=1, - ,v
with x € R*,

a.n

2. LIMIT OF AR INFINITE VOLUME
We define sets A*(m) C R’ by

Am) = {2:0< 2" <m'\ for i=1,2, .-+ ,7},

2.1
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where N & R*, m = (m’),<ic, and m’ & N* for
i=1,2 ++,» Letalso K* = A1, 1, ---, 1).
If n € N*and ! > « we have then

VK, n; A, ) =0T, m4A, D). (22
Let I(n) be the lower bound of the numbers [ > «

such that O(K'™, n; A, J) > 0. If A > I(n) the
function F defined on (N*)” by

F(m) = log ‘U’(A"{m), n fI m’, A, J)

satisfies the conditions of Lemma A1l (see Appendix)
because of {1.8) and we may write

¥ ~1 »
n”* lim (H m‘) log ‘U’(A"(m), n [ m'; A, J)

=] §=1

=04,J) <1+ log\/n.  (2.3)

It follows from (1.4) that £ is an increasing® fune-
tion of A. Furthermore if I(n) < N < A7, AY* (m)
contains A*” (m) and 2° — 1 mutually disjoint trans-
lates of A" (), which are disjoint from A’ (m). By
repeated application of (1.6) and (1.4) this fact yields

g s (1 2 1278, (24)

According to Lemma A2 (see Appendix), the above
two properties imply that £} is a continuous function
of A for A > I(n).

Definition 1: If @ = (@ )icicy, & E R¥ for
t=1, -+, », we define a set Ala) C R’ by

Al) = {z:0< 2" <a’ for i=1,---,2} (2.5

and call V(a) = ][3., & its measure.

Let (a;);ex be a sequence of elements of (B*)”
such that

lim (min a}) = + .

j—w 154y
Let also (k,);ex be a sequence of elements of N* such
that

lim n7'Ale;) = N € R*,

We show that if A > I{n),
lim n™'%;" log V'(A(e;), nki; A, ) = 6.

PR

(2.6)

Let I(n) < M < X < V. We write®
mi* = E(ai/\'), +++ , m{" = E(ai/\)

' We call a real function f of a real variable increasing
if A < N implies f(A) < f(A") whenever f(3’') and f(\)
are defined,

* We note E(x) the integer part of z E R 1 E(z) €N
and 0 <z — E(z) < 1.
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and M} = [[i1.m/* . If k;
0 £ 7} < M! we have

11 14
lim 2L X

Pl 1'

= m{'M} + ri, mj' € N,

I

1‘127,(——) Wy = (—) <1; @7

hence for j big enough, m/'\' < a; — \. The set
A(a;) contains then AY (m!) and 7} mutually disjoint
translates of K" disjoint from A* (m/), and we have

VA, nki; &, ) > 02 n, n TT mi's A, 7)
i=1

X [, n; A, DT (28)
When j — «, this gives
lim inf n7'k7" log V'(A(ay), nk;; A, J) > 8. 2.9
Similarly we write m{’”® = E@/N') + 1, --- ,

my? = E(a}/N") + 1 and M} = []i., m'. If
ki = mi"My — o, mim € N* 0 < o/ < MV,
we have

//1)\// k

)\Il v
M eyry — [ A
1,1_1.2 i I’I_IE Vo) 'y ()\> > 1, (2.10)

hence for j big enough, m//*\"" > a} + A. The set
AN’ (m}’) contains then A(b;) and 7/’ mutually dis-
joint translates of K* disjoint from A(b;) and we
have

"U’(Ax”(m"), n II mi’; A, J)

i=1
> V'(Aay), nk;; A, DIVE, 7 A, D7
When j —  this gives
" > lim sup n'k;* log V'(A(a;), nk;; A, J). (2.12)

F Rt

(2.11)

Since A" and N’ may be chosen arbitrarily close to A,
and # is continuous in A, (2.6) follows from (2.9)
and (2.12).

Let J/ = (J'")1<0<. be a sequence of open intervals
of R such that the closure of J'° belongs to J°
for o = 1, , ¢. Since V(K ™, n; A, J) > 0, if
A > I(n), J' may be chosen such that V(K™*, n; A, J)
> 0. Let r € N*, 0 < r < n. The cube K’ contains
A*(m) and r mutually disjoint translates K, - - - , K,
of K* disjoint from A*(m) provided

1> (n + max m*)A.
1<i<vy
Let M=]]7, m . If X= (21, -+, Ton) € [(A*(m))T¥
and Z,us € Ky, -, Towsr € (K,), we write
X = (@&, -+, Tawer) € [EYT¥. We have
ATX'] = A’[X]for ¢ = 1, --- , g, hence for M big
enough,

V'(K',nM +7;A, ])

> V(K (m), nM; A, J)N — w7 (2.13)
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There exists thus I € R* and M & N such that

forr =0,1, -+, n,

V(K ,nM +r;A, J) > 0. (2.14)
We write b; = (a} + «, o + «, --- , a] + &),
c= (1 ---,) & (R*)". Let (n;);ex be a sequence

of elements of N* such that

lim n;'V{a,) = n"'\.

j—oo

We write n; = nk; + r;, k; & N,0 < r; < n. Forj
big enough we have n; > nM and a; > I 4 «, then

U(A(a;): N, A; DEO,(KI’ ')’L(M + 1) — Ty A7 D
SV(AD; +o),nk; + M+ 1);A,]) (2.15)
eOI(A(bi - C), n(kz - M); A; DU’(KZJ nM +T,~; A; J)

From (2.15), (2.16), and (2.6) we obtain
lim n7* log V(A(a,), n;; A, J) = & (2.17)

Eind

Letny, n, € N*and A\, N\, € RE. If 07"\ =n7 "\ =v
and A\, > I(my), s > l(n,), it follows from (2.17)
that (A, J) = 624, J) = i@, 4, J). Considered
as a function of v, ¢ is defined only if we assume, as
we did, that ’O’(K”, n; A, J) > 0 for some n € N*
and some X & R*. In this case it is defined for
v € R*, v > v, where v, = inf,ey. n ' [I(n)]” E R

Proposition 1: Given sequences A = (A")1<o<q
and J = (J")1<o<q the following two possibilities exist:
(1) For dll @ & (R*)” andn € N*,

UV(A(a), n; A, ]) = 0;

(2) there exists vo €& R, and a real function
t(v; A, J) defined for v > v,, satisfying the following
requirements:

For all a € (R*)” and n & N*
n7'V(a) < v, V'(A(a), n; 4, ]) =0
Forall a & (R¥) and n & N* such that U'(A(a),
n; A, J) >0,

n7 log V'(Al@), n; A, ) < tn ' V(a); A, ]). (2.18)

If (a;);ex ts a sequence of elements of (R*)” such that
lim; o (min, <<, @) = + o and (n;);ex @ sequence
of elements of N* such that im;_. n;'V(a;) = v € B*
and v > v,

lim ;" log V'(Aa;), n;; A, J) = t(v; A, J)

i

such that

(2.19)
hm n;'_l 10g fU(A(ai)) UTH A} D = t(l), A; J)

i

The function t(v; A, J) is continuous, increasing, and
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salisfies the inequality
; 4,J) <1+ logo. (2.20)

Instead of the sequence (A(e;));ex one could use a
more general sequence (A;);ex of sets A; € R’ with
measure ¥, such that lim;.. n;'V; = v € R%,
v > v,. Let us only mention that if every A; is con-
vex and if, for all L & R*, A; contains a translate
of K* for j big enough, (2.19) still holds with A(a;)
replaced by A;.

3. DEFINITION AND PROPERTIES OF THE
FUNCTION s(4, E)

If Ji = (Dicocor Jo = (J2)icocay @ € N are
sequences of open intervals of R, J,, and J, may be
identified with open sets of R°. We define then
J: + J: as the set of all sums of an element of J,
and an element of J,, the produet AJ, A\ € R, is
defined as the set of all products of an element of J
by A.

If g, a,, a;. € (R*)" are such that A(e) is the union
of A(a,) and of a translate of A(a.) disjoint from
Ala,) and if n,, n, € N* we have

V'(A@), 7y + n25 A, (s + 12J2)/ (0 + 1))
= V'(Aay), n; A, J)U'(A(22), n23 A, T0); (3.1)
hence, if v, v, & R*, Proposition 1 shows that

Hor, + 1 — oz A, 0], + (1 — &))y)

= al@y; A, J) + 0 — i3 A, L), (8.2)
provided t(v,; A, J.) and {(v.; A, J.) are defined and
0<a<1.IfJ C Jandi(v; A, J') is defined we have
tv; A, J) < Hv; A, D). 3.3)
From Proposition 1 it follows that if i{(s; A, J) is
defined and J = \U; J; is a finite union of sets J,,

tv; A, J) = max ilv; A, J,); B4

the maximum being taken over the indices j for
which {(v; A, J;) is defined. It follows also that for
any ¢ & R¥ one can find J with compact closure J/
such that J2 C Jand

‘UI(A) 73 A) .T') = 'U’(A, 7; A; J) - €. (35}

Hence t(2; A, J) is, if it is defined, the supermum of
all defined i(v; A, J') for J’ relatively compact in J.

Definition 2. LetF = (F%)y<,< be a sequence of real
numbers (i.e., F € R%). If t{v; A, J) is defined for all
J D F and inf t(v; a, J) exisis in B we define

Ho; A, F) = inf i{v; A, D). (3.6)
IZF
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We call Q(v) the subset of R* on which t(v; A, F) s
defined.

It follows from (3.2) that
tlav, + (1 — ap:; A, oF, + (1 — &)Fy)
Z at(vl; A., Fl) + (1 -—_ a)t(vz; A, Fz) (3.7)

provided i(v,; A, Fy) and t(v,; Ay, F.) are defined.

If t(v; A, J) = tis defined, for any ¢ & R* one may
choose J' relatively compact in J such that
tv; A, J') = t' is defined and ¢’ > ¢ — e. There exists
by (4) a decreasing sequence (J;);ex of subsets of J'
converging towards a point F’ of the closure of J
and such that #(v; &, J;) = t’ for all §. By (3.3) and
(3.6), i(v; A, ') is then defined and >¢{ — e This
shows that {(v; A, J) is defined if and only if J is
not disjoint from Q(v). Furthermore, if {(v; A, J) is
defined, for any e & B* there exists ' & J N Q(v)
such that

tw; A, ]) — e < Hw; A, F); 3.8
hence
;) A, D < sup ;A F). (3.9)
FEINQ (s}
On the other hand, by (3.6)
Hv; A, ) > sup ;A F). (3.10)
FeINg ()

Proposition 2: The function t{v; A, F) of v and F is
defined and concave” on a convex subsel of R* X R°.
t{v; A, 1) is defined if and only if J M Q@) # ¢, and
then

tw;A, ) = sup ;A F. (3.11)

FeJNg (e
Let again A be a measurable subset of finite
measure V of R and I = (I),¢,<, & sequence of
open intervals of B, ¢ © N. For each n € N* the
measure of the subset of A" formed by all X such
that VA IX] E I"foro = 1, .-+, g is V(A, n;
A, V/nI). The following series converge

WA A D = > ‘O’(A, n; A, %:-I) <eé’,

nEN*

WA A, D = D ‘U(A, n; A, —K—I) <e.

nEN*

(3.12)

Consider now the functions of d & R¥ defined by
s{d; A, T)

=dild ;A d'D) <dl —logd) <1, (3.13)

7 Let Q be a convex set {in & real vector space). We call

2 real function f, defined on g, concave if for any « such that
0 < a < land any ¢4, 2 & Q the {ollowing inequality holds

flofr + (1 —a) §2) 2 af@) + (1 —a) f(§a)
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s(d; A, E)
= di{d"; A, d'E) < d(l — logd) < 1. (3.14)

Let d,, d. € R*, 1,, I, be sequences of open intervals
of R and 0 < a < 1. If we replace in (3.2) a by
lady + (1 — @)d;]*ad, and put v, = d7*, v, = d;%,
J, = d'1, J. = d;*1, we obtain

slad; + (1 — a)ds; A, oI, + (1 — o)L)

Zos(di; A1) 4 (1 — o)s(ds; ALY (3.15)
provided s(d;; A, I,) and s(ds; A, L) are defined.
Similarly, using (3.7) we obtain
slady + (1 — a)dy; A, oE; + (1 — a)E,)

> as(di; A E) 4+ (1 — a)s(dy; A E,), (3.16)

provided s(d;; A, E,) and s(d,; A, E;) are defined. In
particular s(d; A, I) is a concave function of d on its
interval of definition I C R¥*. It follows from Propo-
sition 2 that I either is empty or has a nonempty
interior.

By Proposition 1, if T is empty U'(A(a); A, I) =0
for any ¢ € (R¥). If I is not empty we define

s(A,I) = sup s(d; A, I). 3.17)
ac¥
To any V, € R*, s € R, we can find two intervals

I"and I" of R such that I = I \J I”, I’ is bounded
and, forany V > V,,

2

nEYICY

-ET < exp (V5. (3.18)

Taking s = s{A, I) we have then
V(a)™ log U'(Ale); A, D)

= V(@ log X ‘U’(A(a),n;A, VI)

neS VT n

< V@ 'log X ’U’(A(a),n;A,ZI)
nEVI’ n

+ exp [V{a)s(A, D)]
Vie)™ log w(A(e); A, T)

> Via) " log [max ‘O’(A, n; A, %I)] (3.20)

nEVI

(8.19)

so that, given ¢ € R¥*, one can find I & R* such that

sA, D+ e> V(o) log w(Ale); A, D) > s(A,I) — ¢
3.21)
provided minlg,'g, a‘. > i
If s{d; A, E) is defined forsome d & R*and E & R®
we define -

3(A, E) = sup s(d; A, E), (3.22)
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where the supremum is taken over d in the interval of
definition of s(d; A, E). Let P be the convex subset of
R* where the concave function 3(A, E) of E is defined.
It follows from Proposition 2 that s(A, I) is defined if
and only if I and P are not disjoint and in this case

s(A,I) = Ei\igﬁ 3(A, E). (3.23)

Conversely if s(A, I) is defined for every I © E,
and inf s(A, I) exists in B, we define

s(A, E) = inf s(A, I). (3.24)
I3E

Let P be the subset of R® where s(A, E) is defined.
It is clear that P D P and s(A, E) > 3(A, E). Fur-
thermore s(A, E) is concave on the convex set P
and, for every s, € R, the set {E : s(4, E) 2 s} is
closed in R? [in particular, s(A, E) is upper semi-
continuous on P]. It follows also from (3.23) and
(3.24) that s(A, I) is defined if and only if I and P
are not disjoint and in this case

s(A,I) = sup s(A, E). {3.25)
EE€EINP
Notice finally that if ¢ & (B*)” and b =
(@ 4« -+ ,a + ¥) we have
V(a) I)
V)

If s(A, I) is defined, for any ¢ & E* one can find I
such that the closure of I is contained in I’ and
s(A, Iy — s(A, I) < e Using (3.21) we have thus
for min, <;<,a’ sufficiently large

UA@; A, D = w(awm); A

u(ad); A, T)
> w(A(e); A, D > wW(A(@); A, D (3.26)
(A, T) + 2¢
> Ve log w(Al@); A, D >sA, D) —e (3.27)

Theorem 1: Given sequences A = (A")1<e<e and
I = (I")i¢,¢q there exists a real funclion s(A, E)
defined when E belongs to a convex set P of R® and
satisfying the following requirements:
(L IFIN P = ¢, i(v; A, vI) is defined for no
v € R* and W(A(a); A, I} = O for all a € (B*)".
(2) I LM\ P = ¢ the limits when
min a
1<{gy
tends to infinity of V(a)™' log w(A(a); A, I} and
Via)™ log U'(A(a); A, I) exist in B and coincide,
defining a number

sA,D = sup s(A, E). (3.28)
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In this case t(v; A, vI) is defined for some v and

s(A,I) = sup v 't(v; A, oI). (3.29)
s(A, E) s defined if and only if s(A, I) is defined for
all I 3 E and inf s(A, I) exists in R, then

s(A,E) = infs(A,T) (3.30)
I2E

s(A, E) 1s concave, bounded by 1 on P, and for every

sy € R the set {E : s(A, E) > s,} s closed in R".

It may be noticed that if the set P is not empty
it contains the origin of RB® and s(A, 0) > 0. For the
purpose of later reference we note the following
result

Corollary. Let A = (A, , A9, A =
(AY -+ , A A" Y and I = (I', --- , I%). We as-
sume that A°** may take the value + « only at points
of ® for which some 4°, 1 < ¢ < g, takes the value
+ . Then s(A’, T X R) is defined if and only if
s(A, I) is defined, and in the latter case

s(A’, I X R) = s(A, I).
4. CORRELATION DATA

(3.31)

Definttion 8: We call correlation data any couple
(®, p) of a part ® of @ and of a function p from ® to R.
We say that the correlation data (®, p) are compatible
if the infimum of s(A, E), where A s a finite sequence
of elements of ® and E = p(A), exists in R. This
infimum will then be noted s(@, p).

The couples (A, E) considered in Sec. 3 are in an
obvious sense equivalent to correlation data (@, p)
where @ is a finite set. We note the following easily
proved result.

Proposition 3: Let the correlation data (®, p) be
compatible. If A*, A>, A'+A® € @, then p(A*+A4%) =
p(AY) + p(4"). If « € R and A, «A € @, then
plad) = ap(A). If A*, A € ®, « € R*, and A’ >
aA® then p(4") > ap(4D).

If Ay, = (Azn)ls«s«; Ap = (A%)1cecq and if
((Aw, Aw), Eq), Ewx)) is defined, then s(Aq, +
Ay, By + E ) is defined and

S(Au) + A(z); E(l) + Em)
2 s((Awy, Aw), Eay, Ew)) 4.1)

Definition 4: We will call €% (resp. ® ) the space
of real continuous functions (resp. of classes of real
bounded measurable functions) vanishing oulside of
a compact K C ®, and € (resp. ®) the union over K
of the spaces €F (resp. ®"). We call X the space of
classes of real locally integrable functions on ®.
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We will also write €,,, = €M\ @+, (resp. B, =
& M @,4y). Clearly then @ (resp. ®) is a real vector
space, direct sum of the €,., (resp. ®,+,). One may
write K = (K,.1)5en, then K is a compact in ® if
and only if, for each p € N, K,., is a compact in
R” and only a finite number of terms of the sequence
are not empty. C = (C,,1),ex & ©F means that,
for each p € N, C,,, is a real continuous function
vanishing outside of K,.;. B = (Byii)rey & ®F
means that, for each p & N, B,., is a class of real
measurable function vanishing outside of K,...
e® and ®" will be considered as Banach spaces
for the norms

|l = max IC@®)|, [|B|| = ess.sup. |B®)]

teER

4.2

respectively. € is a subspace of &*. One has the
inclusions @ D & D @.

Let the data (@, p) be compatible. p is linear from
€ to R and p(C) 2 0if C > 0. From this results
that the restriction of p to every €” is continuous:
p is a positive measure. Similarly, if the data (®, p)
are compatible, the restriction of p to every ®* is
continuous. We will now obtain more information
about p.

Let x be a real continuous function > 0 with
compact support, equal to 1 on a set L C R" which
is symmetric (I = —L), convex and compact.
Let & be a measurable funetion, 0 < & < 1, vanishing
outside of a measurable set W C R, p € N*, of
measure w. We call a sequence (z,, 2, --- , 2,) of
elements of B” an “w sequence” if &(x;, — x,, - -+
Z,—%,) >0 and assume that, whenever (o, z,, - -
is an o sequence, all the differences z;
0 £ < j £ p, belong to L.

Let now X = (Z:)1<:<n, # € N*, be a sequence of
elements of a measurable set A C R’ of measure V.
We call n,[X], I > p, the number of elements z; of X
satisfying the following two conditions:

(1) There exists an w-sequence containing z,
formed with different elements of X.

(2) The set z; + L C R’ contains exactly [ ele-
ments of X different from z;. x; belongs thus to at
most (p + DI/ — p)!] w-sequences and therefore

?
) 13,,)
— z; for

> I
- < A
OJ[A’] - ; (l _ p),nl[X] (4'3)
If we write, for p, > p
Xp.+1(£1; E3, 0, ém) = X(EI)X(&) s X(‘pr)) (44)
we have also '
- Al
Xm+1[X] Z l;,; (l _ pl)! nl[XJ- (4.5)
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Let now p + 2 < p, < p;, we have

a[x] < li_':p—(l—_lﬁmm

S (@—p)!_ U

+ I=ps+1 (l — p)‘ (I — p1)|n1[X]y (46)
!
-(T:l_pmn‘[‘x] < X1l X] for 12> p, @.7)
and the series

~0=—p) _~__ U

’f‘;‘ ¢ —nt IZ%(Z'*'pl—p)!
B 1 - 4.8)

pp—p— 1@ —p—1!
converges. To any ¢ & R* we may therefore choose
P, such that

> (l—21)1<

N T 4.9)

hence

8[X] < Gfﬁ——h ?_::n,[)(_l FoonalX].  (4.10)

Let

n[X] = If:,:n,[X]. 4.11)
If X is any sequence of n points of A for which
n,[X] > n., n. € R,, there exist at least
E(n./(p: + 1)) w sequences formed with disjoint
(p + 1)-tuples of elements of X. If nlV(A, n, n,) is
the measure of the subset of A" formed by the se-
quences X for which n.[X] > n, we have therefore

nl V(A, n,n,)
n' wE’(n+/(p.+1))Vn~vE(n+/(m+l))
S =7+ DEG./@ + DN B @ + DT

(4.12)

Let J, be the interval (—p, +u) of R, where
u > 0,and J, the interval (a(p. + 1)p.!/(p. — p)! +
e, +»), where 0 < @ < 1/(p. + 1). We have

.O(A; n; O+ w), Iy, I,))

< VA, n, alp, -+ n); (4.13)
hence, if 1(v; (X, +1, ), (1, I2)) is defined,
10; (Xoy 41, @), (11, 1)) < Flo;w, @)
= a log w/a + (1 — pa)(1 + logv)
— 1 —@+Dalog[l — @+ Dea]. (4.14)
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Let now the correlation data (®, p) be compatible,
where @ is eitherCor ®, w € @, and takel1=4, € ¢,.
Either p(4,) = 0, in which case it follows from (4.10)
that p(w) = 0, or we may write p(4,) = v™, v € R*.
In this case if p(x,,+;) < v 'x and

p@) > v (a(ps + Lp.!/ @2 — p)! + ),

we have

8(®, p) < s((x, w, Al); (P(X); P(w); v_l))
< v 'F; w, a). (4.15)

Since for any choice of ¢, « € RB* the right-hand side
of (4.15) tends to — o when w tends to zero, this
inequality implies that p(w) tends to zero when w
tends to zero. We have thus proved:

Proposition 4: Let U be a bounded open sel of
R™, p € N* and let the correlation data (®, p) be
compatible, where @ s either C or ®, There exists then a
function wy > 0 of ¢, defined for € & R*, such that if
w & ®MN Ay, 0 < 6 < 1, and & vanishes outside of a
set of measure <w with closure contained in U, then

o) < e if w < wyle). (4.16)

Let ® = €. If S is open, of Lebesgue measure
Lwy(e), and the closure of S is contained in U, we
have, for the p measure of S,

o(S) € e 4.17)

Therefore if a subset of R” is of Lebesgue measure
zero, it is also of p-measure zero. By the Radon-
Nikodym theorem® there exists thus a locally
Lebesgue-integrable function ,.; > 0 such that,
for any C € @,.., p € N¥, p(C) is expressed by the
following Lebesgue integral

’ En)C(£1; Tty Eﬂ)‘

(4.18)

P»+1 18 defined only up to a set of measure zero, i.e.,
only its class p,.; is determined. We will again note p
the sequence (p,+1),ex and identify this sequence
with an element of & (see Definition 4). We may
then write, for any ¢ &€ €,

o€) = [ ey - gy e,

oC) = [ d 5CE = nic,

) Ev)'
(4.19)

+ ,,;t f d‘fl et dgp 5(517 R ED)C(Eli ’

8 See for instance L. H. Loomis, An Introduction to Abstract
Harmonic Analysis (D. Van Nostrand Company, Inc.,
Princeton, New Jersey, 1953), p. 41.
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We could have seen directly that j is locally integra~
ble by applying the Radon-Nicodym theorem to ®
rather than R™.

Let now ® = ®. If B € ®,.1, p € N* and B
vanishes outside of a closed set contained in the
bounded open set U, it follows® from theorems of
Lusin and Urysohn* that to any w > 0 there exists a
function €' C €,.,, with norm ||C|| < ||B}| and sup-
port in U, such that B — C vanishes outside of a
set of Lebesgue measure <w. If w < wy{e) we have
thus, using (4.18), '

1o(B) — ()] < (IB]| + [ICID
lp(C) - fdgl e dgp 51:+1(£1: Tty ép)g(gh e :Ep)

(4.20)

<<«(Bll +lICl); @21

hence
P(B) = f dgy -+ dEzz 5p+1(£1)\ Tty Ev)g(fh ] ED)'
4.22)

Theorem 2: If the corrvelation dala (®, p) are compati-
ble, where @ is either C or ®, there exists one and only
one element of X, again noted p = (py+1)pen Such that
forall A = (A,41)en € @,

o(4) = [ d 50A® = nd,

3 Sp)g(gl: Tty Ep)~
(4.23)

If1 = A, € @; and p(4,) = 0 we have seen that
p(4) = O0forall A & @ and it is easily checked that

s(p) = 0.

+ 3 [ de it o

5. CORRELATION FUNCTIONALS

If we put on X the topology of convergence in L'
on the compacts, & becomes a Frechet space.’® If the
correlation data (@, p) or (®, p) are compatible we
have identified p with an element of X. Using the
bilinear form (4.22) we may identify the dual of X
with ®@. ® with the strong topology 3,[X] is then
identical to the inductive limit of the ®* and induces
on € the inductive limit topology of the €%, for
which € is separable. We are however interested now

¢ See for instance E. J. MeShane, Infegration (Princeton
University Press, Princeton, New Jersey, 1947), pp. 236, 237.

10 The relevant theorems for the properties quoted below
can be found in G. Kothe, Topologische Lineare Raume I
(Springer-Verlag, Berlin, 1960). What will be needed in the
sequel is that, if ® is considered as a space of linear fune-

tionals on X, there exists a countable subset of € which is
dense in ® for the weak topology.
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in the weak topology 3,[x] of ®. For this topology €
is dense in ® and ® is thus separable.

Let now ®, be a countable weakly dense subset
of ® such that for any compact K C ®, with char-
acteristic function %~, there exists A & @, such that
A > £5. Let the correlation data (®,, p,) be compat-
ible and write s, = s(®,, po). Let X, and X, be sub-
sets of ® containing ®, and x;, x. extensions of p,
to X, and X, respectively. If X, C X, and x. is an
extension of x;, we write (X4, x1) < (X, x2). With
this order, the set of all couples (X, x) of subsets
of ® containing ®, and of extensions of p, such that
that s(X, x) = s, is inductive. By Zorn’s lemma it
contains a maximal element (®, p).

We now see that ® = ®. Let indeed A be a finite
sequence of elements of ® and B € ®. Define

In = {E :5((A, B), (b(A), E)) > so}.  (5.1)

From Theorem 1 [the set {(E, E) : s((A, B),
(E, E)) = s} is convex and closed] it follows that
1, is a closed interval. From the corollary to Theorem
1 and from Proposition 3 it follows that if A contains
a function >¥* where K contains the support of B,
I, is compact and not empty. If A is the sequence
(A7, A", Iy C In- M 1400 In particular, no interval
I, is empty. The intersection I of all the intervals 7,
being an intersection of closed sets with af least one
compact cannot be empty, otherwise a finite inter-
section would already be empty and therefore one of
the I, would be empty. Therefore if E, € I,

s((A, B), (o(A), Eo)) 2 s (5.2)
for any A and therefore
S(G) % {B}) P,) = 8o, (5'3)

where p’ is the extension of p to ® \U { B} which takes
the value E, at B. Since (®, p) is maximal, B € @®,
ie, ® = ®.

From Theorem 2 it follows then that p, must admit
the weakly continuous linear extension p to ® and p
is uniquely determined by p,.

Proposition 5: Let ®, be a countable subset of ®, -
dense in ® for its topology of weak dual of X and such
that for any compact K C ®, with characteristic
function X°, there exists A € @, such that A > x~.
Let the correlation data (®o, po) be compatible. p,
has then an extension to a linear functional p € X%
on & (this extension is unique). The correlation data
(®, p) are compatible and we have

s(®, p) = 8(®s, po). 5.4)
Corollary: If the correlation data (€, po) are compati-
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ble, where
wl€) = [ a #CE,

then the correlation data (®, p) are compalible, with

(5.5)

o®) = [ d 5B. .6)

Furthermore
s(®, p) = s(€, po). 6.7

Definition 5: An element p of X such that the correla-
tion data (®, p) are compatible will be called a correla-
tion functional and we will write s(®, p) = s(p).

Let s(A, I) be defined, where A = (A%);1<,<.. If
we write A° = A" — A", ¢ =1, -+, q, where
A" >0, 4 > 0 (and A"~ does not take the value
+ « ) we obtain from the corollary to Theorem 1 the
relation

sA,T) = s(A, A", A7), IX E*).  (5.8)

Hence, using Theorem 1 [Eq. (3.28)] and Proposition
3, to any ¢ & R* we may choose I*, I” such that
I'—I C1lIand

s(A", AT, I, I7) > sA,I) —e.  (5.9)

We want to prove that we can find p such that
p(A) € T and s(p) > s(A, I) — 2¢ In view of the
above remark it is sufficient to prove that p exists
such that p(A*) € I* and s(p) > s((A", A7),
(I*, I")) — e In other words it is sufficient to show
that p exists such that p(A) & I and s(p) >
s(A, I) — ¢, supposing now A° > 0 for all 0.

Let thus s(A, I) be defined, A = (4)1<.<, and
A”>0fore =1, ---, q. Let also ® be a subset of ®
satisfying the conditions of Proposition 5 and A’ =
(A""),en+ be an infinite sequence of elements of @
containing all the elements of ®,. We assume that,
for all 1 € N* A’' may take the value 4 < only at
points of & for which some A°, ¢ = 1, - -+ , g, takes
the value + ». We note A}, = (4"")1<1cx, kK € N¥,
the subsequence formed by the first & elements of A’

Given 8, ¢ € R* we may define, by recursion on
k, sequences I, C Iand If,, C R" of intervals of B
satisfying the following conditions:

(1) The length of every interval of the sequences
I, 17, is at most £7*4.

(2) If the sequences A/, and I/, are defined to be
empty and I, = I, the closures of I, and I} for
k € N* are contained in I, and If,_;, X R re-
spectively and the following inequality holds

s((A, AL), L, It

> s((A, Al-v), Ta-1, Is-1) — 2 7%, (5.10)
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That this is possible follows as above from the
corollary of Theorem 1 and Eq. (3.28). The inter-
section over k of the I, consists of only one point
E & I and the intersection over k of the [th intervals
of the I/,, consists of only one real number E'’.
Let Ef,, = (E'")1<i<i. We have thus, for any &,

s((A, Aw), (B, EG)) > s(A, 1) — ¢,

and it follows from Proposition 5 that there exists a
correlation functional p € K such that, for all
All E (Po, E/l — p(A”).

We now show that we have

(5.11)

B> [ @i (5.12)
fore =1,.-.,¢ Forany M € N*let indeed A
be equal to A" at the points of & for which 4° < M,
equal to zero otherwise. We may assume that the
classes A" belong to @, it follows then from
Proposition 3 that
B2 oA = [d A (6.13)

and (5.12) follows from the theorem of B. Levi."

Let us now assume that A’ contains the square
of A" for ¢ = 1, --- , ¢ [for definiteness we take
A" = (A°)"] and also A° — A", (4°¥)°, A" —
(A7) for all M & N*. Applying Proposition 3 to
the inequality

(A7 = A7) < M) = A,

we obtain

(5.14)

B~ [ d s

sM (E‘ f dg 5(2)[1"‘”(2)]2> <MTE”. (5.15)
Letting M go to infinity we get

z < [ & A, (5.16)

Proposition 6: If s(A, I) is defined, A = (4")1<o<q,
to any ¢ € R¥* there exists a correlation functional p
such that

s(p) > s(A,I) — ¢ 5.17)

[a#wI©er foo o=1,-,q (19

11 See for instance F. Riesz and B. Sz-Nagy, Le¢ons
d’'Analyse Fonctionnelle (Académie des Sciences de Hongrie,
Budapest, 1954), 3rd ed., p. 36.
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6. CORRELATION FUNCTIONALS ASSOCIATED WITH
FINITE CORRELATION DATA

Let p be a correlation functional and A = (4%);¢,<.
a finite sequence of elements of @. Suppose that the
functions 5A° are integrable on ® and that

= f A iOA® dg, o =1, ©.1)
We show that s(A, E) > s(p), where E = (E7);c,<,.
Since we may write A° = A°* — 4A°", where A°* > 0,
A~ > 0 and both 5A°* and 5A° are integrable,
it follows from Proposition 3 that it is sufficient to
prove our statement under the assumption that
A°>0fore=1,--+,4q.

Let ¥, M & N*, be the characteristic function
of the set of all ¢ & ® such that there exists a o,
1 £ ¢ < g, for which A°(§) > M or A°(¢) =
Define also A°¥(£) A if ) £ M,
;Z”'M(g) =0 otherwise. If A"= (A;.,. 1)peNG'= 1, 4,
there exists r € N* such that A7,, = 0 for p > r.
There exists also a compact L C R” such that forall ¢
and all p, the support of A7, is contained in (L)%
We call L the characteristic function of L and write

H L,(&).

For every k¥ & N* we construct a sequence
Buy = (Bl )icociqss Of elements of & as follows:
1 = B}, € ®,, B, is the class of ¥*, B%,, that of
L,.s and B3 V%4 = A" for ¢ = 1, ++- , ¢;
M = 1, s k. We deﬁne E(k) = (E?k))lsa-gkq+3 by
Et = p(Bl) and let Iay = (Il))isecrars
It D EYy,. By construction we have, for all %,

$Buws L) 2= sBw, Ew) = s(p) (6-3)

and t(v; By, vI,) is therefore defined for some
v & R*, It follows from the remarks after Theorem 1
and Theorem 2 that if E},, = 0 we have s(A, E) >
s{p) = 0. We now assume that E, & R*. Then, if
the length of the interval I},, is chosen sufficiently
small, the function t(v; By, vI ;) of v will be defined
only within an interval (v,, v,) of arbitrarily small
length [with », < (E%,)™" < u]. In particular to
any § & R* we may choose £ so large and the inter-
vals I, and I%,, such that v,1%,, is contained in the
interval (0, 8) of R. We make use later of the pos-
sibility of choosing & as small as we wish.

Given ¢ € R* we may choose v(v, < v < vy, ¥
possibly depending on k) such that

t; By, L) > vls(e) — €. 6.4)

Let thenn € N*and a = (a")1<:<s € (R¥)” be such
that n™'V (a) = v. For n large enough one may choose

» -

Zp+1(€h Tt s Ep) = (6*2)
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a such that
n”t log V' > v[s(p) — 2€l, (6.5)

where 21U = nlU'(Ala), n; Bu,y, v1,) denotes the
measure of the set p C A’(a)" of all X such that

2 BX] € oI, kg + 3. (6.6)

For every X = (x,, -+ , %) & P consider the
elements z of the sequence X such that for some

o=1, -

p € N* there exist distinct elements z,,, <+ - , z,, of
X, distinet from z, such that
ifwl(xh Xy vt 3 Ty, T x) = (6-7)

By suppressing all such elements z of X we obtain a
sequence X’ such that

X7 =0. 6.8)

X’ consists of n — n' elements, where n’ < né.
Let (n — #/)10._,. be the measure of the subset of

A'(@)*™ consisting of sequences X’ obtained as
above. We have then
o' < 3 ——,in—”f——y V@) — n)0.  (6.9)
so that

V< néL(mﬂi : lf—(»—)—“][naax Vh-nle (6.10)

Therefore, for § sufficiently small and n sufficiently
large
TTlog V' < n”t log Ul + ve, (6.11)

where n'’ is the value of n’ for which the maximum
of V;_,. occurs. From (6.5) and (6.11) we obtain

V()™ log Vhenrr > s(p) — 3e. (6.12)

Define now n,[{X] as the number of elements z of
the sequence X such that z + L contains exactly [
elements of X different from 2. We have then

Z(l

We may choose v & R* (independently of k) such
that »,1%,, is contained in the interval (0, v) of R.
We have then

L. [X] = m[X} (6.13)

2 T rl!_ 2)!n;[X} < ny. 6.14)
Hence, forp < r, 1 27+ 2
w7 ([1/Q = p)In[X])
<[@—-r—=2/0 —-plly. 6.15)
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To any 9 € R¥ one may thus choose l, & N* such
that

e

l>l¢

)‘n;[X]<1ry for p—-l e T

{6.16)
and we obtain
"I(EW{X} - Z’m—l[X’D
nt Z ), @[X] — mlX') + 7
A )
<n ) [E(ﬂz[X] — n[X })] + 7y
< 8L/l — o) + . 6.17)

The left-hand side is >0 and may be made arbi-
trarily small by taking & sufficiently small.

Given § & R* we may choose M(M & N*, M < k)
for k large enough such that p(4°*) > E° ~ 6 and
take I MV = (B — 6, E° + §) foroe = 1,-- -, q.
Then p(A°*) > E° — 6 and we may also take
IG-0ro+s = (B — ¢, E° 4 6). We have thus

0 < w7 (ATMX] - AMX))

<30 + 5 Lol - Luix)

p=1

< M(8 + rd3l,V/(l, — )t + ryy) (6.18)
and we obtain for 8,  sufficiently small

AMxX] € V(eI (6.19)

A™MX] € V(I°, (6.20)

where we have written I” = (E“ — 26, E° + 206).
Finally from

AMXN < AMX] < A°MX] (6.21)
A[X'] = A7MXx1, (6.22)
we get
V) A x1er. 6.23)
Summing up, we have shown that, given ¢, § € R#,

one can, for k sufficiently large, choose n* & N
such that for every n > n* there exists n”” & N and
o & (R*)” satisfying the inequalifies (6.12) and
(6.23). Together these inequalities imply that
V(a)™ log U(A@); A, ) > s(p) — 3¢, 6.24)
whereI = (I)1<.<.- From this we get s(A, E) 2> s{p).

Definition 6: Let p € X be a correlation functional.
If A € @ 1s such that GA is integrable on R, we define

o) = [ & oA, (6.25)
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Proposition 7: If A = (A%)i<e<q

defined for all ¢, 1 < o' <'gq, then

s(A, p(A)) 2 s(p). (6.26)

Proposition 6 and Proposition 7 together imply
the following result:

Theorem 3: s(A, I) is defined if and only if there
exists a correlation functional p such that p(A) & 1,
then,

and p(A%) is

s(A, ) = sup s{p). 6.27)
p(A)ET
Let P* CC R® be the set of all E such that p(A) =
for some correlation functional p. For E € P* we
define

s*(A, E) = sup s(p).

p{A)=RE

Theorem 3 then says that s(A, I) is defined if and
only if I/M P* # ¢ and that in that case

s(A,I) = sup s*(A, E).

E&elnp*

(6.28)

(6.29)

7. POSITIVITY AND BOUNDEDNESS PROPERTIES
OF CORRELATION FUNCTIONS

It is convenient at this point to introduce a new

space

e (p+1)y

with the same topology and measure as ®, but to be
considered as distinet from ®. Let § be the space of
real continuous functions with compact support
in R and G,., be the subspace of § consisting of
the functions with support in R®*V*. § is the direct
sum of the €,,, and for any f & @ we write f =
(fos1)prien With fu1 & @44, 5 18 identified to a real
number,

Let 41 € 6.1, p € N, and let » be a partition
of the set {0, 1, --- , p} into r subsets §, =
(T, Tugy o0}, =00, 8, = {4y, 4 .2, *+-}. We may
suppose that 4,, < 4;,-if k < & and 5,; < 4., if
i<j.Forall Y = (yy, -+, 9) E R, let 28(Y) =
y;if 1 € 8;. We define fory € G, by

foorn(, <+ 5 ) = [Gn(Y)
= fpuf2o(Y), 2UY), --- , 25(Y).  (7.1)

The sum of the f¢.,, over all partitions of
{0, 1, -+, p} is an element fi., of €. If f =

(fps1)prren € G, we define Af € @ as
Af = fo + ; Feeny- 7.2)

Let p = (ppa1)pen & X be a correlation functional.
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We define a locally integrable function ¢ on §t by
the condition that it reduces to &,., on R“*'”’,

p + 1 € N, where ¢, = 1 and
‘5»-&1(370; Lyy * 00 :IJ,,)
= ppri(Ty — Zo, *** , Tp — o) (7:3)

for p € N. Notice that, apart from a set of measure
7€r0, $,+1 18, by definition of p, symmetric in its
arguments o, &1, - - , £,. We introduce now a posi-
tive measure u in R, i.e. a positive linear functional
on @, by

W) = [ d s1)

= fo + Zfdx,,da:, R

PEN

y xp)(Af)zﬁl(xOy Tyy * 0ty xp)' (745)

Let f, f* € @, we define a structure of associative
algebra over R in § by introducing a product
ff ® f* € G such that, forp + 1 € N,

X @pai(to, 1, + -

(fl ® fz)p-#l(xoy Tyy "0y :Z,)
= ':lz_o f:+l(x0) Tty xr)f:—r(xﬁl) T 23,,). (75)

From the symmetry property of the functions ,.,,

fo + V(@ (OANIX] = V(a)"[foV(a) + DT Y @Dl — 7,

PEN do=1 i3=1

to=1

b

to=1 tp=

it

Via)™ f dzx [ﬁ (fixa (@) + g
Vi)™ f dzx fI [fézf(x) + g

n

From this identity we obtain in particular that if
', ff € Gand f > 0, then
K RF 1) 20. (7.11)

Let 2", f € G, m € N* be the mth power of f
with respect to the product . If m is even, m = 2r,
we define

Hfller = (G®)1V™ . (7.12)
Then, the Holder inequality yields
2r
W ®F® - @M< LIl @13)
and the Minkowski inequality gives
U+ Pllee < WP ee 1Pl (7.19)
Ixet f\ E Gx, fl 2 0 a:nd Cp+| = @f?“ﬁd) E (‘3,,+1

f;;+1(xio T, Ty, Xy v, By, — x)}
1
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it follows that if f/ € G forj = 1, --- , m, we have
MR @I @
=i Q@ RF'RFR@-- @M. (7.6

If we define a linear mapping © : f — C from § to €,
by writing

Conslisr - 185
= [@hue e+, 2 +E), @D

for p € N, (7.4) becomes
W) = 1o + @A), 78)

Let again A’(a) be defined as the subset of A(a)
formed by the points z such that ¢ + 1M C A(a),
where

M = {1: 71’}) (7-9)
but we assume now that x is so chosen that fi,,
vanishes outside of (}M)**, for j = 1, --- , m;

p € N. Let also %, be the characteristic function
of A@). U X = (zy, -+, z,) € AN(a)" and

i~k <z <k for i=14,---

we may write

» Tip — x;,)]

ip=1

ii-x R QMo+ 2z, 2+ 20, -+ , 2+ I.-,)]

(7.10)

for some p &€ N. If, for 2z, y € R” and H =

(my >+« 5 1), (1) -+, £) € B”, we write
7.£(2) = h(z — y) (7.15)
taConills, -+ , &)
=Comlao—m, - 6 —m), (7.16)
we find
0 < p(ruChur) = p(ra@fF*")
= B ® /i ® -+ @ 7,,11)
S p@AM @ i ® -+ @ 7,,1)
= uh @ /i @ -+ @ 7o,f1). (7.17)

On the other hand, applying the Holder inequality
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to (7.10), we obtain
u(fy ® 'rvnfl ® e ® Tﬂvfl)

S u(P) = p@AF).  (7.18)
Writing C = OAf2®*Y we have thus
0 < o(10Cpr1) < p(0). (7.19)

For any B,., € ®,,, one may choose f, such that
le+l[ S C‘B+1’ then

lo(raBou)| < p(O).
We may reformulate our result as follows

Proposition 8: If B,,, € ®,., there exists C & @,
C 2 0 such that, for any correlation functional p, the
absolute value of the convolution product p,,, * B,
15 bounded by p(C).

Pp+1 * B, 1s thus a continuous and bounded
function.

8. INTRODUCTION OF A HILBERT SPACE®

It follows from (7.11) and more directly from
(7.13), (7.14) that

[ @ )] < I 1], (8.1)
I+ Fll: < 11l + IF ]l (8.2)

Therefore, with respect to the scalar product
p(f* ® 17), G is a real pre-Hilbert space. Taking the
quotient by the subspace'® of the elements f° such
that ||f°|l; = 0 and then completing one obtains a
real Hilbert space §). Let ¥, be the image of f € €
in B, then the linear set D formed by all vectors ¥,
is dense in b by construction. Let GX be the sub-
space of G formed by the functions f having their
support in a compact £ C &, and consider GF as a
real Banach space with norm

(7.20)

1]} = max /). 8.3)

The restriction of the mapping f — ¥, to 6F is then
continuous and Y therefore separable. The mapping
¥, — Vg, is linear and may be represented by an
operator Q(f') with domain D:

Vier = QUf)¥,. 8.4)

12 The Hilbert space construction described in this section
follows Wightman’s well-known construction in quantum
field theory, see A. S. Wightman, Phys. Rev. 101, 860 (1956)
and also H. J. Borchers, Nuovo Cimento 24, 214 (1962) and
A. Uhlmann, Wiss. Zeitschr. Karl-Marx Univ. Leipzig. Math.
Naturwiss. Reihe 11, 213 (1962). The Wightman construction
is itself analogous to Gelfand’s construction (see for instance
M. A. Naimark, Normed Rings (P. Noordhoff Ltd., Groningen,
The Netherlands, 1959). Here however we may have a
“degenerate vacuum”’ [cf. K. Hepp, R. Jost, D. Ruelle, and
O. Steinmann, Helv. Phys. Acta 34, 542 (1961)].

13 Thig subspace is an ideal of the algebra G.
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If f' > 0, then QY'Y > 0by (7.11). If &, ¥ & D,
f', £ € G, we have

(@, QY = Q(H)2, ¥) (8.5)

(®, QMR = (&, QMRYHY),  (8.6)

i.e., the operators Q(f') are symmetric and commute
with each other.

If 1 = f, € Gy, Q(fo) is the identity. If we write
¥, = Q, 8.7

we have, forall f € G,
w() = (@, QNHY. (8.8)

Definition 7: Foranyy E R”, f = (fys1)p1en € G,
we define

7o = o, (8.9
Tufpe1@o, &1y + 0+ 5 T,)
=fonl@—y, 21—y, -+, —y), pEN, (8.10)
7f = (Tufpsr)peren. (8.11)
The operator U(y) defined by
Uy, =¥,, 8.12)

is unitary (or, since b is real, orthogonal). The
operators U(y) define thus a strongly continuous
unitary representation of the translation group of
R’ in § (strong continuity follows from the conti-
nuity of the mapping 6% — D and the density of D
in b). Notice that 2 is invariant under this representa-
tion.

Theorem 4. There exists a real separable Hilbert
space b, a linear set D dense in Y and a linear mapping
f— ¥, of € onto D such that (¥,", ¥,*) = u({f* ® F).
The relation

Q(fl)‘l’f = Vgr (8-13)

defines a symmetric linear operator Q(f") with domain
D, such that Q(f)D C D, Q()Q() = QM)A
and f* > 0 1mplies Q(f') > O.

There exists a weakly continuous representation of
the translation group of R’ by unitary operaltors in b
which map D into tiself, and a vector @ & D invariant
under this representation and such that, for any f & G,

Qe =9, uf) =(Q, QNY. @14

Let again %, be the characteristic function of
Ala), and let f € €. We define

V@i = [ duxtint, F@) = [[V@Lll.. 6.15)
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It follows from (7.13) that

b f @ « - @ 1 N L U]l = 6G®), (8.16)
and from (7.14) that

F(alx e ;a,‘+a"i7 cer a7
< F(a', - 1“’”: cee,a)
+ Fa', -+, a0, -, a). 8.17)

Lemma Al (see Appendix), with N* replaced by
R*, applies to the function F{a) because of (8.17) and
the boundedness property (8.16). There exists
therefore 8 € E, such that, when ¢ — = (e,
min, <<, a—+ ),

lim F(a)/ V(a) = inf F(a)/V(a) = 8“7

This means that x(7*") has the limit S,
Letnow f' € G, 1 < j < 2r. We have the identities

A X (2

(8.18)

=1 =gl
=@ R - Q) (819
2 2y
fo + }; &fi = (f‘ + Z; €;fi) . (8.20)
Therefore, when g — =,
limulfi @ - @) = 8, (8.21)

with 8 € R. From (8.15) and (7.13) we have

WE® - ®F) = V@™ [ dy. -+ dua

X %) Rl f @ o @ 1), (8:22)
s ® -+ @ 7o < I 171l 829)
which implies that, if 4; & B for j = 1, «++ , 2r,
lim u(rafs @ -+ @ o f)
=lmpf;®-- QL) =8. @249

g

Notice also that, if 1 = f € G,,

ple® - @) =l @ - @Y. (8.25)

(8.21) and (8.24) hold therefore with 2r replaced by
any integer m.

We may at this point construct from the expres-
sions S’ a Hilbert space % and operators @ in a
manner similar' to that in which we constructed §
and the operators @ from the expressions u(f).

Proposition 9: There exist a real separable Hilbert

14 The role of the algebra @ being now played by the
tensor algebra of @ considered as real vector space.
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space Yy, a linear set D' dense in ¥, a vector @' & D’
and, for every | & @, a symmetric operator Q'(f)
with domain D’ such that Q'(f)D' C D/, Q' (MHQ () =
QM) and f > 0 implies Q(f) = 0. If %4 4s the
characteristic function of Aa) and we write

fo = Vi)™ f &y ()7.1;
then, when min; ¢, @° — + =,
lim p{fe @ -+ ® 12
= (@, Q@ - QEHY). (82D

(8.26)

Furthermore,
Q) = QW (8.28)
@, M) = (2, QN9 = ulf). 8.29)
Here D’ is the set of vectors PQ’ of ¥ obtained by
applying a polynomial P in the operators Q'(f) to &',
9. ANALYTIC CORRELATION FUNCTIONALS

Definition 8: The correlation funclional p is said
io be analytic if, for each § € G,
Y/m
lim sup [-7%,- chf)] ER, ©.1)
where

Km(f) = v;,s-tcl?vm Ip(®('rv:f® ot ® Tﬂmf))[‘ V (92)

Let f == (fwﬂl)pHEN; fxwl = 0 for el >, It is suf-
ficient to check (9.1) when f, = 0. One may then find
g1 € Gy, g: = 0 such that |f,,,| < ¢8®*Y for p =
0, -»+, r — 1. In that case : ‘

K.(f) £ max K,(g).
m<m’Srm
In particular (9.1) is satisfied if, for some D & E*
and all m € N¥,

" 9.3)

K.(g) < D™ ©.4)
Let {1 € Gpur, p; EN,j =1, --- , m. We have

’(Q', Qr@i) ‘e Qi‘(f“}ﬂ) = ijﬁ V{a}"”‘ f dyl P (gym

X %)+ ZW)p@AMnf @ - @ 7uf™). (9.5)

The expression A(r, ' & -+ @ 7,.f") is & sum over
the partitions of the set {0, 1,--+, D™, (p;+1) —1}.
Consider a partition » which is not finer than the
partition into the subsets

S; ={§<pc+1>, o é@wn—-i},

LA
le"..’m"
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This means that there is a set S in the partition o
such that S contains elements of S;, and S;,, 1 # 7.
The term

PO @ -+ @ 7uf) (9.6)

is, by Proposition 8, a bounded function of ¢y, -+, Y,
and it vanishes if ¥, —y;, is outside of some compact
in R’. This implies that the contribution of (9.6) to
(9.5) vanishes and we may write

Qe - UEM)
= lim V(a)™ f dy, - AYm %)+ Xa(Ym)

X p@(r,. A @ -+ @ 7,.4f"). 9.7)
Obviously this formula remains true for any f' € G,
j=1, -+, m. Inparticular, forf = f' = ... = "
we obtain

(e, @) < K.(Af. (9.8)

Letf',f’, .-, € Gand let ¥ = PQ’ € D’ where P
is a polynomial in the operators Q'(f"), @'(f*), - .
We have

¥, Q(H™w)| = |(P*, Q'(N"2)]
< (2, PN, () a)t.

If p is an analytic correlation functional

9.9

1/m
timsup | 1 o, @072 |

"3 0O

1/2m
=2 1imﬂswup [(’2—11;)—, (o', Q'(f)zm_ﬂ')]

1/m
< 2 lim sup [’nlﬁ K,,.(Af)] €R., (9.10)
and therefore the power series
w N
2Ol o (9.11)

has a nonvanishing radius of convergence. Every
vector ¥ in the domain D’ of every operator Q'(f),
f € G, is thus an analytic vector (in the sense of
Nelson'®) for this operator. From this follows'® that
the operators @'(f) are essentially self-adjoint. Let
g’ (f) be their closures. If f*, f € €, f* >0, >0
and ¥ € (1 + Q (M)A + @ ()D’, we have

15 (a) E. Neleon, Ann. Math. 70, 572 (1959). (b) Ref.
15(a), Sec. 5, Lemma 5.1. Let us note that the proof of this
lemma does not make use of the results in Secs. 1-4. of
Nelson’s paper, and may be studied independently. An
application of Nelson’s lemma to a situation somewhat
analogous to that considered here has been made by H. J.
Borchers and W. Zimmermann, Nuovo Cimento 31, 1047
(1964).
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A+ QEN7'aQ+ @)y
=0+ gEN'A+ QN Y. (9.12)

Since Q'(f*) is essentially self-adjoint on D’,
(1 + @)D’ is dense in b’ and the restriction of
Q") to (1 + Q' (f))D’ is essentially self-adjoint.
Therefore (1 + Q' (')A + Q' (f))D’ is dense in §
and the bounded operators (1 + @'(f)))™' and
(1 + Q' ()) " commute. This means that the spectral
projections of ¢'(f') and Q'(f*) commute, and this
remains true obviously for any f', f & €.

Proposition 10: If p is an analytic correlation
functional, the operators Q'(f), f € €, are essentially
self-adjoint and the spectral projections of their closures
Q' (f) commute.

10. EXISTENCE OF A THERMODYNAMIC LIMIT

Let & be a two-body central potential (for definite-
ness), i.e., a measurable function on R’, with values
in B\ {4}, such that ®() = ®(n) if |¢ = |,
where

4 3
0= (S er).
We assume that & has a hard core [i.e., #(¢) = +
if and only if |¢] < d, d € R*] and finite range (iLe.,
compact support). We also assume that ® takes only
the value 4+ « and values in a bounded interval of
R. Consider a system of identical particles enclosed
in a box A(a) and interacting through ® at tempera-
ture 8'(8 € R*). The grand canonical formalism
prescribes that to each configuration of n particles
in A(a), with positions z;, -« , z,, a weight

zﬂe-’ﬂU(x)u

(10.1)

be associated, where z = ¢** is the activity (z € R)
and

U@, = >

1<i<isn

b(x; — x.). (10.2)

We consider the particles in a configuration as
unlabeled, hence the total weight is'®

zn

. =

dI e—ﬂU(z)n
n .

g

dz, --- (10.3)

v nl Jan

Let A = (A"),cn+ be an infinite sequence of ele-
ments of @ such that

(1) A} = —p, A} = P and A),, = O0forp > 1.

(2) A" € eif ¢ > 1 and any C &€ € may be ap-
proximated uniformly by linear combinations of
A’, ¢ > 1, with supports in a fixed compact.

16 Whether the sum in (10.3) is extended over n & N or
n & N* is of no importance in the limits which will be taken.
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{3) For any compact K ( ® with cha,racteristic
funetion %=, there exists ¢ > 1 such that A" > x™.
It foﬂows from (2) and (3) that ®, = {A°: 6 > 1}
satisfies the conditions of Proposition 5. We note
Ay = (ANiceser § & N¥, the subsequence formed
by the first ¢ elements of A

For any given ¢, we may choose x [see (1.7)]
relatively to the sequence A, and define the symbol
A’. Let then b & (R*)" be such that A’(b) is a trans-
iate of A(a). Let I, = (I")i<o<q, We have for the
contribution Z,(I.,) to E, of the configurations X
such that

VOAXI €', e=1,--+,q (104
the relation
) € WAD); Ay Tegy)e PO, (10.5)

If BI' C (BE' — ¢, BE' + ¢) with E' € R, ¢ & R*,
we obtain thus, using (3.21),

s(A(q)) I(c)) - 6E1 — 2 < V(b)-l IOg EG(I(Q))

< S(A(a}) I(q)) - [SEI -+ 26; (106)

when min,<:¢, 6° is large enough. It follows from -

our assumptions on & that the domain of definition
of s(A.y, E) in R is bounded. (10.6) implies thus
for the grand canonical expression of the pressure
g7 lim V(a)™" log &,

G

= mg’x {‘8-18(A(03f E) - EI}; (10.7)
where the values of B = (E)i4.<, for which the
mazximum is obtained in the right-hand side form a
nonempty convex compact set K, C R

Consider now the grand canonieal correlation
functions defined for p & N* by

pin

- - -4
Ba Ty, 270, Tp) = B Z"“T
nEN T
pEn
X f dzry.y - ffxpn Hxa(:c JePUEP L (10.8)

where %, is the characteristic function of Aa). We
replace them by the “averaged” functions

&) = V(a)ml
X fdx éu,p*l(x) x + gl! M
(with p € N) and define for all ¢ € N*
@ =3 [d - d
pEN
X g;n(&; e

5a.p+ X(El y T

x4 E) (10.9)

] Ev)ée,v-ﬁi(si} Tt s Ea}
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g T 2 .
- a n; n! f dxl dxn
X H %(z) V() AKX ]P0 (10.10)

i=1

It is then easily seen that E»(a) = (E'(@))ice<,
will belong to any neighborhood of K, if min,¢,¢, a°
is large enough.

Let (a;);ex be & sequence of elements of (R*)
such that lim; .. ¢} = + e fori =1, --., ». Taking
successively ¢ = 1, 2, +-+ , we may by a diagonal
procedure extract from (¢;);ev & sequence (6));ex
such that

Hm Em(d?) = E{e) & K(a)

for all ¢ € N* Let El,;, = (B )icece- Since
E{, &€ K, there exists, by Proposition 5, a correla-
tion functional p such that p(4°) = E'" for o & N*
and, by Proposition 7 and (10.7),
g7 lim Via!)™" log &, = 8 's(p)

el

(10.11)

~ B (10.12)
Because of our assumptions on &, there exists
D € R* such that

@am-&-l S Dzrﬁ’ ﬁa;p*-l $2D7+1 (10.i3)

for all p € N and a & (R*)’. The Assumption 2 on
the sequence A then implies that, when j — o,
Par; w1 COTIVErges weakly on ©,., towards p,,4 for all
p € N, and

P < D7 (10.14)

Using Lusin’s theorem as in the proof of Theorem 2,
one sees that p.r, 41 8180 converges weakly on ®,.,
towards p,... (10.14) implies that p is an analytic
correlation functional.

Proposition A: Let the central two-body potential
have finite range and fake only the value + o and
values in a bounded intervel of the real axis. Let
B>0,2>0andlet A, j = 1,2, « - be a sequence of
parallelopipeds with volumes V; in v dimensions such
that the smallest side of A; fends to infinily when
j— «. Define

Ulz), = K;“ B(x; — x.), (10.15)
ot - Zﬂ - Tin
Ai:é;@—gﬂidxl“"l;idxngﬂv(), (10.16}

. - w zp-!'n
Gle, ey m) = B 2y
p+n
X [ @pes -+ dtyen 11 2:0077, 0.17)
%l
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ﬁ;-ﬂ(gly Tty Ev)

=V [z, e o4 8), (0.18)
where %; 18 the function equal {o 1 inside of A;, to
zero outside. Then, one may choose a subsequence
7,7 =1,2, --+, of the sequence of the p' such that
for every p > 0 and every bounded Lebesgue-measur-
able function B, of p v-dimensional vectors, vanishing
outside of a bounded region,

lim 87'Vi' log B; = P,

PRt

(10.19)

lim df; e dgp 5;11(51) t ) gp)

foo

= f d;,:) M dg:o 51)1-1(&17 Tty Ep)g(gly Tty sm); (1020)

'» 3 5@>§(&’

where P 1s a real number >0 and p,.; s a bounded
Lebesgue-measurable function (p = 1, 2, ---). The
sequence p = (p,.1)pen 18 an analytic correlation
functional and

P =87 + of — 5 [ dEm©2Q.  (10.2)

11. THE PROBLEM OF EXISTENCE OF PHASES

As we have seen, statistical mechanics leads
typically to consider configurations of a large number
of points (z,, + -+ , «,) in a large region A{a) C R’
satisfying conditions of the form V(a)'A[X] € I,
where I shrinks to a point in the Hmit. The main
objective of this paper was to show that, among
these configurations, most satisfy other conditions
of the same type, so that the correlations between
the points of the configuration are strictly deter-
mined, and should be given by a correlation func-
tional. A typical result in this direction was given
in Sec. 10. Of course one does not expect physically
that to a given set of data of the form V(a)"A[X] ~
E there will always correspond only one correlation
functional, there may be several or even, for “un-
physical” data, none at all [for instance, in Eq.
(6.28), the supremum may not be attained).

Let us now investigate the macroscopic aspect of a
large configuration of points with correlations ap-
proximating those determined by an analytic func-
tional p.

Proposition B: Let (a,);env and (x;),en be sequences
of elements of (R¥)" and R* respectively, such that
when j ~> o, then x; ~» © and «7*ai — o fori =
1, .-+, ». Define

My={zx:~<z'<gfori=1, - ,»}, (1L1)
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A ={z:2 + M; € Aa;y)}. (11.2)
Foreach j & N, let X; = (x4, «++ , T;n,;) be a sequence

of elements of A}/, We assume that for each f S G,

o

lim V(a,)™ fA | dofe@ = uf),  (13)

where u 1s the measure on M associated with an analytic
correlation functional p and

L]

fxi@ fot ;»r Z,,'; T § [+ i, - 2+ 250,).
(11.4)

Under the above conditions one can choose a sequence
(¢:)ien of elements of (R*)" such that

limef = +o for ¢ =1, -+ ,n; ¢ < L;, (11.5)

o

and for every real continuous function ¢ with compact
support in R®, ¢ € N*, and every g-tuple f', -+ , f°
of elements of G,

lim (¢(f2s, -+ - 5 f2.0)(0)

= (2, @, -, @), aLs

where f. ts defined by (8.26) and the measure
&Y o L 1Y) on R 4s defined by

(j‘z‘(f‘y e )fq))(@)

= V()™ fm.) dz o(fx,(x), -+ (11.7)

, Fxi (@),

Notice that a sequence (X;);ex satisfies (11.3)
for all € if it satisfies this condition for & suitable
countable subset of §. One may in particular con-
struet (X;); ey with““typical”’ configurations occuring
in Proposition A.

To prove Proposition B notice that all the
moments of the measures ;(f', --- , ) exist and,
using a functional notation for measures we have,
forallry, -+, 7, &N,

tim [ day oo [ daalt o QG e 1)
ey e = (@ @ (T (L)
Therefore

limglim f_w day - - f_m AR Al (1 RTINS 13)]

’ aa) = (er Q’(fl)h v Q’(fq)rﬂn,)y
and it is possible to choose (¢;); satisfying (11.5)

(11.9)

'(al) e
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and such that
lllnf_ da, --- j; dag & v E T, e, )
' (alr ) ac) = (Q’y Q'(fl)“ e Q-,(fq)fqﬂl), (11.10)

i.e., the moments of {;(fi,, - -+ , f2,) have limits which
are, by the spectral theorem, the moments of the
measure ¢ — (@, (@), -+, @(FHY)). By our
assumption that p is analytic this last measure is
completely determined by its moments.'” Proposition
B follows then by application of Lemma A3 (the
“second limit theorem’ of statistics, see Appendix).

The interpretation of (11.6) is easiest when §’
bhas a finite number d of dimensions. Let then
(Q7)1<i<s be an orthonormal basis of ) formed by
eigenvectors of all the Q'(f), then (11.6) says that,
in the limit of large j one may decompose AL’ into d
large disjoint regions of volumes (&', @)V ; where the
correlations between the points in X; are given by the
measures u; on § such that

() = (2, Q(HL).

In particular, for ¢ = 1, f* € @, one sees that the
coarse-grained density (f},)x, will take essentially
only d values, which are the densities corresponding
10 iy, ++* , pa. In other words, if )’ has d dimensions,
a physical system with correlation given by p will
appear as a superposition of d different phases. This
is true at least if d is finite. If d is infinite the situa-
tion is somewhat less clear. Notice that we expect
d = o to arise physically from the various orienta-
tions of a crystal lattice in treating a physical system
of particles with central interactions in erystal phase.
This is however an accidental degeneracy. In general
one expects d to be finite. A tentative explanation
of this is the following. One expects that to the
decomposition p = ¢ (@, 9)°u; corresponds a
similar decomposition of the entropy (i.e., that
boundary effects between different phases contribute
negligibly to the entropy). If one could forget that
not every correlation functional is analytie, one
would then obtain that s(p) is linear in p on its
convex set of definition. As we have seen in See. 10,
in statistical mechanics p is typically solution of an
extremum problem [there, to maximize s(p) — Bp(A4)]
for a function which we expect to be linear on a
convex set, and therefore ““in general” d = 1. For
other ensembles than the grand canonical, one
expects d to be small.

(11.11)

17 See J. A. Shohat and J. D. Tamarkin, The Problem of
Momenis (American Mathematical Society, New York, 1943),
p. 21, Theorem 1.12,
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APPENDIX

Lemma A1: Let F be a real function of v arguments
m' & N* 1 <4< v, such that fori = 1, ---

y Vo
F(mlJ' ':m{+m§1"'7my)
?.F(ml)' ':m:)' ';mv)
+ F(m'y - ,mi, -+, m). (A1)

If sup,, (H:-l m*)™ F(m) exists in R, the limit of
(II;-. m)™" F(m) when m*, m®, --- , m’ tend to
infinity exists and is equal o

sup <H m">—1F(m).

i=1

This is an easy generalization of Exercise 98 in
the first part of the first volume of the exercise book
of Pélya and Szegs.'

Lemma A2: Let « & R¥. If the real function f,
defined tn an open interval I of R, is increasing and
satisfies the tnequality

N +N)/2] 2 1 — Qf(N) = of(V')  (A2)

for all X'y X' € I such that N < N, then f is con-
tinuous in 1.
Let A &€ I and ¢ €& R*. We define

- = 1}_{{)1 =9, f.0)= lig)l f+¢).  (A3)
Taking M = N — 2¢, A" = \ 4 ¢ we obtain from (A2)

-0 = @ — a)f-() + af . OV); (A4)
hence f_(\) = f.(\).

Lemma A3: Let the measures {; > 0 on R'(q & N*)
be defined for all j§ € N and have moments of all orders.
We assume that there exists @ measure ¢ > 0 on R°
such that (using a functional notation for measures)

© EY
lilnf dal---f do, of* -+
inm J—c —=

= f-: doy + -+ f_: da, of' « - ol (a) (A5)

ag ¢ i(e)

B G, Pélya and G. Szegd, Aufgaben und Lehrsitze aus der
Analysis (Springer-Verlag, Berlin, 1954), Vol. 1, 2nd ed.
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forallry, -+, r, € N. Then, if ¢ is determined by its
moments, we have for any real continuous function ¢

D. RUELLE

This is simply the ‘“second limit theorem’” of
statistics, which is however usually proved for

g = 1. The one-dimensional proof given in Ref. 19,
pp. 127-128, may however easily be extended to
g> 1%

19 8, 8. Wilks, Mathematical Statistics (John Wiley & Sons,
Inc., New York, 1962).

20 The author is indebted to H. G. Tucker for pointing
this out to him.

with compact support in R*

tim [ day o [ de plesi(@)

i—ow

- f_: doy -+ [ Z da, p(@)$(e).  (A6)
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A purely group theoretical treatment of interactions of relativistic particles is shown to be possible
in the connection of a finite geometry of space-time. The S operators are constructed by means of
the reductions of the irreducible unitary representations of the relativity group of space-time. The
dependence of the S-matrix elements on the momenta is still nontrivial, since there is a nontrivial
distribution of observable momenta in & finite geometry. The Feynman graphs are easily evaluated by
a simple computational technique involving five rules. The coupling schemes corresponding to nuclear
electromagnetic, and weak forces in finite geometry are considered.

I. GENERAL STRUCTURE OF THE FOCK-HILBERT
SPACE :

ONSIDER the irreducible manifolds H(M, S, Q)
of the Dieudonné group ©' (cf. Paper I of this
series).! Let us denote the labels (M, S, Q) by a
single index A which then represents the particle
species. A given manifold H, contains all the single-
particle states of a particle of the species A, and this
space carries an irreducible unitary representation
U, of the Diendonné group D’. The space Hy carry-
ing the representation U% contains the single-
particle states of the antiparticle X.
For any boson or fermion (particle or antiparticle)
species A we introduce a larger space K, by

Ky = H\) @ S Hy)

el

if A is a boson species, )

AN n
K\ = HyM 691 A® H))
if A i1s a fermion species.

Here S and A4 are the symmetry and the antisym-
metry operators, respectively, in the n-fold tensor

1Y, Ahmavaara, J. Math. Phys. 5, 87 (1964).

spaces n
& H,

in question (for their definition, see Greub®). The
space H,(\) is a one-dimensional linear space carry-
ing the identity representation of D'.

Notice that the series of K, in (1) contains in the
fermion case only a finite number of terms. This is
a consequence of the finitness of the dimensionality
of the space H, in finite geometry, and the number
h()\) is exactly the number of the dimensions of H,
(cf. Greub®:

R\ = dim H,. )
Consider the spaces
K=Q®K, H=@H, )&, 3
A A

where  is a finite set of particle species. The space K
is the general Fock-Hilbert space® which contains
the states of all the systems composed of the particles
A € Q, and in which the interactions of these parti-
cles are to be described. The space H is the total
single-particle space of all the particles A € Q.

' W. Greub, Linear Algebra (Springer-Verlag, Berlin,

1963).
3 V. Fock, Z. Physik 75, 622 (1932).
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Introducing a projection operator P which sym-
metrizes with respect to identical bosons, and anti-
symmetrizes with respect to identical fermions, one
can evaluate K in terms of the single-particle
space H:

K=KUO)PHPPHRH)
PPHRHRQH)D ---. @)
Here
P(®H)

is composed of all the n-particle states of the parti-
cles A\ &€ Q, and the space

K1) = @HOO\)

contains only the mathematical vacuum state ®,.

We introduce complete orthonormal bases in the
gpaces H, and K,, and denote them, respectively,
as follows: '

Hy: {&;();i=1,2,---, N},
Ky {ton; ) € AL
Here A, is the set of all the sequences
2\ = (N, 70, -+, man(N), 7N >0,

where the integer n;()) is the number of the particles
of the single-particle state ®;()\) present in the state
£.n. The number

®)

A
2N

i=1

thus gives the total number of particles present in
the state £,.,,. The set A, becomes a semigroup by
the definition of addition of sequences:

n() + 0’V |

= () + niN), () + ni(N), ---).  (6)
In particular, we define the sequences
&M =10,---,0,1,0,:--,0)
o) = (,0,---,0), -

where 1 is in the jth place in the sequence 5;()),
while O(A) is the sequence of zeros.
After these definitions we have

Eo()\) E HO()\))
EG,‘()\) = lPi()\) E HX» .
faio\)nk(x) ~ P(<I>,-(>\)-<I>k(>\)) — P(®Hx), (8)

fan ~P(I] ,00) € P(RH,) it

and

™

A(A)

Z n;(A) = n.

Here P is A for a fermionic A, and S for a bosonic .
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A complete basis of the total Fock-Hilbert space
K is now given by the tensorial product states of
the form

D00 m0, 0 = Eromany .- ()

Evidently, the state (9) belongs to the n-particle
space

Ton A\ h(N')
P@H) if 2 n0) + kz__‘; me\) + <o = .

In particular, the normalized mathematical vacuum
state is represented by

Qo.o,---.o = I)IEO(X)- (10)

A complete set of operators in the space K is
obtained by introducing the set of the creation and
the annihilation operators

{ai), a5 = 1,2, -+, h); N € 9}

by the defining formulas
ai(N®an, oo = Cald, Mo ss100.-+- 5

C\G,n — 8)*® -5, - arn
a;i Ny, ... = if n,0)>0

0 if n;(0) =0.
Here

(n; + 1! for a boson A

ClG,m) = Y8omon(—1m @@ (12)

for a fermion A.

Evidently, the operators a](A) and a;(\) of a fermonic
M are proper, bounded operators of K, while those
of a bosonic A are proper but nonbounded. This is
due to the fact that the bosonic occupation numbers
have no upper limit.

The transformation properties of the single-
particle states of a particle and its antiparticle imply
those of the respective creation and the annihilation
operators in the following way:

the a:()\) carry U,
the a;(\) carry UX,
the a(%) carry U¥%,
the a;(\) carry U,.

(13)

II. THE CONSTRUCTION OF THE SCATTERING
OPERATOR

Mathematically speaking, a ‘“‘scattering operator”
S is a unitary operator of K, composed of the crea-
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tion and the annihilation operators, and invariant
with respect to the relativity group. Physically, a
given S describes interaction between the particle
species whose creation and annihilation operators
are involved in this particular S.

Let us see, by the way of a simple example, how a
purely group theoretical construction leads to a
unique S operator for the description of an inter-
action between given particle species. The following
construction works well only in finite geometry—it
should be kept in mind that in a finite geometry
the observable states of momentum have a nontrivial
distribution of geometrical origin (cf. Paper I, Sec.V).

Consider two fermion species a and b, and a boson
species w, such that @ % a, b > b, and & # w. Neg-
lecting for a while the contributions of the anti-
particles to the interaction between a, b, and w the
Fock—Hilbert space of interaction of these particle
species is simply

K=K QK QK.. (14)

Tor the construction of an S operator one has at
his disposal the following creation and annihilation
operators with the respective irreducible unitary
representations of the relativity group according to
which they transform:

the a, U,, thea;:U%,
the b, : U,, the b, : U%, (15)
thew, : U,, thew, : U%.
Let us assume that the reduction formula
QU ~UtD --- (16)

holds true. It then follows from (15) and (16) that
the operator

> 2 gGkDhaby = ¢

i k

where the g(jkl) are the reduction coefficients, trans-
forms with respect to the relativity group ©' just
like the annihilation operator w;. Accordingly, the

operator .,
2 2 X gkbabien =9
i k

is invariant with respect to the transformations of
the relativity group.

The “vertex operator’” & of (17) gives rise to a
fundamental process, or a “coupling” ¢ — b + o
between the particle species a, b, and w.

By complex conjugation (16) gives at once another
reduction formula holding good simultaneously with
(16), viz.,

amn

U.QUs~U.@® - . (18)

Y. AHMAVAARA

This gives the vertex operator ¢' and the inverted
coupling @ «— b + w.

From the two vertex operators ¢ and #' one can
already construct a scattering operator, the simplest
possible one. To this end one has to combine first the
vertex operators to a Hermitian one:

= cd + c*o". (19)

Here ¢ is a complex “coupling constant.” This
Hermitian gives the scattering operator

S=e¢'=144304+ 2N+ @BN P+ -+ . (20

This scattering operator describes all those processes
of interaction between the species a, b, and w, which
are due to the coupling scheme g <> b + w, and to
this scheme only.

Note: One may ask why it is just in a finite geom-
etry that one can apply the purely group theoretical
construction of S operator illustrated above. In
fact, the reduction formulas of the above kind can
be written down even for the irreducible unitary
representations of the relativity group (the inhomo-
geneous Lorentz group) of continuous space-time.

However, the group theoretical method cannot
be applied in the case of continuous topology, since
it would in continuous topology lead to S-matrix
elements whose dependence on the momenta of the
particles were of a trivial kind. Indeed, the relativis-
tic invariance implies, as far as the momenta are
concerned, just the law of conservation of momen-
tum, and nothing more. Thus the complicated depen-
dence of interactions on the momenta, apparent in
the experimental results, could not be thought to be
explained by a purely group theoretical formalism
in continuous topology.

In continuous topology of space—time (in the
quantum field approach), the dilemma of the momen-
tum dependence of interactions is attacked about
in the following way.* One decomposes the irreduci-
ble unitary representations U of the relativity group
to a direct product

U~TQRM,

where M is a spinor representation of the homo-
geneous Lorentz group.® Then one applies the reduc-
tion formulas for the spinor representations only.
This gives Lorentz-invariant vertex operators, say,

(21)

¢ What follows is the consideration of a simple special
case. For a more complete analysis of the group structure of
quantum field theory see Y. Ahmavaara, Ann. Acad. Sci.
Fennicae Ser. AVI, No. 106 (1962). .

§ In general, quantum field theory implies only the assump-
tion that there is a homomorphism 7 @ M =z U @ U*,
see Ref. 4, p. 18.
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#(Pay Ps, Do), which still depend on the momenta of
the particles in question.

Thus only a partial reduction, viz., a reduction of
the part M of the total representation U, is applied
in quantum field theory. This is the “postulate of
the partial reduction” which is implied in all quan-
tum field theories (cf., Ahmavaara Ref. 4, pp. 17-18).

The rest of the construction of S operator is
performed, in quantum field theory, by using another
technique of constructing invariants, viz., the method
inwariant integration (for a closer analysis of the
combination of the two techniques in current quan-
tum field theories see Ahmavaara, Ref, 4). By
Lorentz-invariant integration over the momentum
space one obtains the final vertex operators which
are invariant with respect to the translations of
space—time too. The integrals involve, however,
arbitrary Lorentz-invariant functions, For the
determination of these functions one can try to
apply either (1) the classical dynamical Hamilton-
Lagrange formalism (the historical quantum field
theory which is inconsistent mathematically), or (2)
the condition of “microcausality” (the axiomatic
quantum field theory of Haag, Lehmann, Wightman,
et al.?), or (3) the condition of “analyticity’”’ (the
pure S-matrix theory of Chew ef al.”).

In a finite geometry the group theoretical reduction
method can be used in its full capacity, and not only
“partially.” It involves no arbitrary functions. The
dependence of the S-matrix elements on the mo-
menta will not be a trivial one. This is due to the
fact that there is in this case a nontrivial distribution
of the observable states of momentum. This distribu-~
tion is a consequence of the condition of “Euclid~
icity” which must be imposed on the observable
4-momenta in a finite geometry (cf. Paper I, Sec. V).

The group theoretical method of constructing
the S operators thus implies the idea that the mo-
mentum dependence of the interactions of relativistie
particles cannot be explained, in general, (1) by a
variational principle, nor (2) by microcausality, nor
(3) by analyticity, but by the geometrical relations
of Euelidicity characteristic to a finite geometry of
space—time,

1. THE CALCULATION OF THE FEYNMAN GRAPHS

Let us see how the Feynman graphs are evaluated
by the group theoretical method. The graphs as-

s L. Klein, The Dispersion Relations and the Abstract
Approach to Field Theory (Gordon and Breach, Inc.,, New
York, 1961).

7 G. Chew, S-Matriz Theory of Strong Interactions (W. A.
Benjamin, Inc., New York, 1962).
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sociated with the scattering operator (20) may serve
as examples.

Consider, for instance, the contribution of the
second-order graph of Fig. 1 to the respective mat-
rix element of 6°. Using the Dirac notation for
states, by writing

®,(a) = ‘j): &,(b) = tk>:

the matrix element in question is (ik.| 6 [7.k.).

As indicated in Fig. 1 the lower vertex of the graph
is described by the operator ¢, and the upper vertex
by the operator &', the whole graph being described
by the product #"9. The contribution to the matrix
element is calculated by using the following simple
rules: (1) Write down the relevant product of the
reduction coefficients, provided by the correct sub-
scripts read from the graph, ¢*(.k.D)g(fk:d). (2)
Sum over the index ! of the virtual boson states.
(3) Multiply by the relevant coupling constants ¢
and ¢*. (4) Check whether there appear two (or more)
simultaneous identical fermions in the course of the
process—they must be excluded, of course; in the
present case, the contribution is 40 only if k, £ k,;
this gives rise to the Kronecker factor 1 — §,,;, in
the matrix element. (5) Check whether there appear
two (or more) simultaneous identical bosons in the
course of the process; this is not the case now, since
there is only one virtual boson. The final result
thus is

A s [fkos) = cc*(1 — dr.ra)
x [E g*(jlk2z)g(jzk‘lz)‘

ete.,

(22)

As an example of a graph where also the rule (5)
has application, consider the fourth-order ““crossing
graph” of Fig. 2. This graph is described by the
product ¢'8'9¢ of the vertex operators. The same
computational steps as before give now the following:
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A %

Fic. 2.

(1) The product of the relevant reduction coef-
ficients is

g* Gkl g* Gk Dg(Guk" ) g (Gukel).
(2) The summation over the virtual states gives
2222
k &’ 1 i

(3) The relevant product of the coupling coefficients
is ccc*c* = |c|*. (4) Initially, there are two fermions
js and j,, and finally two fermions j; and j,—there
must be j; # j, and j, # j, which is indicated by the
respective coefficients 1 — §;,;, and 1 — §;,;, in the
matrix element. (5) Between the second and the
third vertex processes there are two bosons ! and
simultaneously present; in the case that I’ = 1 the
creation and the annihilation of the second boson
give together a coefficient V242 = 2 to the re-
spective matrix element. Accordingly, the total
result can be written

(jljzl 6" lj3j4> = ,cl4 a- 5:',:',)(1 - ajsiq)
X 20 2002 20 g*Gikl)g* ok DgGsk' V)G

k'#k  k

+ 2 Zl: g*(ikDg* (k" D g sk D g (kD } (23)

Using the rules (1)~(5) one can easily evaluate
any Feynman graph connected with the simple
scattering operator (20) of our example and, in
fact, any graph of any scattering operator con-
structed by the group theoretical method. In general
the rules (1)-(5) give only the absolute value of the
matrix element in question. The sign must be deter-
mined separately by the formula (12).

Y. AHMAVAARA

Iv. THE DESCRIPTION OF THE NUCLEAR, ELEC-
TROMAGNETIC, AND WEAK INTERACTIONS

The example of 3-particle coupling considered
above was oversimplified: for instance, the contribu-
tions of the antiparticles were neglected. Let us now
see what kinds of couplings are needed for the de-
scription of realistic physical forces in finite geometry.

Let us begin by the two fermion species ¢ and b,
and the boson species w, considered above. At first
we again make the assumption @ = a, b = b, and
@ % w, as well as a # b. Taking now the antiparticles
too into account the Fock-Hilbert space of the
complete set (a, b, w, d, b, @) of particle and anti-
particle species is given by

K=KQKQK QK K, QKs. (24

For the construction of the scattering operator
one has now at his disposal the following six kinds
of creation and annihilation operators with their
respective modes of transformation:

t
the a,} .U, the a,} L U*
the q; the d,f-
+
the bk} .y, the bk} . U% 25)
the b, the b,
T
the w} .y, the @) .
the &, the & J

The reduction formula (the same as before)
UsQU, ~Us®D --- (26)

now gives five vertex operators describing vertices
where two particles are converted to one particle,
viz., the following ones: '

¢ = ’%: gkDabie; (@ — b+ w)
8 = ; gUkDa;be, - (a + & —w)
o= B eRabel  Godtw @D
8, = ; gGkDablen (a4 @& —b)
95 = 2 glikl)albén 6+ &— a).

ki
The complex conjugation of (26) yields still five
vertex operators, viz., the adjoints of (27), and the
respective time-inverted couplings. The scattering
operator corresponding to the reduction (26) is now
given by

— o7
S =¢€"

5
7= Y (8 + cto).

y=1

(28)
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If one counts fermions by a “fermion number”
defined to be +1 for the fermionic particles and —1
for the fermionic antiparticles, then the couplings
involved in (28) can all be represented by the two
couplings

ao>b+w and beoat e (29)

plus the law of conservation of fermion number.

The nuclear force between protons and neutrons is
generally assumed to be due to the couplings
pon+ randn o p + 7 (there being 7~ = 77),
and to the couplings obtained from these by the
law of conservation of baryon (=heavy fermion)
number. Such a coupling scheme is an example
of (29). Accordingly, a reduction formula of the type
(26) and the scattering operator defined by (27)—(28)
give the theory of this nuclear force in a finite
geometry. Other examples of this coupling are among
those which are suggested to hold for strong inter-
actions of the “strange particles”, for instance,
the A couplings:

ne A+ K°
pe— A+ K*
T A+t

and Aeon+ K°
and Ao p+ K-
and A I 4+ o7,

In particular, it can happen that o =
is the same, that there is an equivalence

U, ~ U%, (30)

Of course, the Fock-Hilbert space K of (24) now
must be reduced to a fivefold direct product only,
the factor K; being left out. The vertex operators
are again those of (27), except that in &, and in ¢
the operators @; must be replaced by the w,;. The
coupling scheme is now given by

w or, what

g b+ and beoa+tw (31)

plus the law of conservation of fermion number. This
kind of coupling is suggested to hold, for instance,
between the neutral A and Z particles:

oA+ and Ao 2+ 2O

Let us now make the restriction that a = b. From
the corresponding reduction formula

Ut@UGNU’:@.--

and from its complex conjugate it follows that
U, ~ U* or @ = w. Accordingly, a = b imples
@ = W

The Fock-Hilbert space of interaction of a, 4,
and w of course reduces to the threefold direct
product of K,, K,, and K,. The number of vertex

(32)
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operators is reduced from 10 to 6. The formula (32)
gives

3 =3 X gGkD(aiar + aia)r (@ — a + w)
ikl
9% =2 g(ikD)a;Guo; @+ a—w (33)
ikl
8% =3 X gGkD@a + @de; @ a+ o).
ikl

A symmetrization with respect to the order of a;
and a,:, and of @; and 4 is taken into account. The
complex conjugate formula. gives the adjoint vertex
operators. The S operator is thus given by

3
w = (el rer).  (34)

r=1

— p'"
S =e",

The couplings involved in (33)—(34) are repre-
sented by

(35)

plus the law of conservation of fermion number.
Physical examples of this kind of coupling scheme
are the electromagnetic couplings ¢ <» ¢ 4 v (between
electrons and photons), and p <> p + v (between
protons and photons), and the nuclear couplings
n <> n + 7° (between neutrons and neutral pions),
and p & p + =° (between protons and neutral
pions), there being ¥ = v and #° = #°. Accordingly,
the electromagnetic forces and the nuclear forces
between neutrons themselves and protons them-
selves must in finite geometry be described by reduc-
tion formula of the type (32), and by the respective
S operator (34).

Let us now consider four fermion species q, b, c,
and d, and a reduction formula of the type

UiQUe~ Ut QUID -+ . (36)

This corresponds to the simultaneous validity of the
following reductions of the direct product repre-
sentations to their irreducible components:

Ut Q@ Us~ DU, AE Q,
A
U”S@UbN(C;BUx)@“‘, A E Q.

Notice that here it is not sufficient that the decom-
positions of U* ® U, and U* @ U, have just a
common term say, U,, in their decompositions
but it is required that all the irreducible components
of U* X U, are among the irreducible components
of U* Q U,.

The Fock-Hilbert space of interactions of the
four particle and four antiparticle species is, of
course, an eightfold direct product space. It follows

a+>a+ w

@7



226

from the reduction formula (36) that the operators
> h(Gkln)a;by = Au,
ik

where the A(jkin) are the reduction coefficients,
transform just like the products cdr. Accordingly,
the operator

S h(jkina;bleld, = x

ikin

(38)

is invariant.

Other vertex operators are obtained from (38) by
replacing creation and annihilation operators by
antiparticle annihilation and creation operators,
respectively, and by taking the adjoints. The scat-
tering operator will be given by

8=¢% X=X (x+M) @9

This scattering operator, and the underlying
reduction formula (36), correspond to a direct four-
particle coupling represented by

a+deob+c (40)

plus the couplings obtained from this by the law of
conservation of fermion number. Physical examples
of this kind of couplings are the couplings describing
the weak interactions. Accordingly, one must assume
that the weak interactions are described by reduc-
tions of the type (36), and by respective S operators
(40), in finite geometry.

Evidently, one can continue the process of con-
structing coupling schemes to higher orders of (even
weaker?) direct n-particle couplings. The present
physics has not found their traces in experiments,
however, with the exception of one more coupling
describing the gravitational interaction. If the spin
of the graviton is 2, the gravitational interaction
could be described for instance by a direct five-
particle coupling between the graviton and four ferm-
ions of spin %. Such a coupling has not been studied
in physics so far.

Note 1: In conventional quantum theory con-
nected with continuous topology of space—time one
has been accustomed to describe the strength of
interaction by the magnitude of the respective
coupling constants. It follows that a quantitative
theory has been possible only for the electromagnetic
and for the weak interactions. In the case of strong
interactions, one must substitute coupling con-
stants so large that the exponential series of S
operator diverges, each of the successive terms giving
contributions larger than the previous terms.

In finite geometry no difficulty of this kind seems
necessary. One must remind that the experimental

Y. AHMAVAARA

measure of the strengthness of interaction is the
inverted lifetime or, what is the same, the so-called
transition rate. This depends not only on the magni-
tude of the S-matrix element in question but also
on the number of the final states per unit energy
interval. In finite geometry, there is a nontrivial
distribution of the observable states of momentum
(cf. Paper I, Sec. V) which implies also a nontrivial
spectrum of energy for each mass value.

The energy spectrum depends on the mass of the
particle in a sensitive way. As an over-all rule, how-
ever, one can state that the density of states per unit
energy tends to grow with increasing rest mass (for
the masses m = 0). Accordingly, interactions be-
tween heavy particles tend to be stronger than those
between light particles in finite geometry. If the
energy spectrum is dominating for the strengthness
of interactions in finite geometry, then even small
coupling constants may lead to strong interactions,
and a quantitative theory of strong interactions
can be based on an exponential S operator.

There is another effect due to the density of states
in finite geometry. Evidently, the three-particle inter-
actions are of observable magnitude for those parti-
cle species a, b, and w, whose irreducible state mani-
folds H,, H,, and H, contain a very large number of
observable states of momentum. Accordingly, they
are bound to occur between particles representing
the peaks of the mass spectrum. On the other hand,
the four-particle interactions (or, a fortiori, any n-
particle interactions for n > 4) based on the reduc-
tion formula (36) necessarily involve, as is indicated
by (37), a large number of ‘‘intermediate” particle
species A. These species A are associated with mass
values which probably are rather randomly distrib-
uted, and are by no means just the peaks of the mass
spectrum. Accordingly, the density of states con-
nected with a four-particle coupling must be assumed
very low in comparison with the observable three-
particle interactions. Thus one could qualitatively
understand why the four-particle couplings already
describe very weak interactions. Of course, this is an
unproved suggestion.

Note 2: Another remark to be made here concerns
the consistency of the present formalism. As soon
as antiparticles too are involved in the Fock—Hilbert
space this space has, evidently, a degenerated
vacuum state. In other words, there are elements of
K other than the absolute vacuum state ®,,...
which are invariant in the relativity group. Let us
call these elements “relativistic vacuum states,” and
consider them in some detail.

Since the single-particle states of a particle and



RELATIVISTIC QUANTUM THEORY. II

its antiparticle transform contravariantly with re-
spect to one another, there is a relativistic vacuum
state for every pair of particle-antiparticle species
involved in the interaction. In the K space (24) of
our example there are thus, in general, three rela-
tivistic vacuum states of this kind, viz.

Z ®,(a)2;(@) = Po(ad),
kE ‘I’k(b)q’k(g) = <I>0(b5),

2: 3,(0)3,(&) = Bo(wa).

(41)

Let the “two-particle vacuum space’” spanned by
these three invariant two-particle states be denoted
by K(2). Evidently, K(2) C P(H & H).

Another type of relativistic vacuum states is ob-
tained by means of a reduction formula. For instance,
it follows from the reduction formula (26) of our
example that the two-particle states

Z gk ®;(@)Bu(b) = Vi(@),
}; g*(kD)®;(@)®u(B) = ¥i(w)

(42)

transform like the single-particle states ®,(®) and
®,(w), respectively. Thus the three-particle states

Z g(kDD,(@)B,(b)®:(w) = Po(abw),

] )
3 DB D2EE) = 2o(abd)

are invariant. Let the “three-particle vacuum space”
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spanned by these two invariant three-particle states
be denoted by K(3). Evidently,

K@) CPHQHRQ H).

The basic relativistic vacuum spaces K(2) and
K (3) generate further relativistic vacuum spaces by
their direct products and direct sums:

K@) = K@) ® K@) C PQH),
K() = K@) ® K(3) C P(QH),
K@) = (KQ) @ K@) ® K2)
O (KB) @ K@) C PRH), ete.

The total relativistic vacuum is given by the direct
sum

(44)

K, =KQDEKRDKHD ---.

The existence of a degenerated vacuum implies,
however, no inconsistency in the physical interpre-
tation of quantum states. This is due to the facts
that (1) no combination of the observable states
is a vacuum state, and (2) any vacuum state can not
either be reached by a Lorentz transformation from
given observable states.

On the other hand, the existence of relativistic
vacuum states implies no inconsistency in the mathe-
matical formalism either, since there is still only one
state upon which the creation and the annihilation
operators operate as on the “vacuum.”

(45)
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Using the ideas of information theory, it is pointed out that the Gaussian ensemble for random
Hermitian matrices can be characterized as the “most random’’ ensemble of these matrices. Pursuing
the same characterization for positive matrices, we are led in a natural way to the definition of the
exponential ensemble. Transforming to a representation of eigenvectors and eigenvalues, the joint
distribution function for the eigenvalues of positive Hermitian matrices is found for this ensemble.
The asymptotic single-level density formula is derived, using a semiclassical model. It is found that the
density is convex from below over most of the domain of eigenvalues. Since this is similar to the
exponential dependence expected for nuclear spectra, the density is examined in & region near the
level taken to correspond with the lowest nuclear level. It turns out, however, that the density is
concave from below near this level, and that a large number of levels are contained in this concave
region. Hence the exponential ensemble does not fairly represent nuclear energy levels, at least in
this region. Various changes are made in the measure on the matrix ensemble to determine to what
extent the level density depends on this measure. It is seen that the level density graph retains a
characteristic shape for a wide variety of measures. The relationship of the limiting behavior of the
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level density for positive matrices to the semicircle law is noted.

INTRODUCTION

HERE is a hypothesis due to Wigner,' that

one ought to be able to explain statistical rela-
tionships observed for the levels of atomic nuclei,
by a mathematical treatment of distributions derived
from various ensembles of matrices. This led to
interesting mathematics,” as well as an apparently
universal law of physics,® the nearest-neighbor
spacing formula, which gives the observed repulsion
of energy levels, and has been found to fit data from
atomic as well as nuclear spectra. The spacing law
can be derived from the Gaussian ensemble.

We will state formulas which are correct for
Hermitian matrices, rather than the restricted case
of real symmetric matrices. The latter are appro-
priate for physical systems such as nuclei, which are
invariant with respect to time reversal. However,
the Hermitian matrices should give results which
correspond closely with the real symmetric case.!

For the Gaussian ensemble, the probability of

* This work was supported in part by the U. 8. Atomic
Energy Commission.

t Present address: State University of New York at Stony
Brook, Stony Brook, New York.

1 E. P. Wigner, Proceedings of the Gatlinburg Conference
on Neutron Physics by Time of Flight, ORNL 2309, P. 67,
1956 (unpublished). See also Ref. 25.

2 F, J. Dyson, J. Math. Phys. 3, 140 (1962).

3 N. Rosenzweig and C. E. Porter, Phys. Rev. 120, 1698
(1960).

¢ M. L. Mehta and M. Gaudin, Nucl. Phys. 18, 420 (1960).
The formula derived by Mehta and Gaudin for the single
level density for the real case is the same as Eq. (4) this paper,
for the Hermitian case, except for normalization, and the
location of the end of the semicircle. The nearest neighbor
spacing for very small spacings in the real symmetric case

is proportional to X, the spacing distance, while it is pro-
portional to X? in the Hermitian case. See Ref. 18b and 25.

finding a matrix with elements near the elements of a
given n by n matrix H, is given by

D,H) dH = (2ro®)” /D2~
X exp [~Tr (H*)/40*) dH. (1)

We let the ¢jth element of H be given by two real
numbers, r and s.

Tij = Tiiy

@)

hiy = ri; + 15,

Sii = —8ii-

It is convenient to relabel the n® real parameters of
H as follows. The set {z;, 2», -+ , .} denote the n
diagonal elements ;. The set

{xm-u Lntrzy **° zn(n+l)/2}

denote the remaining r,; with 7 less than j. The set
{Tnns1y/241y Tnne1yszez **° Zaa) correspond to the
n(n — 1)/2 numbers s;; with 7 less than j. With this
notation, dH is given by

dH = dz, dx, 3)

Rosenweig and Porter® proved for the real case,
that if one assumes: (1) The density function is
invariant under real orthogonal transformations;
(2) The various matrix elements are statistically
independent: then one must have (1) as the measure.
The first requirement is a consequence of the fact
that we have no reason for preferring one orthogonal
basis to another. The two requirements taken to-
gether, give a nice mathematical characterization of

e dx,.a.

5 C. E. Porter and N. Rosenzweig, Ann. Acad. Sci. Finnicae
Ser. A VI, 44 (1960).
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the ensemble, but there is no compelling reason from
physics to keep the second. We will drop it in this
paper.

Equation (1) leads to the semicircle law for the
asymptotic single eigenvalue distribution

nP.(e) = (1/876%)(8nc® — &) for &€ < 8ne®, (4a)
nP.(e) =0 for &> 8no’. (4b)

Equation (4a) has a graph which is concave from
below, while one would expect for nuclear spectra
that the area above the graph of the density should
be convex, as it would be for an exponential func-
tion.® One might expect that an exact calculation in
the region of transition to the tail of the distribution,
[i.e., near ¢ = —(8ns")}] would show this property.
It was shown,” however, that the number of roots
in this region is of the order of 2, even when the
dimension of the matrices becomes very large. In
this paper we will show how a level density which is
convex over most of the domain of the eigenvalues
can come about.

A different characterization of (1) exists. Suppose
we define a density function on the space of Hermi-
tian matrices subject to the conditions

f [ payam =1, (52)
f f-’C‘fD(H) dH = {.202 7' < n’ (5b)
o 1>n
f fx,.x,.D(H) dH =0 for i#j. (50

The limits on all integrals are (— o, ©) unless
otherwise noted. We define an entropy funection on
our matrix space by

S=— f f D(H) log [D(ED] dH.  (6)

We will call the ensemble given by the function D(H)
which maximizes the entropy S subject to condi-
tions (5), the “most random’ ensemble. Shannon®
formulated and solved this problem for slightly more
general conditions than we require for our matrix
ensemble. The specialization to our case gives (1).

We thus have an independent characterization of
the Gaussian ensemble. We would like to see what
we obtain for the “most random’” ensemble when
we restrict consideration to only positive, or only
negative matrices, and our preliminary information

¢ T, Ericson, Phil. Mag. Suppl. 9, 425 (1960).
7 B. Bronk, J. Math. Phys. 5, 215 (1964).
¢ C. E. Shannon, Bell System Tech. J. 27, 629 (1948).
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consists of a common mean for all the diagonal
elements. We will later compare the density of
eigenvalues near the eigenvalue which is largest in
magnitude, with the density of nuclear energy levels
near the ground state. Therefore, at that time, we
will have in mind negative Hermitian matrices. We
find it easier, however, to phrase the discussion for
positive matrices. Since the transformation from one
case to the other simply amounts to placing a minus
sign in front of the matrix and its eigenvalues, we will
speak hereafter in terms of positive matrices.

The set of all complex matrices A is mapped onto
the set of all positive Hermitian H by the trans-
formation

A— AA", ™
This is because any positive H can be written

H = UEU* = UE}VV*EU*. 8)

Here E is the diagonal matrix of the eigenvalues of
H, and E? contains the positive square roots of these
numbers. U is a unitary matrix, the columns of
which are the eigenvectors of H. V is an arbitrary
unitary matrix.

Let the elements of an arbitrary complex matrix
A be given by a;; + ib;; where a;; and b,; are real
pumbers. Let D(4A*)dA be the probability for
finding any matrix A which can be formed by the
product (A’A’") where the real and imaginary parts
of the elements of A’ are in neighborhoods around
the corresponding parameters for 4, and

dA = dau dalz e da,m dbn dblz e db,m. (9)

We point out that while our ensemble consists of
the matrices H = AA”, we are taking as our sample
space the set of all complex matrices A, so that
every H can be obtained in many ways. In this case
we will not have a density function D(H) calculated
so that the number of matrices around H with the
parameterization (2), is given as D(H)dH where dH
is given by (3).
We define the entropy S by

= —f . f D(AA") log [D(AA")] dA.  (10)
We would like to maximize S subject to

[ [ paayaa =1, (11a)

f f(AA+),... D(AA*)dA = . (11b)

Varying D, we find the condition for stationarity
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of 8
3D{—In D(AA*)

—1+ 0+ Laldd)} =0, (12

and since 6D is an arbitrary variation, we obtain

D(AA™) = Cexp [~ Z (44N ] U3)
C’ and ¢; are Lagrange multipliers corresponding
to (11). Substituting D into (1la), we have the
product of 2n* Gaussian integrals which are evalu-
ated fo give

C-l lr_:I (E)Enfz -1

i=1 ¥C;

(14a)

Similarly, evaluation of the n integrals (11b) gives

g—z ¢ I,.I; (f—)z . (14b)
1t follows that
e =mn/p, j=1,-n; C7=/pm". (15
Setting u equal to » for simplicity,
D(AAY) = (o)™ exp [-Tr (44")] (16

iz the “most random’” ensemble for positive matrices
when the diagonal elements have a mean equal to
the dimension of the matrix. Notice that although
our preliminary information as given in Eq. (11b)
is not independent of the coordinate system, the
form of D which we arrive at is invariant when 4
is subjected to a uritary transformation. This is
because the Jacobian of such s transformation is
one.® We also notice from Eq. (16) that D is every-
where less than one and therefore S is positive.

We find it interesting to consider a more general
measure, still invariant under unitary transforma-
tions, which includes (16) as the simplest case.

D, (A4") = 7L
X exp [—Tr (447)][det (447)]", v

C..= is & constant to be determined Iater. From (17)
and (11a} we obtain

Cao = (@),

(18)

« is a real parameter which we restrict to be greater
than minus one, and much less than the dimension
of H.

® For example, B. Bronk, thesis, Princeton University
(1964). The Jacobian is explicitly ealeulated in Chap. 4.
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2. THE »-LEVEL JOINT DISTRIBUTION FUNCTION

The method to be used in dealing with the volume
element, was first worked out by Bargmann, Mont-
gomery, and Von Neumann,™ for real A. The com-
plex case is given below.

An arbitrary complex matrix 4 can be written

4 = ULV, 19

where A is a diagonal matrix containing the posi-
tive square roots of the eigenvalues of the Hermitian
matrix AA"Y, while U and V are unitary. The de-
composition (19) follows from the theorem' that
every complex matrix A can be represented

A = HW, (20)

where W is unitary, and H is a positive semidefinite
Hermitian matrix which is the square root of 44",
Hence, U is made up of column vectors which are
the eigenvectors of the matrix H = UAU”, and

V=UW. 1)

We must know to what extent U and V are deter-
mined by 4. Suppose

UAV = U'AV’ (22)

then
U™UA = AV'V* @23)

Let
U=U"U, and V= V'V, 24

U and V are unitary. Rewriting (23) in terms of
matrix elements, we find

(25)

Notice that no summation is needed in (25). Taking
the absolute value squared of both sides of (25)
and summing over 4, we oblain

>\2 = Z Az 53;;"2.

Now if we renumber the X\, and correspondingly
relabel the rows of V and columns of U, we obtain

® (a) V. Bargmann (private communication) Bargmann,
Montgomery, and Von Neumann, in their work on the e&g‘}g
digital computers during World War II calculated wit
random matrices in estimatiugh computer error. This was
brought out to the author when he remarked that availability
of a computer was an advantage in present work on random
matrices. Bargmann’s answer was ‘“Yes, but we were designing
the computers.”

{b) H. H. Goldstine and J, V. Von Neumann, Am. Math.
Soe. 2, 188 (1951). ) .

(¢) 8. 8. Wilks, Mathematical Statistics (John Wiley & Sons,
Inc, New York, 1962), Chap. 18 on multivariate statistics.

1 F, R. Gantmacher, The Theory of Mairices, tranglated
by K. A. Hirsh {Chelses Publishing Company, New York,
1659), Vol. I, Chap. IX, p. 278,

Tade = A

(26)
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the same matrix A. Therefore, we can fix attention
on one ordering of the A, and still obtain all matrices
A for the given values of \,, as we vary U and V.
To be definite we take

MS>AD> o > A @7

Those cases where two eigenvalues are equal can be
ignored. They are of measure zero, since they ocecur
on a lower dimensional surface in the n-dimensional
space of the eigenvalues. For the same reason, we
can omit consideration of the surface A, = 0. Hence
we only consider nonsingular 4, in which case W
in (20) is uniquely determined." From (26) we
obtain
Z ()\: - )\i) lf’;klz = 0. (28)
Taking A, in (28) to be A;, we find since every
nonzero term is then positive,

[Ba] =0 if 431, (29a)

(29b)
but >, 5,:]* = 1. Hence,
ol =0 i 7= 1. (29¢)

Now take )\, in (28) equal to X,. Then every term
on the left in (28) is positive except (A2 — A2) |5;,)°
which is zero by (29). Proceeding in this manner, we
find that U and V are both diagonal, with the diag-
onal elements having absolute value equal to one.
Since U equals U’U, it can only differ from U’ by
an arbitrary phase factor multiplying each column,
Similarly, an arbitrary phase multiplies each row
of V. This arbitrariness in phase, since W is unique,
is wholly contained in U. It reflects the fact that
the left-hand side of Eq. (19) is described by 2n°
parameters, while for the right-hand side we need
2n° + m parameters. Weyl'** considered this problem
in connection with defining the volume element for
the unitary group. The solution is to form an equiva-
lence class of all unitary matrices belonging to the
right coset of an element of T, where T is the set
of all diagonal matrices of the form

He'™] k=1,--n. (30)

The (n® — n)-dimensional manifold thus formed is
denoted [U(n)] and its elements are given by [U].
In our case we consider the transformation

A—[UIAV, @31

2 (a) H. Weyl, The Classical Groups {Princeton University
Press, Princeton, New Jersey, 1939) p. 194.

(b} L. K. Hua, Harmonic Analysis of Functions of Several
Complex Variables (Am. Math. Soc., Providence, Rhode
Island, 1963), Chap. III, An alternate derivation, also based
on Ref. 12a, of a formula ecorresponding to (42) is given here,
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V wvaries over all elements of the n-dimensional
unitary group Un. If V + dV is a unitary matrix
varying over a neighborhood about V, then a volume
element for this neighborhood which is invariant
over the unitary group is given by the product'®
II at. 11 dv., (32)
i<k 5k
where dt;;, and dv,, are the real and imaginary parts
of the ikth element of the skew Hermitian matrix

$V =V 'dV (33)

Correspondingly, to define a neighborhood around
{U], we remember that U + dU is equivalent to
(U + dU)(1 + 4dr), where idr gives n infinitesimals
corresponding to the exponents for an element of 7,
which happens to be close to 1. Now

U = U dU (34)
and by the above we have the equivalency
U = 83U = (8U + i dr). (35)

Since the diagonal elements of the skew Hermitian
§U are pure imaginary, we may choose dr so as to
make them exactly zero, but the off-diagonal ele-
ments are unaffected by dr. If the 7kth element of
8U is given by dr;, -+ ids.., we take for the volume
element of [U(n)] at [U],

H df‘;k H ds,'k.

<k i<k

(36)

For T, an element of T, we must have, by our
equivalence relation, the volume for UT, the same
as for U, since when we move from U to U + dU,
in [U(n)], this is the same as moving from UT, to
(U + dU)T,. This has been established by Weyl.»**
It is also found™* that the volume element (36) is
invariant in [U(n)), and it is shown™* that

Qg = Qv/ (QW)”, (37)

where {5, is the total volume for [U(n)] and Qy is
the volume for the n-dimensional unitary group.

A straightforward calculation'® shows that if U,
is a fixed unitary matrix, the transformation

A— U4 (38)

has a Jacobian equal to one, and therefore the
Jacobian of the transformation (31), may be caleu-
lated for U and V both close to the unit element.

Hence to evaluate the Jacobian, J, of (31), we

12 D. E. Littlewood, The Theory of Group Characters (Oxford
University Press, Oxford, England, 1940), Chap. X1.

14 Cf. Ref. 12a; also Ref. 9, Appendix 4.

15 Cf. Ref. 9, Chap. 4.
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look at
A+ dA =04 dUNA + dA)E + dV). 39)

As explained above, the diagonal elements of dU
are taken equal to zero. Equating real and imaginary
parts of the differential elements in (39), we obtain

da“ = d)\,',', db,’; = )\,' dv,-i,
da,’i = d"',‘,')\,' + )\,' dt”, dbii = ds,‘,')\i + )\,‘ dv,‘,',
da“ = _'dr,'i)\,‘ —_ )\j dti,', db,‘,’ = dsi,'>\,' + )\i dv.','.

(40)

J is the absolute value of the 2n° by 2n* determi-
nant obtained from the coefficients of the right-hand
side of (40). It breaks down into the product of an n-
dimensional unit determinant, the n-dimensional
determinant of A, and 2n(n — 1) two-dimensional
determinants of the form

NN a0, (41)
)\,- )\,-
giving'?*
J@) = IT o8 =2 II A (42)
1< %

Integrating expression (17) over Un and [U(n)],
and transforming to ¢; = A%, we obtain with (31)
and (42),

P,,”a(éx, €2, *°°, E") dél e dé,. = (2””!)"19179[(/]

Xexp[—2 &l Il e I (e — €)' des -+ dea, (43)
§=1 1<j

P.(e;, €, -, €) is the n-level joint distribution

function. The n! in the denominator of the right-
hand side is due to the fact that we now allow all
orderings of the {e}, whereas up to now we ordered
the eigenvalues. The factor 2", is from the last
change of variables.

The factor [].c; (. — ¢,)® is the square of the
Vandermonde determinant A, where

1 | T |
e R S B (44)
n—1 n—1 n—1
& o e &

We will make use of the associated Laguerre
polynomials, which are orthogonal with respect to
the weight (¢™°z%), on the positive half line. « is
real, and greater than minus one. The Rodrigues
formula'® for these polynomials is

16 Bateman Manuscript Project, edited by A. Erdélyi,

(McGraw-Hill Book Company, Inc., New York, 1953). Sec.
(10.12), Egs. (5) and (2).
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P "
dz" x

nt+ a)
]

a . 1 E3
Lix) = S0 (45)
where # is the order of the polynomial. The normali-
zation is given by

® -z afya 2 n + [
[ e L) dr = TG + 1)( i ) (46)
0
The second factor on the right is a binomial coef-
ficient.

Since we can add linear combinations of the other
rows to a given row in (44) without changing the
value of A, with (45) we obtain

Ao [H (m!)] L) Lie) Li(e)
L:—l(fx) L:—l(fz) L:—l(fn)
(47)
If
-4
bl = e_‘/ze“/zLi(e)[I'(a Y "‘)] SNC)
then
¢o(€1) ¢0(€2) ¢0(5n) :
Pn(ely' .en)zK E ¥
¢n—1(€1) ¢n—1(62) ¢n—1(€n)
(49)

K = C;.laQUnQ[U(n)] [P(Ot + 1)]n

n—1 n—1 2

X [II (’” + “)][H (m!):l @), (50)
m=1 m m=0

Now if we call the determinantal factor in (49),

A”, then we can see directly that the n-level joint

distribution function normalized to one is
Pn(el) ct Yy en) = (n!)—lAﬂ' (51)

That this normalization is correct is evident from
the single level density formula
n—1

Py(e) = (1/n) Igd(e)- (62)

This familiar result is obtained by expanding the

first A’ in (51) along the first column, and integrating

P.(e, ---, &) over all but the first e. The range of

integration is (0, «). The minor corresponding to

¢: expands into (n — 1)! terms, each of which is

orthogonal to all but the corresponding term from

¢.’s minor from the second A’, and integrates with

that term to give one.
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We can now evaluate the normalization constant,
C.... Setting « in (50) equal to zero, and using (18)
and (51) we have

2nnn(n+l)/2 2an(n+1)/2
Qunlivemn = a1 Y : (53)
II m! {{ @) I m!
0 m=0

me

The value for @, given by the first term on the
right may be checked against the value obtained by
Dyson'” in another way. Using (53) with (50) and
(51), we have Kn! = 1, hence

Coo = T[T + 1)1"['ff (m* "‘)} (54)

m=1

3. SEMICLASSICAL DERIVATION OF THE
ASYMPTOTIC SINGLE LEVEL DENSITY

We will use the phase space of the hydrogen atom
to find the asymptotic single level density. This
corresponds to the use of the harmonic oscillator'®
in the investigation of the Gaussian ensemble.

Consider the radial equation' for a hydrogen
atom with angular momentum £i.

(=K /2u)(1/r* @/dr)(® d/dr) — €L + 1)/r"]R.(r)

—~ (/PR (r) = E R..71). (55)
If
r = (mh*/2ue®)p and (—2E) = (ue'/m*h?)

then we obtain

(56)

[1/ * (d/dp)(p" d/dp)

~lmo KUZ—D]RM@ 0. 6D
P I3

The classical equation of motion corresponding
to (55) is

pr/2u + py/2ur’ — &€/r = E. (58)
If
p, =[~1/4+m/p — (L + 1)/s"]  (59)
then using (56),
P, = (—1/2E)Y(1/4w)p,. (60)

17 Reference 2, Eqs. (106) and (108).

18 (a) E. P. Wigner, “Distribution Laws for Roots of a
Random Hermitian Matrix”’ (unpublished). Some results of
this work are available in:

(b) N. Rosenzweig, Brandets Summer Institute 1962, Sta-
tistical Physics (W. A. Benjamin, Inc., New York, 1963);
Mehta and Gaudin’s derivation of the spacing formula for
the real case is also shown here.

18 Cf., L. P. Landau and L. M. Lifshitz, Quantum Mechanics
Non-Relativistic Theory, translated by Sykes and Bell, (Per-
gamon Press, Ltd., London, 1958), Paragraph 36.
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The quantum condition
$ v, dr = (m — O (61)
gives us using (56) and (60),
$ 2, dp = 2x(m — ). (62)

The functions satisfying (57) and the orthonormali-
zation

f leRm’lp2 dp = 6m’m (63)
1]

are
R..(p) = const p'e"’ £’ (p). (64)
The £%**1(p) are the polynomials of order
(m — £ — 1) defined by (63) and (64). The Rodrigues
formula® for these polynomials is
£(p) = (—)"@l/(n — m))
X e’p™"d" " /dp" (e p").  (65)

If we look at the derivation of (52), we see that
we can write for the single level density,

n+l
P, (p)dp = {l/n ‘Zl [lep]z} dp (66)
where we have taken
a=2({+ 1); € = p. (67)

The form we obtain for the level density will apply
to more general « than the even integers we con-
sider explicitly. Since the wavefunctions are more
closely confined to their classical orbits when m is
large,”* we will obtain a better asymptotic approxi-
mation to the level density if we restrict ourselves
to 1 « £. This is particularly true for the smaller
allowed values of p, where the orbits are crowded
close together.

The right-hand side of (66) gives the probability
that a particle, which is with equal weight in the
first n quantum states of angular momentum ¢,
will be found between p and p + dp. The first few
even orbits of the corresponding classical phase
space are shown in Fig. 1. The top half of the graph
for a given value of m is indicative of the form of the
eigenvalue density which we obtain below.

Now since we are considering Eq. (66) for cases
where the quantum numbers m are large, we can
consider it as giving the probability density for a

20 Reference 19, Appendix d.
2t Reference 19, Chap. VII, see footnote p. 157.
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Fia. 1. The first few even orbits in phase space of hydrogen
atom for £ = L.

classical particle which is with equal probability on
each of the first n orbits of angular momentum ¢,
in the phase space of p and p,. According to Liou-
ville’s theorem of classical statistical mechanics,
equal areas of our two-dimensional phase space have
equal probability, and the probability density is
proportional to (dp,dp). If we integrate over p,,
we obtain the density in p,

roio- (et

N

{2

<
n+4) =
P, (p) = 0 otherwise.

for p < dn + 44, (68)

The normalization constant is obtained from Eq. (62)
or from actual evaluation of the integral of (68)
over p, as in Ref. 22,

4. DISCUSSION

Let us discuss the general features of the level
density as given by (68). P,(p) has only one maxi-
mum which is located at p = [26°/(n + £)]. The
derivative of the level density becomes infinite at
Pusx = 4n + 4, and puia = [£7/(n + £)].

If « is greater than one, it is easy to see from (48)
and (52), that both P,(p) and its first derivative are
zero at the origin, so that a convex region® exists
between the origin and p,.;,. If £is a fixed constant,
and 7 is increasing, the maximum at (2£’/n) may for

22 M. Born, Mechanics of the Atom, translated by Fisher &
Hartree (G. Bell and Sons, London, 1960), Appendix II.

2 Jt is shown in this paper that the convex region near
the origin is unimportant for fixed £. However, the ‘‘strong”
case in which £ — o as a certain power of », may be different
and will be investigated in a later paper.

% See Ref. 9, Chap. 5.

BRONK

all practical purposes be considered to be at the
origin. In this case, we can write an approximation
for (68) valid over most of its range, in which the £
dependence has been removed.

P.(p) =~ (1/mnp")dn — p)t for 0 < p < 4n
P.(p) = 0 otherwise.

(69)

In this case, we might as well set « equal to zero in
order to investigate the general properties of the
density. Doing this, we find the exact value of the
density at £ equals zero from (48) and (52).

Pn.O(O) = 1. (70)

Since, from (45), the coefficient of the lowest
power of x in L,(z) is of opposite sign from the
constant term, the slope of P, is negative at the
origin. The asymptotic expression for P, has two
points of inflection away from the origin, one is
found at the zero of the second derivative of (69),
and is at

p = 3n. (71)

If we used (68) for £ # 0, we would find this inflec-
tion point at p = 3(n 4 £). At this point, the graph
of the density which was convex nearer the origin,
becomes concave, until a second point of inflection
is reached near p equals 4n. We know the existence
of this point from the fact that the exact expression
for P, is never zero. We will temporarily return to
the use of the more accurate expression (68), to see
what happens to the two additional inflection points
on each side of the maximum of P,. The numerator
of the second derivative of (68) is

N —4n’p® + 1268 + n'?)p’
— (480°n’ — 4£%)p + 320,
n' =0+ 4£).

(72)

If we assume (¢*/n) — 0, and set N equal to zero,
we get a cubic equation, which can be factored to
obtain

p=0,
p = (4/n), (73)
p = 3n'.

The third point corresponds to the one we already
obtained from (69). The first we knew should be at
zero, since the maximum approaches zero, and we
can see that the remaining inflection point at (4£°/n’)
also approaches arbitrarily close to zero, as n’ be-
comes very large.
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The number of roots which occur in the region
beyond p equals 4n can be estimated by comparison
with the corresponding calculation for the Gaussian
ensemble. This is done explicitly in Ref. 9 and it
is found that the number of roots in this region is
negligible, when « is much smaller than n, even
when n becomes very large.

Now we can see that the region containing the
largest number of levels is where the argument p
(always positive) of the single level density formula
is small. We might therefore expect p to represent
minus the energy, as it would for negative matrices.
If this were the case, the region corresponding to
the lowest energies would be where p is large. In this
region, we have found that the level density is
slightly concave, increasing slowly from that near
the first level until the inflection point is reached
beyond which the growth becomes increasingly
rapid as the curve enters the convex region. Although
most of the roots occur in the convex region, as one
would expect for nuclear energy levels, it is easy to
see from Eq. (69), that the number of roots in the
concave region, that is

4n
[ npao) as, 74)
grows as .the first power of n. This region corres-
ponds to the concave portion (near z = 4), of the
curve labeled n = 6 (asymptotic), in Fig. 2, al-
though this drawing is for a somewhat different
measure. Hence, the density of the roots which we
have taken as corresponding to the low-lying energy
levels, does not show a convex growth as expected
for nuclear level densities. Therefore, the ensembles
discussed here, do not fairly represent nuclear
Hamiltonians, at least in this region.

We should mention that the repulsion of levels
follows from the term [J:<; (e: — ¢,)° in (43). It is
easy to show that the dependence of the nearest-
neighbor spacing density function on the distance
between nearest neighbors, is the same as for the
Gaussian ensemble, at least to first order, in a region
where the level density varies slowly. Leff**® pre-
viously pointed out that this also holds when
Legendre functions are the normalized functions®**
i Eq. (52).

% (a) H. Leff, thesis, State University of Towa, (SUI 63-23),
II)(. 105 (1963) (unpublished), see also (b) D. Fox and P. B.

ahn, Phys. Rev. 134, B 1151 (1964). (¢) P. Kahn, C. E.
Porter, and Y. C. Tang (to be published). This group has
been investigating various aspects of functions obtained by
inserting different sets of orthogonal functions into Eq. (52).
Their numerical result for the Laguerre functions confirms
the convex shape obtained here.
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2k n=6 (exact) =

Fia. 2. Single eigenvalue density for Gaussian ensemble,
over positive matrices. Graph labeled asymptotic is for Eq.
(84). The other graphs are Eq. (52) with the functions ¢
coming from the orthonormalization of set (80).

Relation of the Level Density to the Semicircle Law

In Eq. (69), suppose we let p! = y. Then we ob-
tain for the density of the square roots of the eigen-
values

Ply) dy = 2/nr)dn — y*)t dy for 0 <y < 4m,
(75)

So we are brought back to the positive half of a
semicircle for the positive square roots of the eigen-
values.

We can obtain (75) directly in the space of the
square roots of the eigenvalues, if we analyze the
special case of @ = —%. In this case, from (42) ‘and
(43) we obtain,

Po (0, Ny oo, N AN - - - d,

= const. exp [— > kf]

i=1

= (0 otherwise.

X JT (= a2 adn, -+ dh,,

i<y

(76)

where A; are the positive square roots of an n-dimen-
sional random positive matrix distributed according
to (17) with « equal to (—1%). The product term in
(76) can be written

Ho(\)
Hz(\)

Hy(no)
H(\s)

Ho(\)

A2 — C H 2()‘1») (77)

Hzn—l()\l) H2n-—2(x2) et HZn—z()\n)

The entries in the determinant in (77) are the even
Hermite polynomials. Since the even polynomials are
orthogonal with respect to (¢™*) on the half line,
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we obtain as previously, by integrating over all but
one column of A,

P\ = @/n) :Z:;&(A),

even

(78)

where ¢;{\) is the Hermite function normalized on
the whole line. Now we can use Wigner's'® analysis
of the phase space of the harmonic oscillator, and we
again arrive at (75).

Invariance Properties

It is of interest to ask, to what extent the proper-
ties of our ensemble depend on the fact that we have
restricted our domain to positive Hermitian matrices,
and to what extent the level density depends on
the precise invariant measure chosen for our en-
semble. We will first see what happens when we
rewrite {17) with a Gaussian-like measure, but still
over positive matrices,

D(AA")dA = O’ exp [-Tr (AA")]dA. (79)

In this case, Eq. (52) still gives the single eigen-
value density, except that ¢, now represents the 7th
function obtained when a Gram-Schmidt ortho-
normalization on the half line is carried out on the

set;

—e1/2  —e3/2
€ ’eee/ Y

n—1 —e1/2
NEER S e

(80)

These functions do not relate to a known dif-
ferential equation, and are difficult to tabulate even
numerically owing to polynomials in =¥ in the coef-
ficlents. Numerical plots of the density for the
matrix dimension, n equals 4, and 6, are shown in
Fig. 2. A curve of the asymptotic formula derived
below is plotted on the same graph for n equals 6.
The closeness of the fit to the exact density shows
that the asymptotic methods used become valid
for rather small n.

If we start with (79) as our measure, we obtain
for the joint distribution function
Ple, €, +++, &) = const [ (e; — ;) D e ",

i<f 1

{e

(81)

Except for the fact that the ¢ in the present case
are restricted to the positive half-line, this is the
same expression studied by Wigner®® in connection
with the Gaussian ensemble. It is argued that the
right-hand side of (81) is the classical distribution
function for a set of n point charges interacting
among themselves with a logarithmic repulsive
potential, and attracted to the origin with a harmonic

26 ., P. Wigner, Statistical Properties of Real Symmetric

Matrices with Many Dimensions, Proceedings of the Canadian
Mathematical Congress (1957}, p. 174.

BRONK

oscillator potential. We define a density «(A) for
these charges. Then it is assumed as in classical
statistical mechanics, that the charges distribute
themselves in such a way as to maximize the loga-
rithm of the joint distribution function. This is
equivalent to the usual statement that the over-
whelming majority of states for a classical system
are very near to the most probable state. The varia-
tional calculation of Ref. 26 leads to the integral
equation correct for the present case

*_ow _

0 ()\ - I‘) du = ).
The integral in (82) is by definition a principal-
value integral. The equation is valid for0 < X < 4.
This equation and the fact that the density o, is
never negative, determine o. 4 is determined from
the condition

(82)

4
[ ot du =n. (83)
The solution of (82) is given by
P () = o(u)
= (I/NGA + w4 — ™ for u < A4, (84)

nP,(u) = 0 otherwise.

To verify that (84) is the correct solution,” we
use the well-known identity

4 duo(u)
[ (I‘ e ()\ + 25))

lim =0

dpo(u)

w—n &

= wiet) + [

The integral on the right is again a principal value.

Now using (84) for s, we evaluate the left-hand
side of (85) by integrating clockwise along a con-
tour € surrounding the cut between zero and 4, but
coming between the pole at (A + <¢) and the cut.

fdwe(y) 1 duo()

o (u— (A1) 2Je(u— (\+ i)
The factor } comes from the fact that the phase of
the integrand changes by exactly , from below the
cut, to above. To evaluate (86) it is convenient to
use the transformations

w = A + 2)/2, z=1/z. (87)

We then notice that the only contributions come
from poles at (A + 7e), and at z equals zero, which
are inside the contour after inversion. The residue

(86)

then,

27 Actually (84) was first found by using a general solution
for singular equations like (82) found in, 8. G. Mikhlin,
Integral Equations (Pergamon Press, Ine., New York, 1957),

. 131. Thanks are due to H. Leff for this reference and J.
%oble for instructive discussion on such integral equations.
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at (A 4 7e) gives the first term of (85), while from
the residue at z equals zero, we get A, which is the
right-hand side of (82). If we substitute (84) into
(83), we obtain

A = (8n/3)%. (88)

Now P,(u) as given by (84), appears somewhat
different from (69), however the graphs of the two
expressions have similar shapes. The graph ob-
tained from (84) is convex from the origin until an
inflection point is reached at u equal to A/2. Then
it is concave until p equals A, where the exact ex-
pression for P, must have a second inflection point.
We note that if A’ equals 4n, the first inflection
point for (69) occurs at (34°/4), and the second at 4’.

Another type of change of measure may be con-
sidered by starting with (17), but letting £ as de-
fined in (67) vary with n. Let

£ =cn", (89)

v is a positive real number which we restrict to be
less than one, so £{/n — 0 as n — . We take the
constant ¢ equal to one. Let us discuss what happens
to expression (68), in three cases, which we name
to correspond with the size of the charge at the
origin, when we use the electrostatic interpretation
of the joint distribution function described earlier.
The cases are:

(1) Weak ¢ < &;
(2) Critical y = %;
3) Strong i<y <1
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The situation in the weak case is very much the
same 2s in the case for fixed £, with the maximum of
the distribution approaching the origin as n be-
comes very large. When v equals %, the situation
changes, and the maximum is located at p equal to 2.
For the strong charge, we note that the entire non-
zero portion of (68) is pushed increasingly far to the
right, as v increases. We obtain a family of density
functions for the different v, each peaked at 2n®" ™",
If we were to take a linear combination of ensembles
with different coefficients for various v, we see that
we can approximate closely, an arbitrary single
level density formula. If each of these ensembles
has the same dimension #, we still have repulsion
of the levels. We will not pursue these linear com-
binations further, since we do not have at present
any physical motivation for assigning weights to the
v’s. The exact level density between p equals zero and
£?/(n + £) needs to be more closely examined® since
it may be that the convex region located here in the
strong case will contain sufficient roots to be used as
a model for nuclear level densities.

We have found, by examining several examples,
that the eigenvalue density for positive matrices
while not invariant with respect to the measure
chosen, retains certain general features for a variety
of possible measures.
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The reduced density matrices for quantum gases are studied by Banach space techniques. For
suitably restricted interactions, they are shown to be analytic functions of the activity. As the vol-
ume of the system becomes infinite, they tend in some sense to well-defined limits for which the same
analyticity properties hold. As a consequence, the virial expansion is shown to be convergent in a

neighborhood of the origin.

INTRODUCTION

ECENTLY the correlation functions of classical
gases and the convergence of the virial expan-
gion have been studied, in the limit of infinite
volume, by Banach space techniques (Ref. 1, see
also Refs. 2, 3). The purpose of the present paper
is to study the analogous problem in quantum
mechanics, by similar methods. More precisely, we
prove that the reduced density matrices, which are
the quantum analogues of the correlation functions,
tend in some sense to well-defined limits when the
volume of the system becomes infinite. We use the
formalism of the grand canonical ensemble and
restrict ourselves to systems of particles interacting
by two-body forces only. The two-body potential
will be supposed to satisfy certain conditions, stated
in Sec. 1. We shall consider successively (a) the
quantum mechanical problem with Maxwell-Boltz-
mann (MB) statistics; (b) The quantum mechanical
problem with quantum statistics. The reason for
doing so is that the former case is much simpler,
constitutes an intermediate step, and allows us to
split the difficulties. Furthermore, we reach similar
conclusions in both cases under conditions on the po-
tential which are weaker in the M B case than in the
full quantum case.

The basic tool of the present investigation is
Wiener integration. The relevant definitions and
properties will be found in Appendix 1, which follows
closely Ref. 4 and stresses only the minor modifica-
tions needed for the present application.

Sections 2 to 4 deal with the case of Maxwell-
Boltzmann statistics. The reduced density matrices
are introduced in See. 2 and shown to be expressible

* Permanent address: Laboratoire de Physique Théorique,
Faculté des Sciences, Orsay, Seine-et-Oise, France.

1 D. Ruelle, Ann. Phys, (N. Y.) 25, 109 (1963).

2 Q. Penrose, J. Math. Phys. 4, 1312 (1963).

3 J. L. Lebowitz and O. Penrose, J. Math. Phys. 5, 841

(1964).
¢ E. Nelson, J. Math. Phys. 5, 332 (1964).

as Wiener integrals over suitable functionals. These
functionals are shown to satisfy a set of linear
integral equations, similar to the classical Kirkwood
Salzburg equations,® and which can be viewed as
a linear equation in a Banach space (Sec. 3). It is
then possible to perform the limit of infinite volume,
first on the intermediate functionals, and then on
the density matrices themselves (Sec. 4).

Sections 5 to 7 deal with the full quantum-
mechanical case and treat the same points in the
same order.

1. CONDITIONS ON THE POTENTIAL

We consider a system of identical particles in
»-dimensional Euclidian space, interacting through
a two-body potential ® with the following properties:

(a) @ is a real function which depends only on
the difference of the positions of the two interacting
particles considered, and is a symmetric function
of these two particles.

In view of the use of Wiener integration, we impose

(b) There is a closed set F of capacity 0 (see
Appendix 1) such that & is continuous on the
complement of F.

This implies (Appendix 1) that the Wiener
measure of the trajectories which intersect F is
zero. Therefore we will be able to proceed as if
® were continuous. On the other hand, this allows
for instance, for » > 1, a singularity at the origin,
which may have physical interest.

(¢) @ is integrable in the whole space.

[ 1e@dz < +=. (1.1)
Note that (b) and (¢) exclude hard-core potentials.

(d) In the case of Maxwell-Boltzmann statistics:

There exists a real constant B > 0 such that for

¢ T. L. Hill, Statistical Mechanics (McGraw-Hill Book
Company, Inc., New York, 1956).
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any system of different points z; € R’ (1=1,
E ®(x; — z;) = —nB.

i<f

':n):

1.2)

This implies in particular that & is bounded from
below by —2B. Ruelle® has given sufficient condi-
tions for (1.2} to hold.

(d) In the case of quantum statistics only:
®(x) > 0. This means that the potential is purely
repulsive, and is a severe physical limitation.

2. THE REDUCED DENSITY MATRICES FOR
MAXWELL-BOLTZMANN STATISTICS

The system is supposed to be enclosed in a
bounded (open) region A with volume V. We use
units such that 4 = 1 and that the common mass
of the particles be 2. We note 8 = 1/kT, A = (x8)},
thermal wavelength, and z = activity. Points in
R’ are denoted by z, ¥, u, v and trajectories by .
® means always that the corresponding trajectory
is an integration variable. Upper indices in 2"
{or »™) denote systems of m »-dimensional points
(or trajectories) while lower indices label individual
members of such systems. We define

S = the set of families of m continuous tra-
jectories in B’, (S§' = S);
Sz = the subset of 8" consisting of the tra-
jectories contained in A™, (8} = S,);
a,(w™) = characteristic function of S},
m m o 1 ]- 2
Yele™ =y = [l Sexp| =2 @ — 9) |
i=1 A 8 )

) |
U™ = f LT el - wldt

It follows from (1.2) that
U.(") > —mBB. (2.2)

The Wiener integral (Appendix 1) of a functional
f(w™) is denoted [ P ,» (dw™)f(w™). Let H,(z™, y™)
be the m-particle Hamiltonian operator correspond-
ing to the box A. It is shown in Appendix 1 that

@1

") = [ P o))

X exp [=Unl™] @23)

and that this quantity is a continuous function of
2™, y" (except when one of the z; — z, or y; — %
lies in F), bounded by

Pz — "), 24

8 D. Ruelle, Lecture Notes of the Theoretical Physics
Institute, University of Colorado, Boulder, Summer 1963.
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Furthermore, ¢ *™* is a bounded operator in L*(A™)

with norm < ™%, The m-particle reduced density
matrix is then defined as

" " 1 L zm+a
pA(x H ) = .Z: ZO s!

X e‘ﬁ!fmq-x(ua’ xm;ua’ ym)

du’

(2.5

or

- 1 &
PA(x;y "Z—E{)

m L]

f du. u'z"',u‘y"‘(dwm"“)

X ay(@"") exp [~ Un:iulp™ )],  (2.6)
where
Iy = 55 [ P (e
X exp [-U.(")] (2.7

is the grand partition function. (2.6) can be written
as

01" 1) = [ Prosn@” pae”),  28)
where
\d 1 A mt
pale™) = ’Z_ P oo (d oy (w )
A =0
X exp [~ Un. o™ )] (2.9)

by use of the Fubini theorem and uriform con-
vergence due to (2.4).

By analogy with the classical case (See Ref. 1), we
now define Banach spaces E; as follows. Let F be the
complex vector space of sequences of Wiener in-
tegrable essentially bounded functionals of m tra-
jectories ¢ = p(w™), where m = 1, 2, --.. The
subspace of those ¢’s for which

lelle = sup | L esssop. ol | <+ 210

is a Banach space E; for the norm ||¢||,.
From (2.2) and (2.9) it follows that

!PA(wm)‘
1 & ™ ‘ U
Sz & e o [m + 9)8B] ooV

< [l €21 12417 exp [(V/N") J2] €2).

Therefore py = (ps(0™), m = 1, 2, ), where
the pa (™) are deﬁned by (2.9) is a vector in E, for
any £ such that || ¢ < £ with norm

1Z4]™" exp [(V/N) 2] 7).

(2.11)

llealle < 2.12)
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One shows similarly that Z, is an entire function
of z and is bounded by

1Z4) < exp [(V/\) el €1 (2.13)

It should be noted that both numerator and de-
nominator in (2.12) — « as exponential functions
of V as V — o, This indicates the need for such
methods as the one used in the following section.

3. INTEGRAL EQUATIONS FOR THE g, (0™}
We first show that the p,{«™) defined by (2.9)
satisfy integraljequations similar to the Kirkwood-
Salzburg equations.” (2.9) can be written as

} E=]
5 2

A a=0 82

mia
k4

f G P e o (dd e 0™)

pae™) =
X exp [~ Upoisale™ ™, @] exp [~ Fi@™)]
* § i
X 1 exp [—~ f Soy(t) — &:(D] dt]

ERat S

(3B.1)

where «™' is obtained from «" by removing ey
and where

w6 = [ S o —e@la 62

mts

P = 7 25 wo) e [=F6)]

3=D M

X f QP (i )ers )

: < gl vy aw
X exp {m {;m“n»s} ;:E-:O Wm l&(wlr @ } (3‘3)
where
K(“’l} Qé“}

=11 {exp[——~ [ #l - 301 dz] -1} G4

=

ILet ¢ = n = ¢. Then
palw™) = Z 3 zey (00) exp [—Fue™)]

X 3 ap [ P @)K e, )

ng=0
metbntg
x i [ P udaane )
X exp - Um-—l%‘a%q{mm“&} &) {3.5)

Finally we obtain
pa(w™) = axlw)z exp [—Fy{w™)]

XS4 [ oK, )

=l
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X pﬁ(w’"“‘,é”)} for m>1 3.8
palen) = aa(w;)z[l + f: 1 f AP o (d™)
min! i
X K(‘*’z: éﬂ)pn{a‘ ] (37)

The first term in the sum in Eq. (3.6) is simply
p{w™"). The interchange of summations and integra-
tions can be justified by using the bounds of the
preceding seection.

We next use the faet that ps(0™) is & symmetrie
function of the m frajectories w; to symmetrize
Eq. (3.6) by the same method as in the classical
case (see Ref. 1). (2.2) can be written as

SR = 2 > —2m8B,  (38)

where F;(«™) is defined by analogy with (3.2},
Therefore, for at least one §,

Fi™ > —28B. (3.9)

Let W7 be the subset of §™ such that o™ & W7
implies F,(™) > —28B. (3.9) means that §” =
\Ur, W™ Let n; be the characteristic funetion of
W7 and 6; = 5;/0, 7, ;. Then 3.7 8, = 1, Let
II; be the operator defined on functions of m tra-
jectories ¢{w™) ag the circular permutation of %
steps on the arguments of these funetions and let
II be the operator defined by

Tps™) = Z WM™ (3.10)

If ¢ is a symmetric funetion, I reduces o the
identity. Applying 1T to both sides of (3.6) gives

pr = Al + Kpa), (3.11)

where p, & F is defined in See. 2.

¢ is the vector in F defined by {{w,) = 2z, (&™) = 0
(m > 1). ¢ belongs to E, for any £ > O and |{¢]]; =
fel/k.

A, is the linear operator defined by (4 e} (™) =
as {0™e{ew™), and I8 a norm decreasing operator of
each F; into itself.

K is the linear operator defined in E by:

K6 = 2 310007 exp [-Fa7)
X [2}% [ @ ot

X Ky, Melw™ ™, & ]} for m>1, (3.12)



REDUCED DENSITY MATRICES OF QUANTUM

o) =2 3 % [ dtPoe i)

X K(w,, &ela"). (3.13)

‘We next show that K is a bounded operator of E;
into itself. Let ¢ € E,. From (2.10), (3.4), (3.9),
it follows that

el < Bl el %™ 3 5t

< el llellee” 51 oxp [26B + C®)], (3.14)

where
C@) = sup f QuP o (dis)

X

exp [-— fo ? au(t) — a1 dt] —1

provided C(8) < =. We prove in Appendix 2 that
under conditions (a) to (d) on the potential &,

(3.15)

@ < €@ = 4/ [ 2@ de.  (3.16)
‘Therefore K is a bounded operator in E; with
[IK|[e < [¢] £ exp [28B + £C(8)]. The best bound
is obtained for § = [C(8)]"* and is

[IK]le <k =[o| C(®) exp [28B + 1].  (3.17)
Therefore, for any z & A, where
A= {z:]g] <GB exp [—26B — 1]}, (3.18)

Eq. (3.11) has a unique solution in E;; ¢ and K
are entire (vector-valued) functions of z; therefore
the solution is an analytic function of zin A, Moreover

Hoalle < (el =) <1 — B (3.19)

It follows from (2.12) and the fact that Z, has no
zero on the positive real axis that the solution of
(3.11) coincides with p, as defined by (2.9) for 2z
real, > 0, and € A. Now we get from Eqgs. (2.7)
and (2.9),
[ pPud) du = 2 L10g 2, (3.20)
The left-hand side is analytic in A, and Z, is an
entire function [with Z,(0) = 1]. Therefore Z, has
no zeros in A and p; as defined by (2.9) and (3.11)
coineide throughout A.
Substituting the solution of (3.11) in (2.8) shows
that pa(z™, ¥”) is an analytic function of z in A

with values in the space of bounded operators on
L*(A™). From (3.19) it follows that
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lpalE™, ¥ < AU = B CEI ™ dz™ — y™). (3.21)

¥s(z™ — y™) considered as an operator on L*(A™)
is norm-decreasing ; therefore

HeaG™, y™l: < @ — BICEI™.

4. LIMIT OF INFINITE VOLUME
(CLASSICAL STATISTICS)

(3.22)

The essential point in the preceding argument is
that the bound on K is volume independent. There-
fore the equation obtained from (3.11) by letting
the volume be infinite

p=¢+ Kp 4.1

has 2 unique solution in E, for z & A, with the
same analyticity properties as derived for p,. Here
we show that p, — p in some sense as A becomes
infinite. The method is the same as in the classical
case (see Ref, 1).

Let A be a sphere with fixed center. This is no
loss in generality. We label A, o, and p by its radius.
Let 8 > 8 > 0. Let 2 &€ A. Consider first

”ARKAR-M' — ARKAR.{.sHE.
Let ¢ € E;. Then
(AzKAgss — AzKArise(w™)]

o

< e e’ Z ,‘% T X aglen)

X fdu” u",u"(d‘:’") l[akw'(f-_"")

— azs(@)]K w1, ) el “.2)

From
IaRhS‘(‘:’") - (23+5(C:)n)!
< 'z::laliwa‘(é?_l) [aR.,_,;'((I),') —_ aR+5(‘-"i)l (43)

(where &7™* is obtained from &" by removing &;)
it follows that the right-hand side of (4.2) is bounded
by

2 - 1 min—1 n—1
el 3 L no@rc o) fiell

4.4

= £ |lo|l: |2| exp [28B + :C(8)1C;.(8),  (4.5)
where

Coxl®) = sup [ duP@d) [K(w, ). (4.6)

It is understood that the trajectory w lies entirely
in A, and the integration is restricted to the con-
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tinuous & which have at least one point outside Az ;.
C5.2(8) is obviously bounded uniformly in R and
8 by C(8). Furthermore, it is shown in Appendix 2
that:

Conl®) < L8 |

tri>8/2

[2(2)] do

+ [ 6@ dz eots/s, 5)}. @n

This bound depends on & alone, and not on E.
It tends to zero as § — «. In view of future applica~
tion to more complicated cases (hard-core potentials)
however, we shall make use only of the weaker
property: Cs.z.p:(8) — 0 88 8 — o for fixed B > 0,
p > 0. From (4.5) and (4.7) ,we obtain:

AzKAr.s — AxKAguslle < Jel
X exp [28B + C(®)1C:.08) < #(5, B), (4.8

where (8, R) is an increasing function of R, and
such that n(8, R + p3) tends to zero as & tends
to infinity for fixed E > 0, p > 0.

From this we get, as in Ref. 1,

{iA.R(AR-§55K)iAR+§3 - ARK;HE
<k {S e+ 6 -1

+ 3 6, B4+ [ — 115)} < 24 n(s, R + i0).

.9
From
" . ;csi— 3
— ~ — >r1 < -
- o~ Ex <5

and the corresponding relation for 4z, ,K, we get
by using (4.9), where we replace jé by 4:

HAR(:{ — AR.MsK)_xAIH—B - AR(I - K)-q”E

4.10

ntl
<25 k 42 3 g ( R+ 5)- (4.11)
i=1
Therefore
||Arpres ~ Azplle
ndl
<25 LIS Sk ( R+ a)- 4.12)

i=i

For fixed R, this can be made arbitrarily small by
choosing first n and then 8. We have proved:

Lemma 1: Let Sz be the set of continuous tra~
jectories contained in the sphere Ap. Then the
restriction to Sz of pz.s tends to the restriction to
Sy of p as 8§ — w, in the sense of the B, topology.

Note that in the present case, (3, E) is independent
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of R. Therefore, in the same way as in the classical
case,' the limit in (4.12) is uniform in R.
We now consider the p(z™, ™). We prove

Lemma 2: py(2™, y") tends to p(a™, ™) uniformly
on the compact sets as 2 — o,

Let D be a compact set contained in a sphere Aj..,
of radius R — r, and & > 0. Let

”ARPRM - ARPHS < f(éx R)x (4-13)

where (3, B) — 0 as § — « for fixed R. Let 2",
¥ & D". Now:

lores@™, ¥™) — plz™, ¥™)

< [ Prn o) [pmas™ = o). @19)
We split the trajectories into two classes: (@) those
which stay in A% contribute a term bounded by
e(8, R)E"/Z™™; {8) those which have points outside
A7 belong to K'(r, 8) (A1.5). From (A1.7) it follows
that their contribution is bounded by

2 lloll¢ " mea(r/4, BYA/NT).

Therefore

lores@™, ¥™) — o™, ™)
< (5, R) £ + 2 Hpiisg mcv(t ﬁ)*
— Avm }\vm 4 ?

This can be made arbitrarily small by choosing
successively 7 and § big enough.

From Lemma 2, the identify for 2 & A of the
ps defined by (2.9) and (3.11), and Lemms 9 in
Appendix 1, it follows easily that the p(z™, y™) are
continuous functions of their arguments for any
(™, y™) such that none of the x; — =z, (G 5= k)
ory; — Y (j 5% k) liesin F.

(4.15)

We next prove the following,

Theorem 1: p(z™, ™) — p(&™, ¥™) in the sense
of the strong topology for the operators on L*[(R")"].

Consider first ¢ & L*[(R")"] with compact support
D, enclosed in A%_, where A,_, is the sphere of
radius B — r. Let

Ap(x™, y) = pras(@™, ") — p&7, ¥ (4.16)
[4p@E"™, ¥™)| < (8, B)
for z” and " & Ax.
Consider
l180pll? = [ do™ @y dy™
X |8p@™, y™) ApE™, y"MeMeW ™. (4.1T)
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Let V be the volume of Ap_, and V' the volume
of Ar. We split the & integration as follows.

(1) 2" € A%. This region contributes
aterm < V7V o], (4.18)

(2) 2™ & A% The contribution of this region is

bounded by
26" 1ol f LA
X Ps(z™ — ") sle™ = v’ lelMe@' ™| (4.19)
< 28 PolllPm- V™ [lel” (1/N™)olr, B).  (4.20)

This quantity tends to zero as r (or R) tends to
infinity, ¢ (and therefore V) being held fixed; from
(4.18) and (4.20) it follows that Ape — 0 in L as
& — . Therefore pyo — pe in L® for any ¢ in a
dense subset of L*; from this it follows immediately
that p, — p strongly.

We next turn to the virial expansion.

From translation invariance due to Condition (a)
and continuity of p(x, ¥) it follows that p(z, 2) = p,
is a well-defined constant which is an analytic func-
tion of z in A and is to be interpreted as the analytic
continuation of the density. From (2.7)-(2.9) we get

dz lOg ZR+8 - Poi

VR«W

1 ,
< V f §PR«@B(x: i?i’} - Pﬂ§ fi}z«t»‘s(x} fixf
R+

@.21)

where Vy,s; and ap.; are the volume and charac-
teristic function of Ag.; From Lemma 2 we get
;PRM(E; z) — pnj ax(z) < «(3, B), 4.22)

where (8, R) is easily seen to — 0 as §, B — o
for fixed 8/R. From (4.22) and (3.21) we get
!

1 d
m dz IOg Zaes =™ .001
< (5, B) + 1 Ek}\l [1 - 53"5%5] (4.23)

which can be made arbitrarily small by choosing
sucessively 6/E and 5. Therefore

Iin'} ET e Iog Z}z == Do, (4:.24}

the convergence being uniform on the compacts in
A. We have therefore:

Theorem 2: The function (1/V) log Z; is analytic
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for z & A and converges uniformly on the compacts
as the radius B of A becomes infinite.

From this it follows as in Ref. 1 that the virial
expansion converges in a neighborhood of the origin.
5. THE REDUCED DENSITY MATRICES
(QUANTUM STATISTICS)

We turn to the case of a systemn which obeys
quantum statistics. Throughout this section the
potential @issupposed to satisfy Conditions (a) — {d)
[rot (d")]. The system is enclosed in 8 bounded open
region A with volume V.

The m particle reduced density matrix is then
defined” as

MoK

X e’ﬁf""’“{u 2 O, y™],  (6.1)

where IT is a permutation of the appropriate number
of variables, here m + s.

The second sum runs over the elements of the
symmetric group S$,+..

()" is: -+1 for Bose statistics
the signature of the permutation I for
Fermi statistics.

Substituting (2.3) into (5.1) gives

Z ()"

") exp [~ Ui al&™ 1.
(6.2)

pa@™, y") =

Pix@: y ym)

+
X Pv:'zm;ﬁ(as.gn}(d{ém * Ky

Z , is the grand partition function

> % f dz" }1; (=) Pom rom (de™as (™)

X exp [~ Un@™]. (5.3)

We shall now put (5.2) in a more useful form. This
involves interchange of summations and integra-
tions. We first forget convergence requirements and
perform the algebraic operations, We next give
absolute bounds uniform with respect to the integra-
tion variables, which justify these operations. (5.2)
involves an integration over (m -+ s) trajectories
with s identifications of endpoints. In the case of
Maxwell-Boltzmann statistics (hereafter referred to
as MB ecase), this gives m trajectories z” — 4™
of length (defined as the length of the ¢ interval)
B and s closed cycles of length 3. Here, due to the
permutation II, there may be u; (nonnegative

7 C. Bloch, Diagram Ezpansions in Quantum Stalistical

Mechanies ( North-Holland Publishing Company, Amsterdam,
to be published).
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integer) extra trajectories inserted between z; and
the y reached from it (which in general is not y;)
whereas the remaining closed cycles may consist
of several trajectories of length 8. Let [u] = D7 u;.
Then

Lemma

[Zn: () TPus o yn(de™ ™) du’

= [ @) X O @)y — )t @)™
X Zm Pu',u'(d‘:") d TP::+um(dwm))

where: the permutation sums labeled m and r
operate in an obvious way on the differential
elements containing the variables (z™, ™) and (u’, ©")
respectively.

The last summation is understood to be restricted
to |ul = s — .

The superseript ™ 4 1 in the last factor means
that the trajectory z; — ¥, has length (u; + 1)8.

In fact, for given |u| or r, one has to distribute y”
in all possible ways on the open trajectories starting
from z™ (first factor); select out of s variables the
r which are not on these open trajectories (second
factor); make all permutations of these variables
between themselves. There are still (s — r)! ways
of distributing the remaining s — r = |u] remaining
variables on the open trajectories; each of them gives
the same contribution. The factor ()™ is easily
obtained by induction over |u|. The interpretation
of the lemma, in terms of graphs drawn on a eylinder
of circumference 8, similar to the graphs obtained
in perturbation theory’ is straightforward.

From (5.2) and the preceding lemma, we obtain
easily

Z &) 3 ()™

am=0

X [ P @pate™, w7,

PA (xm’ Z/

(5.4)

where
m+ |ul+r

m my _ L = ? r )i
o, w7 = - D [ T )
X Par @i s (u™, &) exp [~ U™, 4, ). 5.5)

The exponent in the last factor is the same as in
(5.2) with only a change in the notation of the
variables: [u| trajectories have been taken out of
s and have been included in «”. We shall need the
following elementary properties of the symmetric
group ¢,. Any permutation II is a product of cycles.
Let v, be the number of cycles of length j. Sy =1
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A class v of conjugate elements consists of those
permutations which have the same partition into
cycles, ie., the same v,’s. The elements in v are
obtained by distributing the r elements in all possible
ways in these cycles. Their number is®

w o=/ T e,

Consider now the integration over &", %" in (5.5).
The contribution of I & ¢, depends only on the
class v of II; two elements in the same v give con-
tributions which differ only by a relabelling of
integration variables. (In terms of graphs, there is
a 1-1 correspondence between the classes v and
the unlabeled graphs formed by the @".) With the
notation

h:, d‘Y = dur E (:':)H u'.H(u')(d‘:’,)r
nEy

(5.6)

(5.7

(5.5) becomes

o m+|;ll+r

P, i) = 5= 2 [ T8 e, )

X exp [-U", 4", &"].  (5.8)

We now give upper bounds which justify the
preceding algebraic operations. From (2.2) and (5.8)
we obtain

I eﬁB m+ !

IPA(“’ ) M )’ < |Z ][Iz
8B\r
x {5 e = [} 69
< TZIA_I [lzl eﬂs]m+lul Z Zy: I’I;l_‘

X [K(li}[\?ﬂjx }712:_1}1; (5.10)

by use of (5.6) and the relation r = ) jv,.
This series is absolutely convergent and sums up to

BBim+ | u)

lpA(wm: l/'m)l < IZ I [IZ' €

X exp{ Z (lz!/fﬂ)} (5.11)
< 1. Similarly, from (5.3) we get
) < e {) £ E1EYY,

which shows that Z, is an analytic function of 2
for || < ¢7%".

provided |z] ¢**

(5.12)

8 For instance, H. Boérner, Darstellungen von Gruppen
(Springer-Verlag, Berlin, 1955), p. 28.
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By analogy with the MB case we define E as the
vector space of sequences of Wiener measurable
essentially bounded functionals of m trajectories ™
of respective lengths (u™ + 1)8. Let ¢ = o™, u™);
m=1 < ju =01, - . We define E; as the
subspace of those ¢ for which

1
lell: = SUp i

X [ess. sup. |p(e™, ¥™]] < 4. (5.13)

E, is a Banach space with (5.13) as definition of the
norm, (5.11) shows that py = {ps{0”, #™)} belongs

to E; for
ls] € < min (¢, 1) (5.14)
with norm
) ﬂB
loalle < 7 owp {2 % {RT)

In view of (5.14) we suppose in the following that
t < 1. Finally, for p, € E; the series (5.4) is ab-
solutely convergent. In fact:

‘PA(mmy ym)l
llpalle ml g™ H, Z”JM T 1)”/2} (5.16)
< loalle m! [1 ik“fm]’“ (3.17)

which converges absolutely for £ < 1.

Remark: The preceding quantities are easily
computed for free particles (& = 0). = I8 + for
Bose statistics and — for Fermi statistics. Then

where a; = [ Pl (dw) du a,..(w) Careless replacement
of a; by V/\'3"? gives the well-known result’

(5.18)

1 1S i 2
ylogZs = 2 (&) ji (5.19)
Furthermore:
palw™, p™) = 2"t (5.20)
ea@™, Y™ = ; (:E)n I:-Il palTi, Yun), (5.21)

where

pae 1) = X 7 [ P,

¢ For instance, K. Huang, Staiistical Meckamcs (Jobhn
Wiley & Sons, Inc., New York, 1963).

5.22)
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This expression makes sense for A infinite.

}:(i)‘- v 2 1 [~1‘i’—f—ﬂf]- (.23)

v/2 )\, 36
In particular, for z = y, one gets the well-known
result’®:

p(z, ?/)

(5.24)

P(x; x) = fo

1 < iy 2
R
6. INTEGRAL EQUATIONS FOR THE g;(w™, w*).

We first show that g, («”, &™) as defined by (5.8}
satisfy integral equations similar to those obtained
in Sec. 3. (5.8) can be written as

[ m+|u|+r

pale™, u™) = ZLA exp [~ Fy@”, u™)] 2 °

r=0

X [ T w dat”, @) exp [~ UG, 4™, @)

X exp {—-_[: i Z Pl (t + 8) — @] di} 6.1

i=0 k=}
where ™', 4" is obtained from ™, ™ by removing
wy, 3, and where
Fiw™, u7)
]
=, n(;( Bl (t + §8) ~— wi(t + kB)] di
+ [ 53 S+ i —w+ioa
(6.2

For a given v, the & are distributed in elosed loops
¢ corresponding to the cyeles € of v. Let

fe) = exp{-—j:g

E 2 Bt + 78

— ()] dt}-—— 1 (6.3

(i.e., we colleet in f(¢) the interactions between w,
and ¢). The last factor in (6.1) is then

_g [fe) + 1] = 7}‘;7 Ko, 1, 7, {6.4)
where
Ko, m, v) = ;g 1(©) (6.5)

is one term in the expansion of the produet in the
left-hand side of (6.4), Here, the eycles of v have
been split into two families; the product of the
cycles in each of them define two classes v and
v of permutations of r' and r variables respec-
tively; one has v = ¥’y and r = " + 7" and the
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sum in (6.4) runs over all possible ¥ obtained in
this way. It is easily seen that the same v’ is obtained
in (I]; €7}") ways, that dy = dv dy” and that

W TL ey

~ Substituting the preceding expressions into (6.1)
gives

rl oot
= i hy‘}%y“‘ (8.5}

T

" ' 1 ” ”
pale”, @) = 7. ¢ e [—Fi™, u™)]

@ r zm-1+jy’l+r’+r" ,
X Z E T f E By dy' Koy, 1, v')
gy G rod '
X [ S h e, &) exp [~ UG, 4, &
2
6.7)

where |u’| = |u| — w,. The sum over ', ¥ can be
performed, due to uniform absolute convergence
resulting from the preceding bounds, and introduces
again p, in the right-hand side. We drop the prime
on v, + and obtain

PA(WM7 f-‘m)
e | v
= )™ ep R, 6 5 [ Tk
r=g T2 ¥

X K(wh By V)Pz\(mﬂ‘d; ﬂm-iz ’Y) for m>1 {68)

and similarly

1+py

palen, py) = axlwn)2 exp [~ Fi(w:, #1)]

[1 + Z f Ed?k K{“’:;F:;’Y}ﬁa{’}')] , (6.9)

w1 T

where the argument v in p, represent the family
of closed loops ¢ associated with the eycles ¢ of the
class of permutations v. In (6.8), as(w,) can be
replaced by o, («™)

From now on, we restrict ourselves to purely
repulsive potentials [Condition (d)]. Equations (6.8)
and (6.9) can be written as

ps = A (f + Kpa), (6.10)

where p, & ¥ is defined in Seec. 5. { is the vector
in E defined by

{ (w” I«h) = gitig —Fy{wy.)
™, w™) =0 for m>1;

¢ belongs to E; for 2] < ¢ and [[¢]l: < 1; 44 is
the linear operator defined by

(6.11)

(6.12)

and is a norm decreasing operator of each E; into

AA‘P(‘*-’mz a”‘m) = a.‘\(wm)‘ﬁ(wm: “m)

JEAN GINIBRE

itself. K is the linear operator in ¥ defined by
Ko(w", u™) = 2 exp [—F:(", &™)

2L DI04 L)

X ™™, 1" y) for m > 1, {6.13)
Ko(wy, w) = 2" exp [—File, m)]
X 25 [ S W v w, o). 619

We next show that K is a bounded operator of
E, into itself. In fact, let ¢ & Z,.

| Keplw™, pm)[ < {z{““‘[exp (—F) ”gﬁ”e Em——1+lu':
x 38 [ T w lal Ko ).

ruf f ¥
Let v = {v,}, let ¢; be a loop of length j, and de;

be defined in an obvious way and such that |dy| =
II: (de;)™+. (6.5) can be written as

6.15)

K{w, g1, ) = 1:1 el . (6.16)
Then
[Ke(w™, n"‘)i < izi”’“ HsaHzE”””
< BP lelle g e (2 b ) . 619

provided b; = sup,,, [ dec; |f(e;)]| be finite and such
that the series in the exponent be absolutely con-
vergent. We prove in Appendix 2 that under Condi-
tions (a)—(d"),

1 .
bi < 5 Bl + 1) [1e@l @ 619
Therefore
[Ke(w™, u")]
< {lel exp D@, &g HsoHe, (6.20)
where
pe.o = Lo olas T 5 62

<texp[-D(5,8)]

K isabounded operator in 2, for |2|
with norm
K]l <

Py e DB, Y =k (622

Let

A={z:l] <texp[-D@B L. (623
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For any z € A, (6.10) has a unique solution in E;.
¢ and K being entire functions of z, this solution
is analytic for z & A. Moreover

”PA”E <{1- k)—l-

The same argument as in the MB case shows that
4 as defined by (5.8) and by (6.10) coincide through-
out A, and that Z, has no zeros in A. Substituting
in (5.4) the solution of (6.10) shows that ps(z™, ¥™)
is an analytic function of z in A with values in the
space of bounded operators on L?(A™). Furthermore

loae™ y™l: < (1 — B)'m! "1 — &7

(6.24)

7. LIMIT OF INFINITE VOLUME
(QUANTUM STATISTICS)

The argument is the same as in the MB case and
we give only the modifications needed in the proof.
The first problem is to find an upper bound for

HARK Anesr — AgKAgolls.
Let @ E EE'
[((ArKAgss: — ArKAgsa)o™, u7)|

< 7 floflegmm !

X exp(}:b £) ;57 (&Y
where Ab; is obtained from b; by restriction of the
integration to the loops which have points outside
Ag .3, w, being entirely contained in Az. It is shown
in Appendix 2 that

EAb <(m+1)ﬂ{f

lz1>8/2

[®(z)] dx Z ;/2

which tends to zero as § tends to infinity. Therefore
||ArKAges — ArKAr.s|ls
< ¢/0{E — 2| exp [D(B, E)]}—‘(ﬂ/X')

X {flzba/ @) do Z i

+ [ @l as 3 5 s, )} = 106,8), @3

where 7(8, R) has the same properties as in the
MB case. Lemma 1 and its proof then hold without
change.

Lemma 2 holds without change, the proof being
modified as follows. From (5.4) we obtain
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lorss@™, y™) — o(z™, y™)|
< m! sup f Pioia(da™)
™, ymED™ p"‘-O
X lorsslw™, p™) — pw™, u™)|. (7.4)

The contributions of the trajectories of classes
(a) and (8) are bounded respectively by

m! (3, R)[% )3 ]f;:lm @.5)
and
w2 il 3 D52
[ L5 n)] o

The series in the last factor converges uniformly in
r and — 0 as r — . The result follows as in the
MB case.

Theorem 1 holds with the following change in
the proof. The contribution of the region =™ & AR
is bounded by

2 [[olle mT*V*" [le]}” dz”

zmEA,™

sup

y™,y'mED™

X [Z g P M)]

pm=0

X mz-:0 Em+lu|Pn"'+1m(dwm):| | )
< 2 [folle mIPVE" [le]]? m(l — g~
[1 & &
X _% %/2] [Z Ealr, Jﬁ)] (7.8)

The last series is uniformly convergent with respect
to r and tends to zero as r tends to infinity. Therefore
the bound (7.8) tends to zero as r tends to infinity
for fixed ¢.

The theorem follows as in the MB case. Theorem 2
and the convergence of the virial expansion hold
without modification. In the proof, the basic in-
equality (4.23) is to be replaced by

—2 1
1 —Fky

X f:f, (1- (}%) 7.9)

10g Zres — po| < 61(5)‘R) -+

1
sz+.s

and (3, R) is easily seen to tend to zero as & tends
to infinity for fixed §/R, as in the MB case.
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8. CONCLUSION.

The main results of our investigation are the
following.

(1) The m-particle reduced density matrices, for
quantum gases obeying MB (or quantum) statistics,
for finite volume p, (2™, ¥™) and for infinite volume
p{z™, ¥") are analyti¢ functions of the activity in
a domain A defined by (3.18) [or (6.23)] with values
in the space of bounded operators on L*[(R”")"].

(2) p@E™, y™) is the limit of p,(z", ¥™) as A
becomes infinite in the sense of Lemmas 1 and 2
and Theorem 1 of Sec. 4.

(3) The pressure can be continued as an analytic
function of z in A and the virial expansion converges
in a neighborhood of the origin.

The two-body potential ® is supposed to satisfy
Conditions (a) — (d) in all cases. In addition, in the
case of quantum statistics, we had to impose the
very restrictive condition that & be > 0, ie,
purely repulsive, [this is needed to ensure the
convergence of (6.18) for every u, when b, is replaced
by the bound (A2.10)] and our next task will be
to get rid of it.
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APPENDIX 1

Conditional Wiener Measure
We follow closely Ref. 4 (referred to as N). We
call z, ¥, u, v points in [-dimensional Euclidian
space R’. Let
Yoz — o) = (=8)" exp [~ (& — 4)"/B)
(in N’s notations, we have taken 4D = 1).
A trajectory « is a function from the closed

interval [0, 8] into the one point compactification '
of R*. The trajectories form a space

(A1.1)

o= [ #
0ge<P
which is compaect for the topology of pointwise

convergence.
The conditional Wiener measure is defined on the
continuous functionals of the type f(w) = Flw(i),
-, w(t.)], where 0 < ¢, < -+ <1, <5, égmd where
F is a continuous function of n points of E', by

Pul) = [ 0o — D@ — ) -

X lpB—c,.(y - xn) dxl e dan(xh e (A]--z)

) T
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and extended to the class €{Q} of continuous fune-
tions on £ as in N. There exists then a regular
measure also denoted P,, such that for all f € e(Q),

Po(f) = | P.y(dw) ().

Continuity of the Trajectories

Let
o(e, §) = sup .z — y) dy (A1.3)
t<$§ fr—zi>e
= _9712 f e u'™ du, (A1.4)
w u>e/(8)

where Q; is the area of the unit sphere in I-dimen-
sional space. o(¢, 8) is a function of ¢*/5 and — 0
faster than any power of ¢*/8 as /6 — . We now
prove

Theorem 1: The measure P,, is concentrated on
the w continuous from [0, 8] to R".

The proof is the same as in N, and we give only
the minor modifications needed.

Lemmas 1, 2, 3 hold with the following two
changes, The sets A, B, C, D are defined with the
additional restriction that all the values of ¢ involved
belong to the closed interval [0, v] where v is fixed,
0 < 4 < B. The conditional measure of these sets
involves an extra factor ¥, (y — u) where 0 < ¢ < v;
this factor is bounded by [x(8 — )™~

Therefore we get the following result, correspond-
ing in N to

Lemma 3: Let 0 < a <b < v, withd —a < 3.
Let E{a, b, ¢) = {w : |o{t) — w{(s)] > 2e for some ¢
and s in [a, b]}. Then

Pa:u[E(aJ b: 5)] < 2{7"(18 - ’}’)}—:ﬂ‘r{%er 5)'

We suppose to avoid minor complications that v/&
is an integer. Then we have

Lemma 4: Let
Fly, e, 8) = {o:]w(t) — wls)] > ¢
for some t and s in [0, v] with | — s| < &}.
Then

P.[Fly, ¢, 8)] < @v/8)x@B — 7)) al}e, 9).
Same proof as in N.

The measure P, is unchanged by exchange of
z and y and reversing the sense of the trajectories.
Therefore, v being any fixed number in [0, ¥],
we have
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Lemma 5: Let
Gl e, 8) = {w: () — w(®)] > €
for some ¢ and s in [y/, 8] with |t — s| < &}.
Then
PIGW, ¢ 8] < [2(8 — 7))/ 8l(xy') olie, ).
Now let
K'(e, 8) = F(y, ¢, 8 \J G(v', ¢, §)
or equivalently
K'(e, 8 = {w: |o{t) — w(s)] > ¢ forsome ¢
andsin [0, 8] with |t —s| < 8} (A1.5)
Then
P.[K'(e, 0)]
35 Negam bl o
Taking v = ¥ = 8/2, we get
Lemma 6:
P K'(e, ] < A7T'(B/d)o(le, ) (ALT)

with A = (I8)} and ¢ = 2"**".

We now prove Theorem 1. Let S be the set of all
continuous trajectories w. Then

S = m UK{G) 5)
e 8
or
5= UMNKE 9
€ 3
(where for any X C @, X' means the complement
of X). Therefore P,,(8') = 0, by Lemma 6.

It can be proved in a similar way that P,, is
concentrated on the subset of § consisting of those
w’s for which «(0) = z and «(8) = y.

Exclusion of a Set of Capacity 0.

The (Newtonian) capacity is defined in Ref. 10.
We have the following theorem

Theorem 2: Let F be a closed subset of R’ of
capacity 0, and let x & F, y & F. Then

P, (lw:w(f) EF forsome (€& [0,8]}) =0.

This is the analogue of Theorem 5 in N and is
easily deduced from it. In fact, define, for each
pair v, v::0 < 71 < v, < B

10 H. Cartan, Bull. Soc. Math. France 73, 74 (1945).
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H(yi, v2) = {w :w(t) € F for some
Let 0 < ¥ < v < B. Then

HQ©, ) C HO,v) Y HYY', B).

t € [y, 72}

Therefore

P,,[H(O, 6)] < va{H(O) 'Y)] + sz{H('Y’; 6)]

< W f P.[H(0,v)] du

+ s | Pl 6 do

= 0 by application of Theorem 5 in N.

Restrictions on the Volume

We have to consider physical systems for which
the position 2 is confined to an open (connected)
subset A of R’, and restrict the integration to
trajectories which stay in A. Let:

A, = {ora(t) € A}
QA= m A,
0<Li<8
SA=QA{'\S.

We next prove
Lemma 7: 8, is measurable.

S’ is measurable (with measure 0), therefore S is
measurable. A, is open in Q, therefore measurable.
Let © be a dense denumerable subset of [0, 8l
Then, due to continuity,
SA—(n AN S =(NYA)NS.
tED

8, is a denumerable intersection of measurable sets,
therefore measurable.

Functional Integral Representation of
exp[—§H]

(H will be the Hamiltonian for the Schrédinger
equation in ! dimensions with potential U.) Let U(x)
be a real function, bounded from below by —M,
and continuous in a bounded open connected region
A, except possibly on a closed set F of capacity zero.
Let a, (w) be the characteristic function of 8,. Let

f@) = exp {— f V2] dt}- (A1.8)

Then:

Lemma 8: f(w) is integrable with respect to P,,(dw),
forz € A,y € A

The proof is the same as in N. The sequence of
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integrable functionals

fulw) = exp {—S > U[‘”(” S)]}

converges almost everywhere to f(w) and is bounded
by the integrable constant functional ¢**. Therefore,
by Lebesgue’s bounded convergence theorem'' f(w)
is integrable and

[ 10P.de) < 4@ — 9).

Lemma 9: [ P,, (dw) f(0) as(w) is a continuous
function of (z, y) forzandy E A — F.

We first prove the continuity with respect to y.
Lety EA—F, 4y EA—TF, |y —y| = 2 Let
% be the sphere of radius » 4+ ¢ with center at
1(y + y). e and r are taken small enough so that
S CA—F.Let

f,() = exp {— [ vtwto dt} (A1.9)

[f2lw) — C| < n for o C Z,

where C = exp [—yU(y)]. U is continuous at y, there-
fore n can be made arbitrarily small by taking e and
r small enough.

Let x(w) be the characteristic function of K(r, v)
defined in Appendix 1 as the complement of K'(r, v)
(AL1.5). Let:

0@) = [ P @ @on@).  (AL10)
(The subscript 8 — v is the length of the ¢ interval.)

We have
gu) < e "My —u).  (ALI1D)

Then

[ st — Pty

= |f o au [ Pr@) — L@ s
< [ o) auC 9w = 1) = ¥, — )

+ [ g au [ (PLde) + P
X (@) + ¢ [1 = x(@or(@) + €[ = ea(@)])

< M2/ — O [ duly @ — 3)

11 P, R. Halmos, Measure Theory (D. Van Nostrand
Company, Inc., New York, 1950).
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+ ¢, (u — y)] [2u — y — V|
+ 9l¥slz — y) + el — y)] + 4clay) e r, v)}

by Lemma 6. This can be made arbitrarily small
by choosing successively 7 (i.e., r + ¢), v, and e

It is then straightforward to extend the preceding
argument to a proof of the simultaneous continuity
in (z, y).

We next define for any ¢ & L*(A)

Tole) = [ Pode)f@es(elo) dy.  (AL12)

Ts has the following properties [see N, and also
Ref. 12]: T; is a bounded operator in L*(A), with
ITel] < & ToTs = Topy (@ >0, 8 > 0);
limg, Tsp = ¢ for all ¢ € L*(A).

Therefore, T} is a strongly continuous semigroup.’®
Furthermore, Ty is self-adjoint for any 8 > 0. It
then follows'® that there exists a self-adjoint operator
H defined by

H = —lim 1/8Ts — 1) (A1.13)
£-0

(the limit being in the sense of the strong operator

topology), such that T5 = e . It is easily seen,

as in N, that for any ¢ € L°(A) which is twice

continuously differentiable and has compact support,

Hp = (=14 + Up. (Al1.14)

Therefore, H is a self-adjoint extension of the

symmetric operator —1A -+ U, and can be taken

as the Hamiltonian of a particle in [-dimensional

space, with mass m = 2 and potential energy U.
APPENDIX 2

Here we prove the various bounds used in the text.

Bound for
0®) = sw [ f@Pua e (a21)
where
8
f(@) = |exp [—‘/; &(w(t) — o(8) dt] — 1] (A2.2)

& is bounded from below by 2B. Therefore

8
1@ < e [ 130 — a@l . (12.3)

Let & be the trajectory obtained from & by applying
the translation —u. We use the notation: & = & =+ u.
Then:

12 B, Nelson, Coll. Intern. CNRS 117, Paris, 1962,
13 F. Riesz and B. Sz.-Nagy, Functional Analysis (Fredrick
Ungar Publishing Company, New York, 1955).
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C@) < sup e [ Puntds') du

£
X fo D) — &'()) — )| dt.  (A2.4)

By the Fubini theorem, we can perform successively
the integrations on u, on ¢t and on &'. All three
are trivial and we get

cE <€), (A2.5)

where

0@ = 56 [ la@la @26

In (A2.3), one can replace ¢**2 by ¢**°~'/28B. One
gets then the slightly better bound

e 11
5B ;\:f ]‘I’l dz.

The improvement in the subsequent applications is
negligible,

c® < (A2.7)

Upper Bound for b, (Sec. 6)

The same argument applied to b; gives a bound
which is obtained from C(8) by replacing 8 by j8
and & by (u; -+ 1)®. Therefore

by < T8I + )
X exp 2iGu + D88] [ le@lds  (A28)

which under Condition (d), i.e., B = 0, reduces
to (6.19).
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Upper Bound for C, ,(8) as Defined by (4-6)
and the Subsequent Restrictions

The domain of the & integration is split into two
parts. ;

{1) The & which stay entirely outside Az, The
same argument as above shows that they contribute
a term bounded by

2778 sup
#EAR VEEARLY/

g ;\-viggmﬂs ‘/'

1z1>872

[#(x — D)| dz

|8()| de.  (A2.9)

(2) The & which have points inside Agpisn.
We replace this restriction by the weaker one:
& € K'(8/2, B) (AL.5). The contribution of these
trajectories is bounded by

Bet® f lo(z)] dx L e Poy(dd) (A2.10)

< 87 [ 6@ date/N)o(a/8, . (A21)
Therefore,

| -
Con®) < 3 pe** { f, oo [6(z)] dz

+ f l6()| dzea(3/8, B)}- (A2.12)

Upper Bound for >, Ab; %t
1

The same method as above leads immediately to
the bound (7.2). From ¢(8/8, j8) < 1, it follows
that the last series converges uniformly with respect
to r. The right-hand side of (7.2} tends to zero as
8 tends to infinity.
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The reduced density matrices of quantum gases are studied by means of a Wiener integral repre-
sentation described in a previous paper. They are shown to satisfy a eluster property in the form
of an absolute integrability condition of the natural quantum analogues of the Ursell functions,
considered as functions of the differences of their arguments. Use is made of the natural transposition
to the quantum case of the algebraic formalism introduced by Ruelle in the classical cage. By-products
are two results on the signs of the coefficients of the Mayer expansion, in the case of Maxwell-Boltz-

mann and Fermi-Dirac statistics, respectively.

INTRODUCTION

N a previous paper, (Ref. 1, hereafter referred to
as I), the reduced density matrices (RDM) for
quantum gases have been studied by use of func-
tional integral representation and Banach-space
methods. Under suitable restrictions on the inter-
action, they have been shown to be analytic fune-
tions of the activity 2 in a neighborhood of the origin,
and to tend to limits in some sense as the volume
becomes infinite. The purpose of the present paper
is mainly to prove for these RDM a cluster de-
composition property (CP) similar to that obtained
by Ruelle (Ref. 2, hereafter referred to as R) for
the correlation functions of classical gases. By-
produets will be bounds on the RDM, more precise
than those given in I and two results on the signs
of the coefficients of the Mayer expansion of the
density (or pressure) as a function of 2, valid for
purely repulsive interactions, in the case of Maxwell—
Boltzmann (MB) and Fermi-Dirac statistics respec-
tively, and similar to that obtained by Groeneveld®
for classical gases. We shall make use of an algebraic
formalism introduced by Ruelle** for the classical
problem, and which can be adapted easily to the
quantum-mechanical problem.

As in I, we consider successively MB statistics
(Secs. 1-2) and quantum statistics (QS) (Secs. 34).
The algebraic formalism in the MB case is briefly
reviewed in Seec. 1. Easy consequences are the non-
integrated form of the Kirkwood-Salzburg (K8) and
Mayer—Montroll {(MM) equations, as well as the
property of the Mayer expansion mentioned above.
In Sec. 2, we obtain various bounds for the RDM

* Permanent address: Laboratoire de Physique Théorique
et Hautes Energies, Orsay, Seine et Oise, France.

1 J. Ginibre, J. Math, Phys. 6, 238 (1965).

2 D. Ruelle, Rev. Mod. Phys. 36, 580 (1964).

3 J. Groeneveld, Phys. Letters 3, 50 (1962)."

4 D. Ruelle, Lecture notes of the Theoretical Physics
Institute, University of Colorado, Summer 1963.

and we prove the CP. Sections 3 and 4 deal with
the QS case and treat the same points in the same
order.

It should be noted that the interaction is supposed
to satisfy the restrictive conditions of I. In particular,
we had to exclude hard cores, as well as attractive
interactions in the QS case. It will be shown else-
where than most of the results of the present paper
remain true in these more general situations.

1. ALGEBRAIC PRELIMINARIES IN THE MB CASE

We follow closely R. The notations are those of
I when not otherwise stated. The word “measurable”
without further specification refers to the conditional
Wiener measure P,m ,»(do™) with arbitrary z”,
y" € (R")” (see I). We note X, Y, ---, ete. finite
sequences of »-dimensional trajectories. In particular,
in Sees. 1-2, X means always (0”) = (0w, ++ -, 0,).
Let E be the complex vector space of sequences of
essentially bounded measurable functionals of m
trajectories A = [h(«™), m = 0, 1, 2, ---] such that
[ Ponyn (d™h(w™) be Lebesgue-measurable func-
tions of (z”, ¥™), and E* the subspace of those h
for which A, = 0. We define a product in E by
(hy, hy) = h = hy * h,

MX) = Y;X hy(Y)heo(X — Y). (1.1
The summation extends over all subsequences ¥
of X. The trajectories are in the same order in ¥
and X — Y as they were in X. F then becomes a
commutative algebra with unity 1. We define a
mapping T of B into 1 + E* as the * exponential

O R R S e

I maps E onto I 4+ E” and has a unique inverse
r'. We now define a linear mapping J of E into
the vector space F of sequences of Lebesgue measur-

+ .. 12
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able functions .of m pairs of points (z;, y,~)_ in R’
G=1,+---,mym=0,1,2, ---Ybyh—h = Jh

ho = o (1.3)

A", ¥ = [ Punelda™h™) m > 0.

We define a product % in £ and a mapping T' from
E* to 1 + E* as the ¥ exponential, in the same
way as * and T were defined, the only difference
being the replacement of each trajectory w; by a
pair of points (z;, ;) (which can be thought of as
the ends of a trajectory). Then the diagram in Fig. 1
is commutative. The interest of this trivial construc-
tion lies in the fact that it has a less trivial analogue
in the QS case.

We next define derivations in E as in the classical
case® by

D u™) = hlw, wy, -+, @.); (1.4)
Dxh = D, D,, --- D,.h. 1.5)
D, is linear and satisfies
D, (hy * hy) = (D hy) * by + hy * (D hy) (1.6)
and
D, (h)=D*Th for hEE*. .7

Now let a(w) be a measurable function of one
trajectory, such that

[Pu@ g @] < += @)

and let a be the sequence of functions [a(w™),
m=0,1,2, -] defined by

a =1, alw™) = ;[':Il alw;). (1.9

To any h & E we associate the following formal
series in 2z

(o2, Y = iﬂ—j—, f P nde”) draleh).  (1.10)

Then

Lemma: h — {az, h) is a homomorphism of the
algebra E into the algebra of formal series in 2.

The proof is the same as in R.
Now let U = (U, (o™), m = 0,1,2, -+:) be a
sequence of real measurable functions, satisfying

U[) = 0
U.(e™) > —m@BB, (1.11)
where B is a constant (real > 0), and let f € FE be
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T
Eft—E
s
_ o
Ef—E
Fig. 1
defined by
f@") = exp [ Un(")]. (1.12)

We are considering here a system of identical
particles and U, (w™) represents the interaction be-
tween m particles. Its meaning will become clear
later on, when we write its explicit expression under
the restriction to two-body forces only, but at the
present stage we need only the properties stated
above.

Let A be a bounded open region (in which the
system is supposed to be enclosed) and let oy (w)
be the characteristic function of the set of the con-
tinuous trajectories which stay in A. Then the
grand partition function of the system (GPF) is
defined by

Z = {oyz, f). (1.13)

It follows from (1.11) that Z is an entire function
of z with Z(0) = 1. Its logarithm is therefore
holomorphic in a neighborhood of the origin, and

Z = exp (a2, g), (1.14)
where

g = I''f. (1.15)

The R]}M are defined as the components of 5, =
Jps € E¥, where py = (0, (™), m = 1,2, ---YEE*
is defined by

pro =0, pale™) = @@ (m>0) (1.16)
Vo =1, ¥ =% (@, D) (m > 0). (117

These definitions are identical with [I: Eqs. v(2.8),
2.9].
We define now ¢x € E, x4, and ¢, € E* by

¢x = [ * Dyf, (1.18)
1 4 py = Txa, (1.19)
¥a = Tos. (1.20)
Then
¥a(X) = (a2, éx), (1.21)
xa(X) = an(X)2"04(X), (1.22)
ea(X) = {aaz, Dxg), (1.23)
%o = D,g. (1.24)

The proof is the same as in R.
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We define also x4 = Jxa, which satisfies
(1.25)

We now restrict ourselves to systems of particles
interacting through a two-body potential ¢ satisfying
Conditions (a) — (d) of 1. Then U becomes

U™ =

15i<r<m f dlw(t) — o, (D] dt.

From (1.18) and (1.26) one gets easily the non-
integrated form of the KS equations

Ar = Trs.

(1.26)

¢x(Y) = exp [—F.(X)]
X sz; K(wi, 8)¢xr+s(Y — 8), 1.27)

where X' is obtained from X = (v™) by removing w;.
X' + S is the sequence consisting of the elements
of X' and those of S, without changing the order.

m g
F(x) = X [ olon() — w1 dt  (1.28)
K(, 5)

-1 {exp [— f ’ blonlt) — w(®)] df] — 1} (1.29)

The proof is the same as in R.
Similarly, we obtain the nonintegrated form of
the Mayer-Montroll equations®

éx(Y) = exp [~ U.(X)]
X Y KX, 8)as(Y — 8),

Scy

-1 (exp{ f olos()
— w(®)] dt} - 1). (1.31)

(1.30)
where

KX, S

We conclude this section with a theorem on the
signs of the coefficients of the Mayer expansion for
purely repulsive potentials. We first prove

Lemma: Let Y = o" and let ¢ > 0. Then ¢x(Y)
has the sign of (—)".

This follows from (1.27) by induction on m +- n:

form +n = leitherm = 1,72 =0,50) =1
orm = 0,n =1, (1) = 0. K(w,, S) has the sign
of (=) (S = ") for ¢ > 0, whence the result.

We now prove

Theorem: In the expansion of p, (™) and g1 (z™, y¥™)
in power series of 2, the coefficient of 2™"™ has the
sign of (—)" The result holds both for finite and

8§ J. E. Mayer and E. Montroll, J. Chem. Phys. 9, 2 (1941).
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infinite volume. In particular, in the Mayer expan-
sion of the dens1ty as a power series of z, the co-
efficient of 2’ has the sign of (—)'*".

This follows immediately from (1.16), (1.17), and
(1.21), and the preceding lemma.
2. BOUNDS ON THE RDM AND CP IN THE MB CASE

The two-body potential ¢ is supposed to satisfy
conditions (a) — (d) of I. We first obtain by induec-
tion on m -+ = the following inequality

[ 16| Prntde) dy < Buwy 2.1)
where
R, = nl 1 /R (m > 1), 2.2)
Ri. = nle *5.1/R", 2.3)
B = ¢ exp [-28B — {C(8)]. 249

¢is real > 0. The best possible value is £ = [C'(8)]™
1 gm
c@) = %6 [ fol do

appears as an upper bound [I: (A2.6)] for sup,,
[ P,(dw) dy |K(w,, »)| and A = (xB)} is the thermal
wavelength. The proof is the same as in R.

A more careful majorization® enables us to replace
R,.. by the better bounds P,,,

P,. = m(m -+ n)*!
X exp [2(m + n — 1)BB][CB)]"(m > 1), 2.5)
= (n + 1" exp [2(n — 1)BBICET". 2.6)

Comparison of (2.1) with (1.16), (1.21) shows that
for |¢] < R the power series for ¢, and p,, as well
as the corresponding series for infinite volume, ob-
tained by replacing a, by 1:

W = 5 [ Pr@nae) ar - @)
po =0 2.8)
pX) =Z"YX) (m>0) (2.9

are uniformly convergent and bounded by
WX < ¢7/R"HA — LI/BYT,  (2.10)
160! < (2l/Ol/R)" A — [l/R). (2.1D)

This bound is better than that given in I (¢f. I: 8.19)
by a factor (J2|/R)™". It has been shown in I that
when A becomes infinite the functions p,(»™) tend

¢ 0. Penrose, J. Math. Phys. 4, 1312 (1963).



REDUCED DENSITY MATRICES OF QUANTUM GASES. II

to limits uniformly for |z < R’ < R. Therefore the
coeflicients

L@ [ Pl ay  @12)
tend to the coefficients of the expansion of these
limits in powers of z. Therefore these limits coincide
with the p(w™) defined by (2.9).

In the case of purely repulsive potentials (¢ > 0)
one can get more precise bounds from the MM
equations (1.30). We shall obtain by induction on
m —+ n:

f 6x(0™)| Pyrya(de”) dy* < Riuw exp [—Un(X)] (2.13)

Comparing with (1.30) gives the sufficient condition:

Rl 2 3 OB [mCEF (@14
due to a
fP,,,,(dw) |K(X, w)| dy < mCB).  (2.15)
(2.14) has the solution, for any £ > 0
R =nlE"exp(m +n — DCE)].  (2.16)

This is the value taken by R,,, for B = 0. A more
careful majorization® enables us to replace R’,
by P;.,

P, = m(m + n)" " [C@)]". 2.17)

For purely repulsive potentials and physical, ie.,
real positive values of 2z, we can obtain better
bounds on p, directly.® From the definitions (1.16),
(1.17), and the inequality

exp [~ Unsnlw™™")]

< exp [~ Un")] exp [-U."M)],  (2.18)
we obtain immediately
pa(w™) < 2" exp [—Unw")]. 2.19)

From the various bounds on p, and the relation
Ba = Jpa, one obtains easily corresponding bounds
for the RDM themselves.

We now prove a CP for 5(z™, y™), 1.e., a property
of decrease at infinity of x(z”, y™) defined by

1 4+ p = Tx. We define x and ¢ in the same way
as Xa, ¢a by

1+ p =Ty, (2.20)

x(X) = 2"e(X), (2.21)

‘p(X) = z-%i’—!‘ f P,,n,,n(dw")ng(w") dy". (2.22)
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We first obtain by induction on m - n the following
inequality

[ 1626 P vl dy < Rundh™5(a),  (2.23)
where R,., is defined by (2.2), (2.3), and

(2.24)

va(a") = IiI —1- exp [—--:;—2]

FETIDN

We have used the following bound, which follows
immediately from I: (A2.3)

Sup [ Py ) dy 1K Gor, )]

< vo(@Be” [ 18] dz = N ¥(@)C(B).

The proof is the same as that of (2.1). From (2.22)
we get .

(2.25)

f l‘P("’m)l Pz’"",(z+a)"“l(d€0m’l) dz™ !

S E J:L_'!fpziu’:_(zq,a)m-x(dwm—l) dxm-l

n=0

X Pyaya(de”) [Dxg(w”)]-
Now
ng(w”) = Dwg(w"-l) w") = ﬁzﬂ(“’"—l) wn)'

Therefore

(2.26)

(2.27)

@

2| »im= -
< TR ey

n=0

S Zeo: J,;z’:l': (m +n _ 1)' 6-2.88 )\v(m—l)‘pﬂ(am—l)

n=0

Rm-l-n—l

< (m=1)e™ R~/ (U~ ol /B)"IN " p(a™ ).
(2.28)

Integrating over the last trajectory and comparing
with (2.21) we obtain finally

[ e, 2™ + @l ™ < el m — 11

X R0 /(1L — el /R P guan),  (2.29)

which means that x(z™, ¥™) is an integrable function
of the “distances” between the pairs of variables
(z;, ;) and has an exponential decrease as a function
of the distances of the two points of each pair.

A weaker form of the CP is obtained by integrating
over a”,

f [%@=z™, y™)| dz™ dy™ "t < &|™ (m — I

X [RTTV/(L — RI/BYIVCTY (2.30)



256

and will be shown in Sec. 4 to have an analogue
in the QS case.

3. ALGEBRAIC PRELIMINARIES IN THE QS CASE

We now develop the corresponding algebra in the
QS case. The variables are now trajectories « of
length (defined as the length of the ¢ interval jg,
j integer > 1.) Finite sequences of such trajectories
are noted X, Y, ---, ete., or («”, j7), by which is
meant that the trajectory w; has the length j.8
=1, ---,m).

Let A, be the complex vector space of sequences
of essentially bounded measurable functionals of m
trajectories h=[A{w"™, j™), .=1,2, --- ;m=0,1, ---]
such that [ Pi. . (de™) h(e”™, §*) be Lebesgue
measurable functions of (z™, y™). For m = 0, there
is only one component, which is a complex number A,.
Let A} be the subspace of these & for which A, = 0.
We define a product = in A, by (hy, he) = h = hy x ke

hX) = 2 h(Dh(X — T). (3.1)

E then becomes a commutative aigebra with unity 1.
We define a mapping I' as the = exponential. T' maps
At onto 1 + A} and has a unique inverse I

The subset of those &1 & A, the components of
which are totally symmetric with respeet to their
arguments is a subalgebra ACA, From now on,
we consider only 4.

The order of the trajectories in the sequences X
being now immaterial, the variables j° can be de-
scribed by a partition of m into integers v, such
that Z v; = m, j entering ; times in j~. These
¥ = (v;) can be conveniently thought of as classes
of permutations of |y] = 2 jy,; variables consisting
of v; cycles of jelements (=1, 2, - - -) (see [—Sec. 5).
From now on, we use systematically the following
notations:

X=uw" =", Zvi=m, W =2 =q

Y=o =(@", ) 28 =n, [§ = Zj8 =r.

v ="+ 7" means: v, =v; + v’ forall j.
v’ < ymeans: v} <v; forall j.

If ¥ < v, v — + is the partition v defined by
v = y; — v/ for all j. Now let E be the complex
vector space of sequences of Lebesgue measurable
functions of m pairs of points (z;, ;) € R’, j =
1, .-+ ,m;m = 0, 1, --- , which are totally e
symmetric (symmetric for ¢ = -1, antisymmetric
for ¢ = —1) with respect to the variables z and y
separately. It is natural” to define a product in ¥ by

7 T. D. Lee and C. N. Yang, Phys. Rev. 113, 1165 (1959).
S. Weinberg, Phys. Rev. 133, B232 (1964).
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}‘Ll,};z—)h— = };{1;};2
E(X) = Z es-hl(S)hz(X - S),

(3.2)

where X = (=™, y™).

S = (z°, y°) is obtained by selecting independently
s variables x out of m, and s variables y out of m,
X — S consists of the remaining variables. The
variables z and y are in the same order in S and
in X — S as they were in X.

¢ is +1 for e = +1, and the signature of the
product of the permutations which transform z™
into z°, 2™ ° and y™ into y°, y™™° respectively, for
e = —1. E is then a commutative algebra with
unity 7. Let £ be the subspace of those & € E
for which h, = 0. We define the mapping T' from
E* to 1 + E* as the * exponential. One has for
instance, for A € E*

(r ﬁ)o =1,
(Th)(x, y) = kiz, y),
(TR @, 22y2) = h(@i, T2Y2)
+ k@1, y)h(@2, v2) + h@y2)h(z2, 11). 3.3)

" is one to one from E* onto 7 + E* and has a
unique inverse I,

We next define a linear mapping J from A to E:
hEA—kE=JhE Eby

Fo = o
e, ) = (2 @

X e f Pin om@Mhe", ). (3.4)

The first sum extends over all permutations = of
m variables. The unexplained notations are the same
as in I [see I: (5.4)]. J is not defined on'the whole
of A. However, it is eagy to exhibit a family of
subalgebras of A where J is defined. For any real
£ (0 < £ < 1) and for any sequence (o) = (oo, 01, ** )
of strictly positive real numbers, we define X, as
the linear space of those h € A for which

1
[Allre = sup —— esssup 1] <+, (3.5)

TnEq

E,; is a Banach space with [|A]|(¢ taken as the
norm of A. J is defined in each E,,; and for b € E ),
we have

WhG, 4] < owmd [l el 3 €/, (3.6)

(One could define Banach spaces E,,; CE such that
J be a continuous mapping from E,,; to £, but
we do not make use of this fact.)
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We next define & = \Uw Ewe & is & vector
space. (The most natural topology for &; is the
induetive limit of the topologies of the E,;; & is
then a locally convex vector space.® We do not make
use of this fact.) As an immediate consequence of
the following lemma, &, is a subalgebra of A.

Lemma: If B & Eng B’ € Epirye, then b =
K *h' € E,,, where (o) is defined by

m
m’ ’”
Om = Z Cm o':rn'o'm-—m‘

m’=0

3.7

and (Al < 1B {loe 1B ]

In fact, let |B'(X)]| < ||W']| )0l E
") < (IR ] orr0'a

Then

[MX)| < SCEX (S| p"(X = 8]

= 21 |h'(w"')| lhu(wv—v')l

wT' cw

S IR Lot A | or et

'y
X Z HC:,'U,',,IO‘L'_,,‘:,

v'sy i

where m' = »_ /. The last sum in (3.8) can be
written as:

3.8

m
E ahall_ .. coef. of 2™

m’'=0
i 3 IL (€%,

y'Sy

(3.9)

The last sum in (3.9) factorizes into the product
of the contributions of the various j, each of which
is equal to (1 + 2)", and is therefore equal to
(1 4+ 2)™. From this the lemma follows immediately.

J is then defined on each algebrsa &, and therefore
also on the algebra & = U0<5<1 &;. We next show
that I'mapseach &% into 1 4 &%. Infact,leth € E7,),:

{|h(X)| < Lo,g where L = [|h]|:
ho = 0.
Repeated use of the preceding lemma gives

m!

*k kea _
|h (X)l S LE (mz'; Tm, [ m,! . mk!

(3.10)
where the last sum extends over the partitions (m,)
of m (m = m, + --- 4+ m,) such that m, > 1
forr = 1, --- , k. The last restriction comes from
he = 0 and implies in particular that the right-hand

8 Bourbaki, Espaces vectoriels topologiques, (Hermann &
Cie., Paris, 1953).
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side of (3.10) is zero unless k < m. Then
|TR(X)|
o o L m!
SE gm(mzr) Omy " Omy myl - mk!' (311)

Due to the condition ¥ < m, the series in (3.11)
is in fact a finite sum. For fixed &, therefore for
fixed L and (o), it depends only on m. Therefore
Th € E(; for some (¢') and therefore Th € &,.
Consequently, JT is defined on each &% and there-
fore also on &, The interest of the preceding con-
siderations comes from the

Theorem: J is a homomorphism of the algebra &
into the algebra E.

Proof: The only nontrivial point is to show that
for hy, hy, € &,

J(hy * hy) = (Jhy) % (Jhy). (3.12)
In fact, let X = (2™, y™).
J(hy * ho)(X) = (Z) € )m Z e
X f Pin i (do™) Sg h(S)h(X — 8). (3.13)

We can use the same labeling for 2™ and «™. Choosing
SCX is then equivalent to the choice of a subfamily
z' C z™ which will be the z part of an S. The sum
over j” is irrelevant in the present proof. Now for
a given choice of z’, any permutation =, of the
y’s is expressible in a unique way as a product
Tm = WM., Where =, and =,,_, act only on the
subfamilies ¥° and y™** of y™ which will be matched
to z* and """ respectively, and where #’ does not
change the relative order of the ¥’s in each of these
two subfamilies.

The summations on =, and m,_, for fixed #/,
together with the sum over j~ and the integration,
when applied to £,(S) and k(X — S), give Jh,(S)
and Jhy,(X — S) respectively. On the other hand,
the summation over S and over #’, in view of

S, give the definition of the % product;

e = €
whence the result.

From the preceding theorem it follows that
JT = TJ wherever both sides are defined, and in
particular in §*. Therefore the diagram of Fig. 2
is commutative.

We next define derivations in A as previously.

Dy ph@”, i) = R, k; ") (3.14)
Dxh = D(w..i.) D(mm.im)h' (3-15)
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Fig. 2

The functions in A are symmetric, therefore the
derivations commute. As previously

Do .iy(hy * ha)

= (Deo.hs) * hy + hy * Dy iybe (3.16)
D(y.s(Th) = D, wh*Th for hE A*. (3.17)
Now let [a;(w), § = 1, 2, ---] be a sequence of

measurable functions of one trajectory w of length j8
such that
[ Pitis) @z las)] <+ (3.18)

and let a be the sequence of functions [a(w™, §7),
m = 0, 1, ---] defined by

aw, ) = I 2.

To any h € A we associate the following formal
series in 2

@ m.= 2o 55

r=0 &(r) i

x [ (£ P da) he) @20

oy = 1 (3.19)

or

@ b= 27 3 [ datal@hiis),

r=0 é(r)

where Y.« means sum over a, b being held fixed;
¢ = z1and

ao = TL /800 /DPL) da]". (32D

Then we have

Lemma: h — {0z, k), is a homomorphism of the
algebra A into the algebra of formal series in z.

Proof: The only nontrivial point is to show that

for hy, by € A,
{az, by * ho)e = {0z, b)) oz, b)), (3.22)

Now:
(az, hy * ho). = er > f dw’a(e’)

r=0 é(r)

GINIBRE

X Z ha(o’ha(@® ™) = Ez Zfdew'

reQ &(r)

sé alw® N’ ™) I:I Ci k(0 Dha(w® ™).

Now

I1 Cide’ = do’'de’™", (3.23)

whence the result.

Now let U = (U(w")) be a sequence of real
measurable functions satisfying

U, =0, Uw") > —¢BB, (3.24)
where B is a constant (real > 0) and let f € 4
be defined by

f@”) = exp [~ U(")]. 3.25)

As previously, U represents the interactions of a
system of identical particles (bosons for e = +1,
fermions for ¢ = —1), and will be given an explicit
expression later on for a system with two-body
foreces only.

Let A be a bounded open region and «,;(w) be
the characteristic function of the set of the con-
tinuous trajectories of length j8 which stay in A.
The grand partition function (GPF) of the system
is defined by

Z, = {aaz, .. (3.26)
It follows from (3.24) that Z. is an analytic function
of z for || < ¢™#” and satisfies I: (5.12)

1z| £ eXP{ ZM}

w/2+1

3.27)

and Z,(0) = 1. (Here V is the volume of A.) There-
fore log Z. is analytic in a neighborhood of the
origin and

Z. = exp {aa2, g)., where g = I7'f. (3.28)
The RDM are now defined as the components of
pr = Jpa In terms of the correlation functionals
(a(@™ §"), m =1, - = py € A", where
pro =10, px(X) = arx(X)e¥s(X) (m>0) (3.29
¥ao = 1, ¥a(X) = (1/ZXasz, Dxf).

(m > 0). (3.30)

We define as previously ¢x € A, x, and ¢, &€ A7, by
¢x = * Dxf (3.31)

14 px = Txa (3.32)

¥a = Toy,. (3-33)
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Then
¥a(X) = (a2, éx) (3.34)
x2(X) = ax(X)es(X) (3.35)
ea(X) = {asz, Dxg).. (3.36)

We now restrict ourselves to systems of particles
interacting through a two-body potential ¢ satisfying
Conditions {a) — (d) of I. U becomes:

U(x)
-[d% 5

k=1 0Ky’ <f—1

‘ib["-’k(t + fiﬁ) - wk(t + 3198)}

S 3 S N ;"an}.
(3.37)

From (3.31), one gets the nonintegrated form of
the K8 equations {I: (6.8)]

¢x(Y) = exp [—F(X)]
X 25 Ko, iy S)pzes(Y = 8),  (3.38)
with

[
Fy(X) = j; dt{OSK’Z;'_ - ¢l (t + .?5) — wy(t + j’ﬁ)]

Mmoo ji—1 -1

+ 20 2 2 dlw(t 4 i8) — wilt + 3":9)]} (3.39)

k=2 §=Q §'=0

K(w“ jl, S) w, iES { [ f at

fi—-1 §—1

X Zo ,Z dln(t + 18) — wlt + rmﬂ - 1} (3.40)

The proof is the same as previously.

Similarly, we obtain the Mayer-Montroll equa-
tions in nonintegrated form:

¢x(Y) = exp [—U(X)]
X 8}: és(X — KX, S), (3.41)
where
K(X, 8) = {exp [—f dt
’ { 8 0

|
"oom

fe—-1 §

dlwn(t + 18) — w(t + l’ﬁ‘)]:\ - 1}-

(3.42)

We conclude this seetion with an algebraic result
valid for purely repulsive potentials only. We first
prove:

™M

P>

k=1 1=01
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Lemma: Let ¢ > 0. Then the sign of ¢x(Y) is (—)%
[Recall that ¥ = (", ).] K{w, 8) has the sign
of (—)" and the result follows by inductiononm + n
as previously.

Then we have:

Lemma: Let ¢ > 0. In the expansion of g, (w”)

in powers of z, for fermions only (¢ = —1), the
coefficient of 2**" has the sign of (—)".
We get from (3.34)
WD =1+ 37 % [ datanhos).  (3.43)
r=1

PAEES VLF SN

r+n
€

Now d.«’ contains e

#x(w’) has the sign of (—)". Therefore for bosons
(¢ = 1) we can conclude nothing. For fermions,
all terms with given r have the same sign, and the
coefficient of 2" has the sign (—)", whence the result.

Theorem: In the Mayer expansion pi(z, z) =
> ubi2', for fermions with repulsive interactions
(¢ = 0), b, has the sign of (—=)*""; [b)] = [B{”,
where b{® is the corresponding coefficient for a free
gas at the same temperature.

This follows immediately from the preceding
lemma, applied to

palw, ) = aA(w)z{l + Z (=7
1
X positive coeﬁicient] 3.44)

Bate, 9) = 3 (=) [ Platdpute, 9.

All the terms contributing to a given power of z
have the same sign, and the first term in the expan-
sion (3.44) gives the free-gas part.

4, BOUNDS ON THE RDM AND CP IN THE QS CASE

Throughout this section, the potential ¢ satisfies
Conditions (a) — (d’) of I. In particular, ¢ is
repulsive (¢ > 0). The notations are these of Sec. 3.
We now deduce bounds for g, from the KS equations
(3.38). We first look for bounds of the type

(3.45)

f 6x(?)] duo® < Ply, 9). @.1)

We proceed by induction on ¢ + r. A sufficient
condition follows from (3.38):

Py, 8) > exp [—F.(X)] 3:; P + ¥,8 — &)

X [ dt K, ko), @2)
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where «”’ is obtained from " by removing (w,, k).
(4.2) and the inequality I (A2.8)

j [P as 1K, ko 9l <E SR, @)
where
c@ = ame [ b@ldr, @4
give the sufficient condition:
Py, 8 2 sup 6% Py + &,5 — &)
x TLQ/aie@/i. @5

Instead of solving for the uninteresting P(y, §), we
next look for bounds of the type

sup > P(y, 8) < P(g, ).

¥{a) §(r)

4.6)

Comparison with (4.5) gives the sufficient condition

P(g,r)> sup X Plg—k+1r,r—1")

1<k<q¢ r'=0

X H—l—[k ?f}?]“, @)

$i(ry i 87!
or equivalently
P(g,r) > sup D2_P(g—k+1r,r—1)
1<k<qg r’'=Q

X coefficient of ¢ in the expansion of

exp (Dk) as a power series in £, (4.8)
where .
D = D@, = C@) ;E'/J'"”- 4.9)

This series converges for |¢| < 1. (4.8) suggests the
obvious solution

P(q,r) = const X e“* "7/t (4.10)
The induction procedure begins at ¢ + r = 1,

which implies ¢ = 1, r = 0, P(1, 0) = 1. Therefore
we can take the constant as exp (—D). Finally

sup 2 f d.o’ |ox(e’)] < exp [(g -l;:rr — D]

w7(q) 3(r)

(4.11)

Comparison of (4.11) with (3.29), (3.34) shows that
for |z| < R = t exp (—D), the power series for ¢,
and p,, as well as the corresponding series for infinite
volume obtained by replacing «, by 1:

WX = X7 T [ de'ede)

0 §(r)

p(X) = 2°¥(X)

(4.12)

(4.13)
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converge uniformly and satisfy
WX < @RY'A — /R (414)
[p(X)] < (el/BE(el/B) (A — [|/R).  (4.15)

The last bound is better than that given in I by
a factor (|z|/R)*™". The p defined by (4.15) coincide
with the limits of p, obtained in I as the volume
becomes infinite. The proof is the same as previously.

We can obtain better bounds from the Mayer~
Montroll equations (3.41). (The potential ¢ is repul-
sive, ¢ > 0.) Similar methods show that

sup Zfd#oa |x(w”)|

@ (g) 8(r)
s oplodr = Dllog —vy  @ie)
(PG| < (el/DE /B /(L — I/R)
X exp [—UX)]. 4.17)

For physical, i.e., real positive values of z, in the
case of Bose statistics only, we can obtain better
bounds on p, directly.> From the definitions (3.29),
(3.30), and the inequality

exp [~ U]

< exp [-U@)] exp [-U)], (4.18)
we obtain immediately
ps(e”) < 2° exp [~ Ulw")]. (4.19)

From the various bounds on p, and the relation
s = Jpa, one obtains as previously corresponding
bounds for the RDM themselves.

We now prove a CP for (™, y™), i.e., a property
of decrease at infinity of the components x(z™, y™)
of x € E* defined by

1+5=Tx (4.20)

We define x and ¢ in the same way as x, and ¢,, by
14+ p=Tx (4.21)

x(X) = 2%(X) (4.22)

/X = X o Y [da'Deg’).  @23)

r=0 8(r)

More precisely, we prove that x(z", y™) is an

integrable function of the differences of its arguments

by obtaining a finite upper bound for the integral
Jo= [ ay e ). e

Let
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d' = I El‘v [Pi(de) dx dy)  (4.25)

and
6] = 22 j8; = s.

We first prove the following

T=0uo" 6=1(6)

Lemma:

S oop 35 [ do" dt for(X, V)

a+r=p T(a) ¥(m,q) &(r)

<ewlote-00 5k [0 ros gim],
(4.26)

where
A =NC@) = 8 f | da. 4.27)

Proof: We first look for bounds of the type

[ da d.a (ox(X, DI < PO, 0. @28)

We proceed by induction on s + ¢ + r. We rewrite
the KS equations as

¢r(X, Y) = exp [-F\(T)] X;x K(w,, k, X')

YcYy
X K(“-’uk: Y,)SBT’+X'+Y'(X - X,; Y- Y,)y (429)

where X’ = «", ¥’ = %, and 7" is obtained from
T by removing (w,, k). (4.28) and (4.29) give the
sufficient condition on P:

P(6,, 8)

> sup Z ZP(0'+7 + 6, y—7,8—8)

k{fr21) v'<y 8'<5

X [ do’ K, b, o) [ dio [Ker, &, o).
{(4.30)
From (4.3) and the similar inequality:

[ PLtas) dz ay 1K@, B0, ] < Kid, @D

where A is defined by (4.27), and which is easily
obtained by the method of I (Appendix 2), we
obtain the sufficient condition

P9, v, 8) > sup

E(8g21) 'Sy 8538

PWO+y4+8,v—7v,8— 8)EA™

1 ... 1 1 |%
X III-_y_:_!]’Y i I‘Im[kc(ﬂ) j'/z]-

4.32)
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The next step is to look for bounds of the type
sup >, 3 P(6,7,8) < PG, g,mr).  (4.33)
0(s) y(m,q) 8(r)
From (4.32) we get by summation over v, §, the
sufficient condition

T m q

P(s,q, m,”) > sup 3 o,

1<k<s r'=0 m'=0 g’ =m’
Ps—k+q¢+r,q—¢,m—m',r—7)

(kA)'"

X coef. of £ in exp (kD) X ~——F—

(4)

The last step is to look for bounds of the type
2. P(s,q,m) < PG, (4.35)

g2m, r20, qg+r=p

X coef. of £ 4.39)

m, p).

From (4.34) we get the sufficient condition

m b4

P@s,m,p) > sup 2, 2,

1<k&s m'=0 p'=m’

Ps—k+p,m—m',p—p) X coef. of &
n op WDIEAT/m (S #), @
which suggests the solution

P(s, m,p) = exp [(p + s — 1)D]

E”m'
[(p+s)A a= )]m, (4.37)

where we have already used the starting point of
the induction procedure:

s + p = 1, which implies s = 1, m = 0,

for which P(1, 0, 0)

The lemma follows from (4.28), (4.33), (4.35),
and (4.37). We finally prove the CP. From (4.23)
we get

J,,.Sm!i Z (m — 1)!

k=1 v’ (m—1)

X fP:,,(dw) dx do”" 2" **

X Tkl T [ d IDecnerngl.  (4389)

r=0 3(r)

Now

Deoxiore )g(wa) =
and [ P¥, (dw) dx

Ding@" ™) = ¢ram@™™")

1. Therefore

It
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© @ ©

I < m!(m — 1! kz Z E lzlk+v'+r

=] g'mm—1 r=Q

X 2, 2 sup [ de” dd |Beum? ).
¥ m1.0%) 407 (0.0)
4.39)

We substitute the bound (4.26) in (4.39) and obtain
after some straightforward algebra:

o < m! [(1 fgsf}m_l Py (&)
X (1 — g™,

(4.40)
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where the last series is absolutely convergent for
any |z| < R.
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This paper contains a generalization of results described in previous work. A general formula is
given for the total cross section for two-photon ionization of a hydrogenic state. An implicit method
for evaluating the second-order radial matrix elements that occur in this expression is described in
detail. Numerical results were obtained for the states with principal quantum numbers n = 1 through
5. It is concluded that, when both one-photon and two-photon ionization are energetically possible,
the effect of the latter may be expressed as an intensity-dependent correction to the Gaunt factor
which may therefore be written as G = g; + {IA\%p,. Here ¢, is the usual Gaunt factor, I is the inten-
sity of the light in W cm™2, X is the wavelength in e¢m, ¢: is a dimensionless factor of order unity, and
¢ is a constant given by ¢ = 0.1504 W1 cm™. Graphs of ¢, are given as a function of electron energy.

These results do not include the effect of three-photon processes, which can also contribute to the
first-order intensity-dependent correction to the Gaunt factor as a result of interference between the

first- and third-order amplitudes.

I. INTRODUCTION
HE work described in this paper is a continua-
tion and a generalization of that described in a
previous paper,’ hereinafter referred to as I. It is
motivated by a desire to caleculate the two-photon
contribution to the absorption coefficient for optical
radiation traversing a hydrogenic gas. For this
reason, only total cross sections rather than dif-
ferential cross sections are considered. A general
formula for the total cross section for two-photon
ionization of a hydrogenic state described by princi-
pal and orbital quantum numbers (n, I) is given in
Sec. II.
In Sec. ITI it is shown how to generalize the method
of caleulating second-order matrix elements described
in See. 3 of I so as to be able to compute such matrix

* This research was supported by the Advanced Research
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1 W. Zernik, Phys. Rev. 135, A51 (1964).

elements for photon energies above the one-photon
ionization threshold and for all possible initial and
intermediate states.

The analysis described in Sec. III enables one to
specify unique mathematical procedures for com-
puting two-photon cross sections. In Sec. IV the
computational technique is described in detail and
the results of some numerical calculations are given.

Above the one-photon threshold, the two-photon
cross sections are smooth functions of the incident
frequency. This fact enables one to infer, from the
results of Sec. IV, a two-photon correction to the
well-known Kramers—Gaunt approximation for one-
photon ionization of hydrogenic states by optical
radiation. The result is given in Sec. V; it can be
expressed in the form of an intensity-dependent
Gaunt factor which is applicable when both one-
photon and two-photon ionization are energetically
possible.
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TWO-PHOTON IONIZATION

II. TOTAL CROSS SECTION FOR TWO-PHOTON
' IONIZATION

In 1, a general expression for the differential cross
section per unit intensity, for a hydrogenic state
described by quantum numbers (n, I, m), was derived
{ef., Egs. (10)-(13) of I].

In order to derive the total cross section, one
must first integrate this expression over the solid
angle, making use of the orthonormality of the
spherical harmonic Y,..(8, ). Next, one must average
over the magnetic quantum numbers, making use
of the relations

L+ D" S m = L+, )

m=-1

@l + 1) f_j_,l mt = Tlg K+ DEP + 31— 1). (2)

After some burdensome algebra, one obtains the
following expression for the total cross section per
unit intensity for a hydrogenic state described by
quantum numbers (n, I)

5 = S Bl
T 2_1(11)&112*- Ty il
+4 gt 13_(411;318_:‘;-)5) PEl?
T@ ff)%zzl)_ ) IP7‘_1.1I’}. ®)

In this expression, I is the incident intensity in
watts per square centimeter, « is the fine structure
constant, I, is 7.019 X 10'® W/em?, E, is the dimen-~
sionless photon energy in multiples of me*/R?, and a
is the Bohr radius. One has

on’aa’ /151, = 3.831 X 107 ecm*/W. (4

The quantities Py} are dimensionless second-order
matrix elements, given by

. ox~ (Rilk, )| 1 [RACXRAE) 7 [Ra(r))
lim > #—i)— B + B,
6)

In Eq. (5), v, A are the principal and orbital quantum
numbers of the intermediate states and L is the
angular momentum quantum number of the final
(continuum) state. The summation includes an
integration over those intermediate states that lie
in the continuum. The normalization of the various
radial functions has been defined in Sec. 2 of 1. The
first and second radial matrix elements that appear

1
P)‘"L=

0 r=A+1
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in Eq. (5) are dimensionless multiples of (i*/me”)**
and h*/me’, respectively. The energies that appear in
the denominator are in dimensionless multiples
of me*/h.

Equation (5) differs from Eq. (14) of I only in the
presence of the small parameter e. This parameter
may be ignored provided that one is interested only
in the two-photon cross section for photon energies
below the one-photon ionization threshold. How-
ever, it is essential to include the limiting process
on e if one wishes to evaluate the matrix element (5)
for photon energies above the one-photon threshold.’
The way in which the inclusion of ¢ leads to an
unambiguous evaluation of the second-order matrix
element is described in the next section.

III. METHOD OF CALCULATING SECOND-ORDER
MATRIX ELEMENTS

As an obvious generalization of Eq. (27) of I,
one defines the quantity

U;L(ry ED)

o Rl [RGBk, vy dr
=lm @ —w—F ¥E, ©)
Hence one has

PrNE,) = f Ru(UN(r, EXdr.  (7)

Because of the structure of the bound hydrogenic
radial functions, the quantity Py} can always be
expressed as a sum of derivatives of the Laplace
transform of U}, which is defined by

S, E;) = j; Ur(r, B )e™ dr. ®)

It is clear that the derivatives of these functions
will be required only at the point p = 1/n.

Now, the functions rR,,(r) satisfy the radial
Schrédinger equation

L e + | L 20 D e,

= —E,rR,\). ©)

3 The problem that is involved here is just that of calcu-
Jating transitions by second-order time-dependent perturba-
tion theory when transitions can also occur in first order.
It is discussed, for instance, in L. 1. Schiff, Quantum M echanics
(McGraw-Hill Book Company, Inc., New York, 1955); 2nd
ed., pp. 202-205. An alternative discussion is given in W.
Heitler, The Quantum Theory of Radiation (Oxford University
Press, New York, 1954), 3rd ed., pp. 163-172. It is clear
from the latter that the addition of a negative imaginary
part to the energy of the initial state is simply a consequence
of the fact that this state is decaying in time as a result of
the interaction with the radiation field.
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Hence, by means of the closure condition, one finds
that U,,(r, E,) satisfies

2
[(En—ie)+Ep+%gp

1 M +1)
r 2

+ JU“,(T, E,) = Ri(k.,r¥*. (10)

If one takes the Japlace transform of this equation,
one finds that S}, (p, E,) satisfies

&S
dp®

[~ +5,+17]
dSi. 1 n
+ @p - 1)71;“ + [1 — 5 Mx + 1):|Su

= f Rk, r)r'e™ dr. (1)
0

If A = 1, the term in S}, vanishes so that Eq. (11)
is effectively of first order and can be solved for
dSy./dp by means of a single boundary condition.
This was the case in I where the only intermediate
states that were required were p states. However,
a first-order differential equation can be derived for
any value of A, To see this, one differentiates Eq. (11)
to obtain

. 1,7 a8,
[(En—ze)+Ep+2p] dp3

d

+6p - ik 23

[o-boen]en

2
p2
- - f Ritk,, e dr. (12)
0
Equation (12) is of first order in d&*8,/dr® if A = 2-
By differentiating Eq. (12) in turn, one can find an
effectively first-order equation for A = 3, and so on.
One can also find a first-order equation for A = 0
directly from Eq. (10). In this way, one finds that
the general form of the first-order equation for
d'83.(r, E,)/dp" is

d)\-l- 18;:1,
dp)\+1

[(En - 'Le) + Ep + %pz]
S5
dp*
= (=1 [ Rk, P dr.

0

+ [+ Dp — 1]

(13)

As the dipole selection rules require that L = A &= 1,
the right-hand side of Eq. (13) may always be
evaluated by differentiating Eq. (15) of I either
once or three times with respect to p. Of course,
the solution of Eq. (13) does not determine the
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values of derivatives of Sy, that are of lower order
than A, but it turns out that such derivatives are
never needed to evaluate the P)}. The initial condi-
tion for Eq. (13) is an immediate consequence of
the definition Eq. (8) and is that Sy, (p, E,) and all
its derivatives are finite for all p such that Re p > 0.
Thus for E, 4+ E, < 0, one can forget about the
parameter ¢ and simply determine, from Eq. (13), a
boundary value of d'S:,/dp" at the positive value
of p for which the coefficient of d"*'S},/dp**" van-
ishes.

Above the one-photon threshold, when E, +
E, > 0, one must proceed as follows. Setting the
coefficient of the first term in Eq. (13) equal to zero
gives

i = —a-+1d, a>0. (14)

Hence
p = £[i(2a)* + «2a)7Y], (15)

to first order in ¢. In order to have Re p > 0, one
must choose the positive sign in Eq. (15). This
determines a starting value of p that is infinitesimally
close to the positive imaginary axis and in the first
quadrant of the complex plane.

One may conclude that the parameter ¢ may be
dropped provided one states as a boundary condi-
tion for Eq. (13) that Sy, (p, E,) and all its deriva-
tives are finite for all p on the positive real or positive
imaginary axis. This condition enables one always
to find a boundary value of d*8?, /dp" at a value of p
for which the coefficient of d"*'S?,/dp"*' vanishes,
since this value of p can be chosen so that the quan-
tity @' Sy, /dp™t! is finite.

The conclusion of the last paragraph may be put
in another way. The condition that the solution of
Eq. (13) be analytic at an initial value of p [chosen
so as to be in the first quadrant of the complex
plane and to make the coefficient of the first term
in Eq. (13) vanish] is sufficient to select a unique
solution. It follows that all the other (incorrect)
solutions of Eq. (13) are not analytic at the initial
value of p. This point must be kept in mind in
designing the strategy for a numerical solution.

Iv. THE NUMERICAL SOLUTION

The differential equation (13) may be restated as
@ — &)/ dp)

+ 2[(» + Dp — Ly = 2F\ u(p, k),

where

(16)

o = d'Sy../dp", an
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Foslo, 8) = Au(E) f::f,
% {exp [—(2/k) arccot (p/k)]} a8)
(p2 + k2)L+1 ’
_ (__2)L+l
Ab(k) - (1 _ e..z,./k),}
X [ + A + 45 -+ (1 + LM, (19)
&’ =n"?—2E = in~* — ¥, (20)
k* = 4E — n2. 21

In Egs. (20) and (21), and henceforth, the subscript
on E, is dropped.

Solutions for #,.. and its higher derivatives are
to be obtained at p = 1/n subject to the condition
that 4., is analytic at the point p = «. By definition,
« is positive real or on the positive imaginary axis.
It is characteristic of the problem that no such solu-
tion exists when a is the reciprocal of a positive
integer greater than A. The corresponding values of £
are either unphysical in that they are below the
two-photon ionization threshold, or they correspond
to the resonance peaks in the two-photon cross
section which, as pointed out in I, must be treated
by means of the ‘“strong signal’’ approach.

It is to be recalled that

=1+14€0, Il<n (22)
L=xx1<£0, (23)

and hence
A—L+2=1 o 3 (24)

At first glance, Eq. (16) appears to be quite inno-
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cent since it is a first-order linear differential equation
with variable coefficients. The standard method of
applying an appropriate integrating factor fails in
this case, however, since the definite integrals so
obtained fail to converge in the range of a's of
interest.

A direct numerical integration of Eq. (16) will be
effective for part of the range of interest but will
fail when « is near the reciprocal of a positive integer
greater than A and p is near «, due to loss of signif-
icance in the evaluation of dy,,./dp. To circumvent
this, it is necessary to develop a Taylor series for
¥, 1 about the point p =

Since Taylor series would be required in any case,
it was decided to develop a method of solution
based on Taylor series alone. The computations
were readily organized from this point of view and
good accuracy control could be retained. Thig is
the approach described below.

A. Characteristics of the Solution

Figures 1 and 2 show the location of the singulari-
ties, branch points and cuts for solutions of Eq. (16).
There is a singularity at p = —a due to the form
of the differential equation. There are poles and
branch points at p = =ik due to the properties of
F. )‘.L(py k)’

Since % is always real the corresponding singu-
larities and branch points always appear on the
imaginary axis. On the other hand, @ may take on
either real or imaginary values. « is real for

1/4n* < E < 1/27°,
(below the one-photon threshold)
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and pure imaginary for

1/2n® < E
(above the one-photon threshold).

These two cases are illustrated in Figs. 1 and 2. The
potential singularity at p = -a is suppressed by
the choice of initial condition for y, , at this point.

The strategy for solution is to form an initial
Taylor series about the point p, = a. The radius of
convergence of this series will be limited by the
singularities at p = 4- ik for

1/4n* < E < 2/50°,
by the singularity at p = —a for
2/5m* < E < 4/,
and by the singularity at p = +k for
4/mm* < E.

This series is evaluated at a point p, on the line
connecting p, = a to p = 1/n. Experience has
shown that evaluation at half the radius of conver-
gence results in a loss of less than four digits of
accuracy in the sum.

At this point it is essential to keep in mind that
the solution to Eq. (16) that one is evaluating is
only an approximation to the correct solution,
since one is keeping only a finite number of terms
in the Taylor series and there are, in any case, round-
off errors in the computer operations. Consequently,
recalling the argument of the last paragraph of
Sec. III, one must treat the point p, = 4« as a
singularity for all Taylor series expansions subse-
quent to the first. If this is not done, the small com-
putational errors arising in the first expansion will
be amplified in subsequent expansions and may
completely obscure the desired solution. Thus, the
radius of convergence of all the Taylor series ex-
pansions subsequent to the first is limited by the
point p, = +a.

Now a new Taylor series is formed about the
point p = p,. This new series is used to evaluate
the solution at a point p, (see Figs. 1 and 2). The
process is continued until the solution can be evalu-
ated at p = 1/n which is the desired result. It is
to be noted that if the individual terms of the most
recent series are retained at each stage, the desired
derivatives can be formed at the end by operations
on this series. They can, of course, also be obtained
through successive differentiation of Eq. (16) at the
expense of some analytical work.

It is a fairly straightforward matter to evaluate
the number of Taylor series expansions that are re-
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quired to obtain the solution at p = 1/an. Let M
denote the required number of expansions, r the
fraction of the radius of convergence that is used
each time, and the symbol {[z]] the largest integer
less than x. One finds that

o 1(1 —nlaf}t
BT

1 2
1{1l—nla
108{’2?( 7 Ja] »}
M=2+[ g +n
2 1
WSESﬁy (26)
1A+ o
M =2 Hbg{” 7 |al :l
=2+ log 1 +7) ’
1 4
WSES%?, 27
1 +n o)
log{; 2 T }}
_ 05 20 u)) = na]
M-2+[ log(1 + 1) ’
4
WSE (28)

It is apparent that, generally, only a modest
number of expansions is required since M increases
only logarithmically as E — 1/2n° (i.e.,  — 0). In
the present calculations it was found satisfactory
to take r = 0.5. As E — o, one finds from Eq. (28)
that M — 5.

It is clear on physical grounds that difficulties
are to be anticipated in the perturbation theoretic
evaluation of the two-photon cross section as the
photon energy approaches the one-photon threshold
from below. This is because the resonances in the
two-photon cross section become increasingly close
to one another. It is apparent from Eqgs. (26) and
(27) that as the photon energy approaches the one-
photon threshold from either above or below the
number of expansions required tends logarithmically
to infinity. This is because the radius of convergence
of each Taylor series tends to zero. Moreover, as
a — 0, a small error in the initial expansion can
cause an increasingly large error in the final value
of y. For these reasons, it was decided not to carry
out the numerical calculations for |a| < 0.06. The
maximum number of terms required in any Taylor



TWO-PHOTON IONIZATION OF ATOMIC HYDROGEN. II

series was 100 and the maximum number of expan-
sions required was 11.

It is shown in the following sections that this
process can be completely automated. The series
are formed numerically by a computer program at
each stage rather than from explicit analytic repre-
sentations. The total process may be viewed as
numerical analytic continuation.

Numerical results from a computer program for
the RCA 601 computer at RCA Laboratories are
given in Sec. IVE.

B. Series Solution of Eq. (16)

An arbitrary point p, in the complex p plane is
considered and it is assumed that ¥, . (p,) = 7, is
known. The complex variable ¢ is defined as

E=D— D (29)
and the Taylor series for F,
Fro(p, k) = 3 bat" 30)

m=0

is considered as known. An algorithm for its genera-
tion is described in See. IVC.
Now set

%..(p) = i a.t"

m=0

63Y)

Substitution into Eq. (16) leads to
2 1@ — o) + Danss + 2[00+ 1 + m)po — 1o

+ (m + 2\ 4 1)an.-, — 2b,}E"

+ {2poa; + 207 — @Vas + 20\ + L)a,

+ 2[(x + Dpo — 1o, — 20}t

+ {(p5 — a®a, + 2[(\ + Dp, — 1]a, — 2b,} = 0. (32)
Hence, when p, # =a,

33)
(34)

Qo = Yo,
a, = 2{by — [(A + L)p, — l]ao}/(P: - az),
and

Am+1 = {2bm - 2[()\ + m + 1)1’0 - l]am

— [m + 27 + Hap-s}[(m + 1)@; — o], m > 1.
35)

The coefficients of the Taylor series are hence re-
cursively determined.

At the initial point, po = «, a, is obtained from
Eq. (16) and the condition that dy,,./dp is finite
at this point
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ao = bo/[(A + Ve — 1]. (36)
Consideration of Eq. (32) with p, = « leads to

_2bm+l_[m+2>\+2]am
= SioFmtda—1 0 ™20

In the computational procedure, it turns out that
certain scaling problems are avoided if the quantities

o = ant", (38)
B = baf", (39)

are generated rather than a,, and b,
The corresponding recursion relations are, for
Po # +a

@7

Am41

oy = Yo, (40)
_ 28, — 2[(A + I)Po — 1ag
o = pg . a2 £ (41)
Qnsr = {28m — 2[(m 4+ N + Dp, — 1l
—tm+ 204 Nawa ) [(m+ Dps — )], m2>1.
(42)
Also, when py = «
a = Bo/[(A + Da — 1], 43)
o 28Bmey — Elm + 2\ + 2], m>0. (44)

2+ m + 2)a — 1]

The recursion relation (44) exhibits directly the
lack of existence of an analytic solution when « is
the reciprocal of an integer larger than .

In the computer program the quantities «, are
generated recursively along with the 8,, and stored.

C. Taylor Series for F, ,.(p, k)
One now considers the function

exp [—(2/k) arccot (p/k)]
(pZ + kZ)L+1

One differentiates with respect to p to obtain

G, k) = {2[1 — (L + L)pl}G.(p, k)/@" +&*). (46)

Continued differentiation of Eq. (46) leads to the
general relation

@ + B)GIY = 201 — (L + 1 4 n)p]GY
—n@2L +n 4+ )GV, @D

This furnishes a basis for generating the Taylor
series for F, . (p, k) about any point p = p,.

Two situations can be distinguished, namely,
A2—-L=1landX+2—~L=3.WhenA+2 —
L =1, one has

Gup, k) = (45)



268 W. ZERNIK AND R. W. KLOPFENSTEIN

U
i0

@)
L EDGE

[ I T IO W I |
0. 03 04 05 06 o7

X { microns)
Fia. 3. Two-photon cross section for H, n = 2.
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By, k) = Ap(k) dG.(p, k)/dp
YRCP> —(—"2@—5

n=0

- Db = 26

m=0 m=0

Il

From Eq. (47) one has
(p + kz)G(n+2) 2[1 - (L + 2 + n)po]G(n+l)
— 4+ DEL +n + 20,

so that
TR {2[1—(L+2+m)2>o]b
m+1 p(2)+k2 m+1
2L 4+ m + 2 }
.__.____.—bm_l,
m
and
PR {[1—(L+2+m)po]
LT T m+ 1
2L 2
_f—i”%“_l_—"ﬁm-x},
with

Bo = AL(k)GL’ (po),
By = EAL(B)GL (Do),

being generated from Eqgs. (45)-(47).
When A 4 2 — L = 3, one has

(48)

(49)

(50)

(51)

(52)
(53)

Frilp, k) = A (k)(d/dp*)G.(p, k)
_ A (k) Z (n+3)(po)

n=0

S b = 3 b (54)

m=0 m=0

As before
@ + F)GT™ = 21 — (L + 4 + n)pJGE+™
— (0 + 3)@L +n + 46, (55)
which leads to
b =1 {2[1 ~ L+ 4+ mp]

po + K (m + 1)
_(m+3)QL+ m+ 4)
m(m + 1) bm—l}; (56)
__ ¢ 201 — (L + 4 + m)p,]
ﬁm*"l - pg + k2{ m + 1 ﬁﬁl
(m + 3)2L + m + 4)
- E m(m + 1) Bm—l}) (57)
with
Bo = AL(K)GL (po), (58)
B = £AL(K)GL" (po), (69

being generated from Egs. (45)-(47).

D. Calculation of the P}

If one now makes use of Egs. (7) and (8), and the
well-known general expression for the R,;(r), one
easily finds that

Pt = Gt [(’n 5t ;1))!!”4]5(%):(_1)1

X {F[—(n —1-1), @+ 2), gdi]

dl—)d-2yX L}
podUEN - 2,111 , 1)
X dpl—)d»ﬁ p=1/n (6 )
where F is the confluent hypergeometric function
[41
F(O‘JBJ:C) = 1+’3'._1?Z
+ ale+1) 24 - (61)
8@ F 1)-21” ’

One can now find the cross section per unit in-
tensity per electron for each subshell from Eq. (3),
and the cross section per unit intensity per electron
for each shell from

...

l”
2

n

@1 + 1o, (62)

Ty =

...
o
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E. Numerical Results

The cross sections per unit intensity were cal-
culated in detail as a function of wavelength for
the states with n = 2 and n = 3. The resulis are
shown in Figs. 3 and 4, respectively. One notes the
expected resonant structure of the two-photon cross
section for photon energies below the one-photon
threshold and the smooth behavior (varying ap-
proximately as \°) for photon energies above this
threshold, Additional caleulations, for photon ener-
gies above the one-photon threshold only, were
carried out for n = 1, 3, and 5.

V. TWO-PHOTON CORRECTION TO THE
GAUNT FACTOR

On the basis of the numerical ealculations des-
eribed in Sec. IV, one may induce the following
result:

When both one-photon and two-photon lonization
are energetically possible, the average cross section
(in square centimeters) per electron in the n shell,
for a bydrogenic atom with nuclear charge Z, for
iondzation by light of wavelength A{cm) and intensity
I (W/em®) is
o.(Z, ) = (1.045 X 107%)[Z*n"°\%,

+ IITN)Z 7N g,). (63)

The first term in Eq. (63} is the well known Kramers-
Gaunt formula; ¢, called the Gaunt factor, is a
number which depends slightly on n and A but is of

4 R
Wer 1T T 7177 T 7T
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116 em
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»

2
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Fra. 4. Two-photon cross section for H, n = 3.
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Fig. 5. The numerical factor g; as a function of the energy
of the electrons produced by two-photon ionization for
photon energies above the one-photon threshold.

order unity.® The second term is the result of the
present investigation; the precise value of the numeri-
cal factor g,, like that of g,, depends slightly on n
and A, but it is also of order unity. I, is the atomie
unit of itensity (7.019 X 10" W/cgn’) and \, is the
atomie unit of wavelength (455.88 A). The induction
of the second term from the numerical ealculations is
simplified by the fact that one expects an n™° de-
pendence, just as in the first term, since this clearly
arises from the energy density of electron states in
the hydrogen atom. Furthermore, once the X de-
pendence has been established, the Z dependence
follows from the general structure of the perturba-
tion theory result [ef. Eq. (3) of IJ. Thus, the numeri-
cal calculations are required only to determine the
A dependence and a numerical factor.

The above result may be expressed more simply
by saying that, at high intensities, one should use
an, intensity-dependent Gaunt factor given by
. .} Tor a statement of the Kramers-Gaunt formula and some
indication of its application to astrophysical problems, see,
for instance, C. W, Allen, Astrophysical Quantittes (Universit
of London Press, London, 1963}, 2nd ed., pp. 90-91; I\g
Schwartzschild, Structure and Evolution of the Stars (Princeton
University Press, Princeton, New Jersey, 1958), pp. 63-64.
For the original papers, see H. A. Xramers, Phil. Mag. 46,
836 (1923); J. A. Gaunt, Phil. Trans. A220, 163 (1930).
For some of the subsequent work see footnote 28 of I and

H. Mayer, Los Alamos Report LA-647 (March 1948); W. J.
Karzas and R. Latter, Astrophys. J. Suppl. 6, 167 (1961).
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Q) = g, + tINg,, (64)

where ¢, is the usual Gaunt factor, of order unity,
and g, is a similar factor also of order unity, shown
in Fig. 5. The constant { is given by

¢ =I'° = 0.1504 W' em™. (65)

The result expressed by Egs. (64) and (65) enables
one to make quantitative statements regarding the
magnitude of two-photon effects for the absorption
of laser radiation by hot plasmas.

The results shown in Fig. 5 suggest that g, is
probably of order unity for all n, with X in the optical
range. It follows that the first-order intensity-
dependent correction to the Gaunt factor is prac-
tically independent of both -the effective nuclear
charge Z and the principal quantum number =.
Consequently, for a hot gas, this correction is inde-
pendent of the temperature of the gas and should
not depend very much on the atomic constituents
either. Further, since one can derive the cross section
for free—free absorption from that for bound-free
absorption by simply replacing the density of states
for a bound hydrogenic system by the density of
states in the continuum, it follows that Eqs. (64)
and (65), with g, = 1, should be approximately
valid also for the free—free transitions.

4+ H. A. Bethe and E. E. Salpeter, Quantum Mechanics of

One and Two Electron Atoms (Academic Press Inc., New
York, 1957), Sec. 78.
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If one sets g, = 1 and A = 6943 A one finds, in
the present approximation, that the Gaunt factor
is increased by 19 at an intensity of approximately
2 X 10'' W/em®. However, this conclusion does not
take into account the possibility of third-order
processes. Some of these processes, consisting of the
absorption of two photons and the induced emission
of one photon, can lead to the same continuum states
as the first-order process. Consequently, there is a
term in the cross section arising from interference
between first- and third-order amplitudes, which is
linear in the intensity.” The results obtained by
Rand, who has made an approximate calculation
of free-free absorption at high intensities using
methods quite different from those described in the
present paper, suggest that the net first-order in-
tensity dependent correction to the Gaunt factor
is in fact negative.® However, the absolute magni-
tude of the correction is still determined in his
theory by the ratio of {IA° to unity.
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In this paper complex forms of the third- and fourth-order coherence functions are defined using
analytic signals. The relations between the complex forms and the real forms are given in detail. It
is shown how to use the complex forms in the solution of radiation problems. The quasimonochromatic
approximation greatly simplifies the calculations and this simplification is discussed for radiation
problems in terms of the complex forms. The paper concludes with a discussion of quasimonochromatic
radiation from a modulated incoherent source representing, perhaps, a self-luminous turbulent region.

1. INTRODUCTION

N order to deseribe electromagnetic fields with
stationary statistical properties much attention
has been given to the properties of the second-order
moment called the mutual coherence function.!
If E(x, t) is the field variation, the real form of the
mutual coherence function &};(x,, X,, 7) is defined as

Eix(®1, Xp, 7) = (Ei(x,, ¢ + DNEUx, 9), (D)

where the brackets, ( ), indicate a time average,
and the subscripts indicate vector components.
It has proved convenient for the solution of radia-
tion problems, however, to also introduce a com-
plex form of the mutual coherence function,
8:1(Xy, X,, 7), defined as

8i(X1, X, 7) = (Ei(xi, § + DEY(x:, ), (2)

where E;(x, t) is an analytic signal'™® [* indicates
the complex conjugate], defined as

E,@x, t) = Ei(x, ) + Ei(x, 1), ®3)

Ei(x, t) being the Hilbert transform of E}(x, i).
Superscripts denote real and imaginary parts.
[Care must be taken to properly define the manner
of taking the limit in Eq. (2) and of defining the
Hilbert transform since E}(x, t) exists for all time.
In the interests of continuity however, we defer this
point until Sec. 2.]

Recently attention has been given to higher
moments of the electromagnetic field and it is the
purpose of this paper to consider a convenient
complex form to associate with the real forms of the
third- and fourth-order coherence functions,

* This wo'rk has been supported by The Army Research
Office, Durham, North Carolina, Grant DA-ARO (D)-31-
124-G331.

1 M. Beran and G. B. Parrent, Jr., Theory of Partial
Coherence (Prentice Hall, Inc., Englewood Cliffs, New Jersey,
196241)5. Gabor, J. Inst. Elec. Engrs. (London) 93, 429 (1946).

3 M. Born and E. Wolf, Principles of Optics (Pergamon
Press, Ltd., London, 1959).

rre
T:‘kl(xly x2a X3, T2y 73)
and

rrer
Liklm(xlv xz, xsn X4, T2y T3, 14)1

where
r
iki(X1, Xzy X3, Tay Ty)

= <E;(X1, DE((Xz, t + 1)E (X, ¢+ 73)) @

and
rrrr
Liklm(xly X, X3, X4, Tz, T3, T4)

= (E;(xn DE.(x,, ¢+ o) B (x5, 1+ o) (X, t 74))-
®)

There are many reasons for introdueing a complex
analytic signal representation. In particular, the
definition given in Eq. (3) is equivalent to the useful
procedure of replacing a Fourier cosine representa-
tion (assuming for the moment that it exists; see
Sec. 2 for a proper definition):

Ei(x, §) = fo " Az, 5) cos (—2mt + ¢(x, ) v (6)

by the exponential representation

B ) = [ A exp l(~2mi + ox, )] &b
@)

(note the integral over » is only over positive
frequencies).

In the exponential representation it is easy to
insure, for example, that the function E;(x, v) =
A;(x, v) exp lip(x, »)], which satisfies Helmholtz’s
equation [E; is the Fourier transform of E,], has
the appropriate form for an outgoing spherical
wave in the far field of a source; in an r, 8, a spherical
coordinate system it is required that E;(x, ») —
(6, a, )™ as r — o (k = 2av/c).

If the third- and fourth-order coherence functions
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are defined in terms of E,(xz, ¢) or BE*%(x, {) rather
than Z[(x, f), the Sommerfeld condition will thus
be easily met. The problem that arises, however, is
finding what combination of E;(x,, t,) and E%(x,, t,)
will be most appropriate to use. In the second-order
case it was natural to use E;(x;, ¢ + 7) at point
x, and the complex conjugate E%(x,, {) at point x,.
[E;(x;, §) and E%(x;, ¢ + 72) could also of course
have been used.] With this definition it may be
shown that

Re [&;i(xy, X2, 7)] = 28i(xy, X, 7), 8)

where Re signifies the real part. Further, it follows
that §;,(x,, X,, 7) is itself an analytic signal in the
variable 7, that is,

Im [gfk(xlr Xz, 7')1 = Scr{g;;(xlr X3 T)}r (9)

where Im denotes the imaginary part and 3¢, denotes
the Hilbert transform with respect to .

Indeed no other choice for &;,(x;, x,, 7) is really
possible sinee*

(Bi(x,, t + DE(x:, 1))
= (B%x, t + NEXX:, ) = 0. (10

For higher-order moments the choice is not so
clearly prescribed. It is shown in Sec. 2 that

(E:‘(xn 3)Ek(x2, t4 7o) e Ep(xm t+ u)) =0
n2>2, (11

but this still allows a freedom of choice for n = 3
and n = 4. To remove the remaining ambiguity it
will be required that the real part of T;;, or Liyim,
the complex representations one associates with
T;: and Lj7, be equal to a constant times T7;
and L/7.. The expressions for Ty, and L. so
obtained will be given in Sec. 3.

In the second-order problem we determine
§;4(X1, X;, 7) in the far field as an integral over
&,.(X15, Xes, Ts), Where the S subscript indicates
points on the surface of the source. For n = 3 and
n = 4 no such simple relationship exists. We thus
discuss the propagation problem in detail in Sec. 4
to show how the complex formalism may be used.
To show how the formalism may be simplified in a
particular case we conclude this paper with a
disucssion of quasimonochromatic radiation. In
particular, in Sec. 6 we treat the problem of de-
termining the two-point intensity coherence for
quasimonochromatic radiation from a modulated
incoherent source.

Although this paper is written in the language of

4 P. Roman and E. Wolf, Nuovo Cimento 17, 462 (1960).
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electromagnetic theory, the results are not restricted
to this discipline. The material in Secs. 2 and 3
may be applicable to many fields and the radiation
studies may prove useful in the mathematically
related field of acoustics.

2. PROOF THAT
(B, OF%, £ 4+ ) > ElXn, £ + ) = 0

To determine the appropriate forms of T,
and L;... it is necessary to first prove that
(Bi(xy, OE (X3, t -+ 712) +++ E(Zey t + 7)) = 0.
To do this we follow a proof given by Roman and
Wolf* for the second order case.

First note that if B(x, {) exists for all time E,(x, 1)
will not exist since the Hilbert transform of E}(x, f)
will not exist. To avoid this difficulty we consider
the function

Eix, 1, T) = Eix, 1),
=0,

<7,
[t > T.
From Ei(x, t, T) we may form the analytic signal

Ex,t, T) = Eix, t, T) + tEix, ¢, T), (138)

where Ei(x, t, T) is the Hilbert transform of
Ei(x,t, T). In subsequent calculations welet 7 — .
We define the time average of quantities like
E.(x, t, T) by the integral (see Ref. 3)

(12)

lim ~2—IT f_ :( ) dt.

Since E;(x, {, T) is an analytic signal we may
represent it as an integral over positive frequencies
Byx, 4, T) = f " exp (—2mivt — 2wiv)B (x, », T) dv.

° (19

We now find

(Eixy, DE (X, 8 + 72) +++ E X, t + 7))

lim L U '“fo

o1
= lim 5
n-fold

integral

X exp [=2mi(n + va + <o+ + v
X exp [—2mwilperys + -0 + 7))
X Ei(xl) Vis T)Ek(ng Va, T) e

X Ep(xvu Pny T) de dpz e dl',.:l dt. (15)

Assuming we may interchange orders of integra-
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tion,

(Ei(xn t)Ek(XZ; t+ 71y - B (X b+ 1-,‘)>

= j: j: exp [—2ri(,rs + -+ + vata)]

x 1im = [Ei(xly Y1y T)Ek(xzy V3, T) e Ev(xm Vay T)]
Tae 2T

X 8("1 +v+ -+ Vn) dv, dv,

where it may be seen that

8oy F v+ o0 4w

<o dy,, (16)

©

- f exp [~2mi(y + va + -+ + v)f] di.

Now since the integrals over », v, -+ , ¥, are
only over positive values and the delta function
allows g confribution to the integral only when
one of the »; is negative the right-hand side of Eq.
(16) is zero and we have

(Ei(xlv t)Ek(x2’ t+ 7'2) M Ep(xrn t+ Tﬂ.)) = 0. (17)
From Eq. (17) one may show that
Ty, X2, X3, T2, T5) = T;l::(xly Xs, X3, T2, T3)

-+ T;::;(xly Xz, Xz, T2y Ta) + T;{:;(xn Xz, X3, T2y Ta)s
(18)

vy
Ti1(X1s X2, X3, T2, T9) = Tiai(Xy, X3, Xz, T2, 73)

+ T;;;(xly Xy, Xa, T3, 73) + T;:;(xlv X3, X3y T2, T3),
(19)
where, for example,
;;:(xly X3, X3, T2y Ta)
= (Bi(x,, NEi(Xs, t + 1)Ei(Xs, t + 73)).
Also
L;l:;:n(xly X5, X3, X4, Tg, T3, Tq)
= _L::l';:a‘n(xh X, X3, X4y T2, T3, T4)
+ Liin(X1, X5y X3y Xy, gy T3y T)
+ L;Ii;:n(xh X;, X3, Xy, T2, T3, Ta)
+ L;;;:;(Xn Xz, X3, X4, T2, Tz, Ta)
+ L;:l:;:xxn Xy, X3, X4, Tz, T3, T4)
+ L;:lz::n(xly X3, X3, Xy, Ty T3, T4)
(20)

i1
+ L;k;:n(xl) Xgy X3, X4y T2y T3 74)’

rigi
Lizim(X1, X2, X3, X4, 73, T3, 74)
rirr
= +Lik1m(x1) X2, X3, X4, T2, T3, 7'4)

rrir
+ Lik;m<xlr Xz, x31 x«h T2y T3, 7'4)
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+ L;;:;(XU Xy, X3, X4, T2, T3, Ta)
+ Liim(X:, Xq, X3, X4, Toy T3y Ta)
- L;:;::-n(xlv Xy, X3, Xy, T2y T3, Ta)
- L::li;:;.(xu X, X3, Xy, Ty T3, T4)
— Liin(x, X5, X3, Xq, T2, 73, 7o)y, (21)

where, for example,
L;I‘;::n(xll X3y X3y X4, T2, T3y Ta)
= <E;(x1» t)E}i(X2, 4+ ‘Tz)E:(xsy i+ TB)E:»(XM L+ 7,)).

3. FORM OF T;u(xy, Xy, X3, 72, 75) AND

Litim(X1y X2y Xs, Xy T2, T3y Ta)

In the second-order case we have remarked
that the form (E;(x,, ¢ + 7)E%(x,, t)) was the
only natural complex expression to associate with
(E(x, t + 1) E{(X;, 1)). [The expression (£%(x,, { + 7)
E,\(x,, f)) is simply the complex conjugate of
(E;i(xy, t + 7)E%(x,, 1)) and introduces nothing new.}
For T;i(x1, Xa, X3, 72, 73), however, there are three
expressions that appear immediately if one wishes
an agsociated complex form. They are

Tii(X1, X2y X5, T2, T3)

= (B%(xy, DELX;, t + 1)E (X5, ¢ + 7)),
T5(X1, Xz, X3, T2, T3)

= (Ex;, YEX(X,, t + m)E (%5, t + T3)),
Thi(xy1, X5, X5, T2, T3)

= (Bi(%, DEu(xs, ¢t + m)EA(xs, £ + 7)),

or their complex conjugates.

For these functions one finds from Eqgs. (18) and
(19) (dropping explicit mention of the arguments
for simplicity)

o= 2[TH ~ Thdl + 2(Th + T3,
o= 20T — TH) + 2(T7 + Tial,
= 2T — Tiil + 2(T7 + Tixi).

From Eq. (23) we see that T}, is an analytic
signal with respect to the variables =, or =, T?,
is an analytic signal with respect to the variable
73, and T7,; is an analytic signal with respect to ..
That is, each function is an analytic signal with
respect to those variables for which the complex
conjugate was not used.

It is usually desirable that the final result of a
mathematical calculation be the real quantity 77
and thus it is important that the complex form T,
associated with 77 readily yields T72%. As we

ikl

(22)

(23)
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stated in Sec. 1, we shall use this as a criterion for
choosing T,,,. In particular, we require that
Re [T;::] = constant times T7};.

Imposing the above condition, a satisfactory
form for T';,, is

T:‘kl = T;kl + T?kz + T?kl- (24)
From Eqgs. (18) and (19) we find
T = 4T5: + AT (25)

Unfortunately, Re T, and Im 7', are not now
related by a single Hilbert transform relation. How-

1
Liiin(X1, X2, X3, X4, T2, T3

2
Livim(Xy, X2 X3, X4y T2, T3
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ever, Ti;; may be found from T7};; by noting that

T”"(xl, x2y X3, T2y 73)

—_ 1 fT”r<xly X2, X3, Ty — s) ds

—8, T3 —

8 '+' Ta

T‘“(xlr X3, X3, T2, TS)

_ l f][ T”’(xl, X3, X3, P2, Pa) ADs dp3
D2 — 7'2)(?3 — 73)

The fourth-order case proceeds similarly except
that now one must consider seven functions

(26)

(E (xlr t)E (x27 t + TZ)E*(xay t + T3)Em(x41 t + 74))
r,,) = (E(x;, DE%(Xz, ¢ + m)E (x5, I + 1)EX(x4, t 4 7)),

L?klm(xly Xy, X3, X4y Toy T3, Ta) = (B;(X1, DE(X2, ¢ + 1)E%(Xs, t + T)ER(xs, ¢+ 74)),

"
Livim(X1, X2, X3, X4, T2, T3

5
Likim(Xy, X2, X3, X4y 72, 73

1]
Liklm(xh X2, X3, X4, T2y T3

7
Ligim(X1, X2, X3, X4, 72, 73

Using Eqs. (20) and (21) one can then find the

following relations

im = 2[Liin + Lisin + Lisin + Liin]
+ 12{—Litim — Likin + Litin + Likinl,
2 i1 1) i irri

+ 22[—Litm — Lixim + Lisin + Likinl,
3 ird r i
Ym = 2lL50n + Liiin + Liim + Liiin

> r tirs
+ a2[—Liin — Liin + Likin + Liital,
4 rrer Trig rirg riir
iklm = 2[Lim — Lixim ~ Litim — Likinm
- i r
+ 2[—Liiin + Lijin + Liiin + Lizial,  (28)
Seim = 2[Liiim — Litin ~ Litin — Lol
+ 32[~Liiim + Litin + Liam + Likinl,
8 ird irri iirt
iklm = 2[L:I:;; - ;Z;:n e ;'Iclm - :‘um]
, A . . rri
+ 2[~Liiin + Litin + Lisia + Liiinl,
7 3 irir iiry
iklm = 2{L:;;; - ;l:;:n - ;I:;m - ;izm]
2 irrr rire
+ 2[~Lin + Lim +

1w + Litin]-

1rrr

1) = (B%(x(, DE(Xz, § + 1)E(Xs,  + m)EL(Xe,  + 72)),
1) = {(B;(x,, DE%(Xs, t + 1)Ei(X;, t + 1)E.(Xs, £ + 74)),
1) = (E;(x, DEi(Xz, ¢ + 72)E%(Xs, ¢ + 1)En(Xy, ¢+ 14)),
7o) = (B, DE(Xa, | + 1B ,(Xs, ¢ + 7)E%(Xy, t + 74)).

(27)

From Eq. (28) we see that L},,, is an analytic
signal with respect to 7,; L?,,,, is an analytic signal
with respect to 5; L%,,, is an analytic signal with
respect t0 7,; L}, 18 an analytic signal with' re-
spect to 7,, 74, or 7,; LY,,,, is an analytic signal with
respect to 7, or 7,; LY, is an analytic signal with
respect to 7, or 7,; and L},,, is an analytic signal
with respect to 7, or ;.

The function L., whose real part is propor-
tional to L[/, is

7
4
Liklm = Z Liklmy

p=1

where from Eqgs. (20) and (21) we find

Liyym = 8Ljkim + 14{ Liiim + Litim + Lizinl.
(30)

There is no simple relation between Re L.
and Im L, although Im L, may be obtained
from Re L. by noting that all the imaginary
terms are simply Hilbert transforms of L. The

ikime
and L (which will

(29)

rirr
iklm

rrYY

relationship between L/
be needed later) is

~8, Ts — Ty — 8§, T4 — 73 ~ 8) ds

Jklm(xlr x27 x-’iy Xy T2y T3y T-{)

1 f Liiim(X1, X, X3, Xy,

3+Tz
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4. SOLUTION OF A RADIATION PROBLEM USING
THIRD- AND FOURTH-ORDER MOMENTS

Let us’® suppose the statistical properties of the
radiation field are specified over a finite enclosed
surface, S, and we seek the statistical properties
of the field external to S. For simplicity we con-
sider the scalar problem (say the forward radiation
from a plane finite surface) and replace E}(x, f)
by V'(x, t) where V' (x, f) satisfies the wave equation

2y _13V(x, )
VV'(x, t) = A A (31)

We now associate with V'(x, t) the truncated
function V'(x, ¢, T} and with V'(x, ¢, T') the analytic
signal V(x, t, T') which satisfies the equation’

laV(xtT)

ot (2

ViVix, t, T) =

In terms of a Green’s function, V(x, t, T) has the
formal solution

— z ~2xirt BG(X, x’, v)
V<x’ t’ T) = _j; [ [L ————*—ans

X {f e Vixs, ¢, T) dt’} dS] dv (33)
0o

X'=x3

where G(x, X', v) satisfies the equation

VG(x, X', ») + FGx, x',») = —éx —x) (34
(k = 2mv/c), the boundary condition G(x, x5, ») = 0,
and the Sommerfeld radiation condition. xg indi-
cate points on the surface S.

A. Review of Second-Order Moment Calculations

The second-order mutual coherence function,
I'(xy, X;, 7) is defined as

P(xl, XQ, T)

Lgﬁf Vi, £+ 7, T)V*x,, £, T) dt (35)

and formal manipulation (assuming we may inter-
change the limit and orders of integration) yields

w©
I'(x, X, 7) = f e—znw{fs f K(x,, x;, X5, X25, V)
0 ]

X [ f T(Xis, Xosy 7)€" d‘r’] ds, dsz} dv, (36)

where
IQ(x,, x{, v)
K(Xy, Xz, X158, Xa5, %) = [———‘-—*
1y X2y X33, Xog ons. —
x [BG*(xz, X5, v) :l
anSa X3 =Xag

5 We use the terms “moments’’ and “coherence functions”
interchangeably in this paper.
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The function I'(X,s, Xas, v), defined as
Peris, %25, 9) = [ Tlois, s, )" dr’, (31)

is the mutual power spectrum,

We note I'(x;, X, 7) = 2I'"'(xy, X, 7) +
22T (%1, X;, 7) where I''(x,, X,, 7) is the Hilbert
transform of I'"(x;, X;, 7) with respect to .
I (X145, Xps, 7) is assumed known and T'(Xg, X,g, 7)
is determined by adding to 2I'""(x,5, X.s, 7), 2¢
times its Hilbert transform with respect to 7.

To calculate I'(x,, x;, 7), however, one need not
calculate the Hilbert transform of I'"(X,5, X5, 7),
for only a knowledge of I'(x,s, X,s, #) is required.
Now

©
f(XISy xzs, V) = 2 I‘"(xls, X,s T’ e2rirr’ dT’
28

+ 02 f (%5, Kas, 707" de’. (39

The second term on the right-hand side of Eq. (38)
may be written

f r "(X1s, Xo5, T )2“" dr’

- zf [f I (X5, xzs, P) s Xas, B) gy
o p - T

using the definition of the Hilbert transform.
Assuming we may interchange orders of integra-
tion, this yields

:Ie dr', (39)

’i f Pir(xlsr X238, T,)ez’fi"’ dT,

) ® . 1 ® 2rivr’
= -1 [w F (xls, X539, p) ; f@ (i; — p) dT, dp
=[_ T (Xi5, Xz, D)€" dp, (40)
since
1 © e?rivr , 2fnrp
; dr’ = 1e
TdwT — P
Thus

IA‘(X,S, x23, V) = 4 f Prf(xls, xzs, T’)ez’i", dT’.
(41)

Equation (36) is particularly useful for consider-
ing quasimonochromatic radiation (see Sec. 5 for
definition of quasimonochromatic radiation) since
the final integral is only over positive frequencies.

B. Third-Order Moment Calculations

Using Eq. (33) one may calculate T'(x;, X,, X,
73, 7a) in terms of T'(X.s, Xos, Xas, Tos, Tss). We
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find
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1 . . 1
T° (X1, X3, Xy, 72, 73) = f f exp (—2miv,, — 2‘“”3”’3){[ f f K(x,, Xs, Xg, X19, X235, Xs3, V3 + v3, V3, ¥3)
o Jo s Js Js

X (f f Tl(xlsv Xa5, Xas, T2, 74) €XD (2aivaty + 2mivyrs) drg d‘fé) ds, ds, dsa} dv, dv,, (42)

where

1
Ki(xy, X3, X3, X35, Xas, Xas, V2 + b3, ¥2, ¥3)

- [GG*(xl, X1, v + ») ]
X1 =X g

ong,
% [aG(xz, x5, v,) ][GG(xa, x5, vs) ]
ongs, X3’ =Xsg ons, X' =Xsg )

Similar equations may be derived for 7° and T°
with functions K? and K} defined as above (see
Appendix 1 for definitions of Kj and K3).

T is found from the equation

T(X,,XQ,X;;, Ta, Ta) = f f exp (_21”:1‘27'2 - 27I"I:V3T3)
0 ]
X f f f Ki(%,,%;, %3, X5, %25, Kas, V2 T 3, V2, ¥3)
S 8 vs
X Tl(xlsv X33, X335, V2, V3) dSl dsz dS3 dl’z dI/3

+ f f eXp (21r7:v21'2 —_ 27"7:'/31'3)
[ [}

2
X f f fK3(x1,Xz,x3,xls,x2s,X3s,v2+V3,V2,v3)
s Jg Jg

X Tz(xx.sw X,s, X35, —Va, ¥3) dS; dS; dS; dv, dy,

+ f f eXp (_2111.1’21'2 + 27‘1-’}37'3)
) 0

X f f f Ki(X1, X5, X3, X135, Xas, Xas, V3, V3, V2, ¥3)
s Jg Js
X T*(Xy5,Xas, X5, V2, —¥s) dS; dS; dS; dv, dvs, (43)
where, for example,
T' Xy s, Xo5, Xss, V2y Vs)

o
1 ’
= ff T (x181 Xy5, X3g, T2, Té)

—®

X exp Cmivers + 2miverl) dvf drl. (44)

(In subsequent sections the hook notation will
indicate Fourier transforms with respect to the »
variables.)

Unfortunately, we cannot here find a relation
of the form

T(xy, Xz, Xa, T2, T3)
= O(Xy, X2, Xa, T2, T3, X135, Xa5) Xag, Ta, T5)
X T(XIS) x231 x381 T;r T-"ll) (45)

where O is some linear integral operator.

Referring to Eq. (23) we see that all the terms
comprising 7°, 7%, and T° may be found from 7"
by taking Hilbert transforms. However, since we
only need T(%,s, X»s, Xss, v2, vs) the calculation
simplifies as in the second-order case. (From here
on the functional notation of position vectors will
be dropped whenever possible.) Calculation shows

Tl(”z; l‘3) = 8Trrr(y2y VS)y (4:6)
Tz(—l'zy vs) = 47\7"7(‘"% vs) + i4Ti"(‘”z, vs), 47)
TP, —va) = 4T (2, —v5) + AT (s, —5). (48)

17" (vs, v5) and 7" (v, »,) are not simply related.
However, 7" may be found from 7""" by utilizing
the following Hilbert transform

ire
T‘ (XISy x2Sy an) T2, 7-3)

72 — P) dp.

_ l f T (15, Xos, Xagy, —Py Ta —
T P+ 7
(49)

C. Fourth~-Order Moment Calculations

Proceeding as in the third-order case

L’(x,, X,, X3, X4, T2, T3, 1’4) = ‘/; j(; /; exp (+27Fi1'27'2 + 2mivyry — 27"7:1/47'4)

1
X{ffffKl(xlsx2,x37x4,x18yx25)x38yx4S1V2+V3—V41V2,V37V4)
sJdsds Jg

X Zl(xxs, X9, Xas, Xeg, —Vz, —Vs, va) dS; dS, dS; dS4} dv, dv, dy,,

(50)
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where « [aG*(Xa, X3, v3) ]
ans, X' =Xs g
1
Ki(x,, X2,X3, X4, X1 5,Xz5, X35, Xas, V2 + ¥3 — V4, Va,V3,Vs) [6G(xh X}, v,) ]
a’ns‘ X' =X g

—_— [aG(xlv x{’ V2 + Vy — V4)
= ans‘

S s] Similar equations may be derived for L* (p = 2,
3, 4, 5, 6, 7) in which the K% are defined similarly
:I to K. See Appendix 1 for definitions of K2,

X aG*(x2) xéy V2)
. Then L becomes

ans:

L(ra, 72, 73) = fo f fo exp [2mi(ars 4+ vs7s — 1e70)]
pld [f f f f K:(Vg —+ vs — w4, va, V3, V4)Zl("'l‘z, V3, V4) de dS2 dSa dS4:| de dl‘z d"4
S S S S
+ f f f exp [2mi(vara — vars + vaty)]
Q 0 0
> [ f f f f K2, — vs + 91, v2, s, 2) L (=02, vy, ) dS, dS, diS, d&] dv, dv, dv,
S S 8 S
+ f f f exp [2mi(—very + w375 + vi7d)]
0 0 0
x [ f f f f Ki(~v; + vs + v, va, vay v)L2(a, —v3, —v2) dS; dS, dS, d&] dvy dvy do,
8 S S S
+ f f f exp [2mi(—vary — 375 — vaTy)]
(4] 1] 0
X [L L ‘/; ‘L Ki(—yz — V3 — V4, V3, V3, V4)i4(1’2, V3, V4) dS1 ng dSa dS4] dllg dV3 dl'4
+ f fo f exp [2mi(+vers — va73 — vaty)]
0 0 .
X [ f f f f K30e — va — ve, va, va, 2L (=2, v, v,) 48, dS: dS, d&] dv, dv, dy,
S S 8 S
+ f j; j; exp [2mi(—vars + va7s ~— v57)]
(1]
% [ fs fs fs fs K(~v, + vs — vs, va, v5, ) Lva, —vs, v5) dS, dS, dS, dS.:I dv, dvy dvs
-+ ./; ‘/; fo exp [27F'i(_1’27'2 — a7y + V47'4)]

x[ L[ R = v 20 B, =0 08, 08, a5, ds4]dv2d»3 b (51

In analogy to the second- and third-order cases L (—vs, 93y, —v) = 8L (=, vs, —v,)
there is a relation between I” and L™ and L*"". o irrr
+ 8L (—,, v, —7y), (53)

The relations are

Lz("zy —V3, _V4) = SZ""(VZy — Vs, _V4)
+ 8L vy, —vs, —7,), (549)
-+ 81'2/""('—1’2, V3, 1'4), (52) L4(V2, V3, V4) = 16L""(”21 V3, Vd)v (55)

ill(—Vz, V3, V4) = SL"”(—'sz Vs, V4)
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Ls(_”zy V3, V4) = SL""(_%, V3, V4)

+ 8L (~vgy s, va),  (56)
Ly, —vs,vs) = 8L (v, —vs, vs)

+ 8Ly, —vayva),  (57)
L (s, vs, —vs) = 8L (vy, vs, —2a)

+ 8L (s, s, —vi).  (58)

.The relationship between L™ (7, 7, 7.) and
L"rr(Tg, T3y T4) iS

L“”(sz T3, 7'4)

_ lfL""(_p, Ts —
™

Te — Py Ta —

p+7'2

T, —P)dp.

(59)
5. QUASIMONOCHROMATIC APPROXIMATION

In the quasimonochromatic approximation we
assume that the spectral width of the radiation,
Av, is very small compared to a mean radiation
frequency 7 (i.e., Av/7 < 1). For the approximation
to be useful, however, we introduce the second
assumption that radiation path differences Al and
delay times cr are much less than ¢/Av. As a rough
guide we may take path length in the geometric
optics sense, but for a more thorough discussion
of this assumption we refer the reader to Beran
and Parrent.’

In the quasimonochromatic approximation we
find that L™ =~ 0, m = 4, 5, 6, 7. In the quasi-
monochromatic approximation it is convenient to
write V(x,, {) as
V(x, 1) = A, #) exp [—iot — 1p(xy, £)]

(@ = 279, (60)

where A(x,, t) and ¢(x,, ¢) are slowly varying func-
tions of time compared to e **‘. L'(x,, X;, X3, X,
Ta, Ts, Ta) is then for example

L'(x,, X, X3, X4, Ta, T3, Ta)
= exp [ta(r; + 73 — 1)I(AX, HARX:, )AX;, §)
X Axy, 1) exp {i[—¢(x:, &) + ¢(x2, §)
+ é(xs, 1) — o(x4, DI},

while

(61)

L4(xly X5, X3, X4, Ta, Ta, 7o) = €Xp [—1a(r; + 75+ 74)]
X (e A%y, AR, AR, HAX,, )

X exp {i[+¢Ex:, ) — (X2, 1) — $(Xs, £) — ¢(x4, D]}).
(62)
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The factor ¢™**? in the L* expression yields L* < L?
since A(x, t) and ¢(x, t) are slowly varying fune-
tions of time. Similarly L° L° and L" may be
neglected compared to L', L?, and L°. Thus Eq.
(51) contains only three terms.

L7 (x,, x5, X3, X4, 72, 73, 74) 18 of the form
L7777 (x,, X3, X3, X4, T2, Ta, Ta)
= (A(x,, HA(x,, t)A(x3,‘t)A(x4, b
X {cos [0t + ¢(x:, D]} {cos [of + (X, &) + @7.]}
X {cos [@f + ¢(xs, ) + @7s]}
X {cos [0t + ¢(x4, 1) + ari}). (63)

In time intervals of the order 1/a, A(x, f), and
o(x, t) are approximately constant, and direct
calculation shows

L'~ —-L, (64)
where now
L77(%y, X3, X5, Xy, Tay T3y Ta) R ${A; 4, 4,4,
X [cos(py — ¢2 + s — ¢ + (=72 + 75 — 7))
tcos(p — 2 — ¢ + ¢ + B(—72 — 72 + 7))
+ cos (@ + ¢ — @5 — ¢s + (72 — 75 — 7)),
[4; = Ak, 1), ¢; = o(x;, )]

and we remember that the 4’s and ¢’s are functions
of time.

Taking the Fourier transform of L' (x,, X, X3, X4,
Ta, Ts, Ta) With respect to 7, 75, and 7, it then follows
that

irer

zirrr ~ i—-lz‘;rrrr

(65)

and thus for a quasimonochromatic approximation

LX(—vq, —vs, v) & 16L77(—=v,, —vs, vs), (66)
L*(—=vy, vs, —v) & 1617 (—vy, vs, —ws),  (67)
Ly, —vy, —v)) & 16077 (v, —vs, —va), (68)

IP'~Dx~I*~L ~0. (69)

Finally note that

—vy, —V3, Vy)

R (AisAssAssAas exp [({(—¢us + dos + das — ¢us)])
X 8y — D) 8(ps — 9)d(vy — 7) (70)

L*(X,5, Xos, X35, Xasy —Va, V3, ~—Vs)

R (AisAzsdssAss exp [((—¢is + dos — das T das)])
X 8y — 9)b(vs — 9)6(vs — 7), (1)

LI(XISV Xos5, X349, X439,
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La(xxsy X;5, X33, X3, V2, —Vs, —Va)

N (Ax.sAzsAssA:,s exp [{(—~¢15s — Pas T as + ¢45)])

X (v, — 9)8(vs — 7) (s — 7), (72)
so that
~ 1 o = o
L(O’ 0; 0) ~ ‘/:g j; L j; K4(V, v, v, V)
X (Vs Vi Vs Vi) dS, dS; dS; dS,
2, o o o
+ LLLLK4(V,V,V,V)
>< <VISV:S V.’iS st) dSl dSz dSa dS4
3 - =
+ LLLLK4(7,V,V,V)
X (Vs Vs VE Vi) dS, dS; dS; dS,, (73)
where
V,-s = V(xis' t) = A(fo' t) €xp ["'i(b(st, t)]v
and we have set 7» = 73 = 74 = 0 since in the

quasimonochromatic approximation the » term
contributes only an oscillatory factor of no im-
portance.

It is important to realize that the above forms
of L', I?, and L* may be introduced into Eq. (51)
only if the assumption of small path differences
and small time delays is valid.

6. QUASIMONOCHROMATIC RADIATION FROM
A MODULATED INCOHERENT SOURCE

In this section we consider the problem of de-
determining the two-point intensity coherence
function for quasimonochromatic radiation from
a modulated incoherent source. This problem was
treated by Beran and Parrent® in a verbal presenta-
tion and we present a similar development here
as an illustration of the formalism we have de-
veloped. The point of the verbal presentation was
to show that it was possible in principle to detect
large scale turbulent fluctuations occurring in non-
resolvable objects.

279

By the two-point intensity coherence function
we may mean either

L""(xlv X, X3, X3, 01 OyO) = R"(xl’ X3, 0)
or L'z, %, X3, X5, 0,0, 0) = R'(x,, x5, 0).

The first function assumes that prior to time
averaging, (VI)* measurements may be made in
times of the order of 1/7; the second form assumes
(V)® is averaged over several cycles of the mean
wavelength before detection and subsequent time
averaging. For our discussion we shall assume some
local averaging oceurs prior to detection and thus
shall calculate R'(x;, X5, 0) = {(V,V¥)(V,V%)).

R'(x,, xs, 0) is given by the equation [we now
need only the first term in Eq. (73)]

R'(x,, x5, 0) = fsfsfsszi(v,v,v,i)

X AV1sVEsVEsVis) dS: dS; dS; dS,. 74)

We wish to calculate R'(x,, X5, 0) for quasi-
monochromatic radiation from a modulated in-
coherent source. We. first consider the calculation
for an unmodulated incoherent source. For an
incoherent source we will assume here that the
statistics are Gaussian, that the phase and amplitude
at a point at uncorrelated, and that the phase has
equal probability of being anywhere between 0 and
27. (An incoherent source has never been properly
defined and so these assumptions may in a sense
be taken to be part of our definition of an incoherent
source. Note, however, that we here consider only.
quasimonochromatic radiation from an incoherent
source since otherwise the concepts of phase and
amplitude would be meaningless. Basically we have
in mind radiation similar to filtered starlight.)
Thus,

(VisVESVEV . s) = (Vis VENVEV.s)
+ (VisVENXVEsVis). (75)

Equation (A4) gives the form of K} and thus
we have finally

R'(xi, %) 0) = [ f f H@&, %15, DH Xy, o5, (Vs VEs) dS, ds2]

| [ [ B, x5, DHE, 05, DXV Vis) dS, dS,
L § Y8 -

+ | [ [ HG xs, DHY R, X, (Vs V) dS: 45,
LLVS vS§

- ~ 7
X | [ [ 5as, DHGS, 305, 5V E Vi) S, S, |,
L J 8 J3 -

pu

(76)

8 M. Beran and G. B. Parrent, Jr.,, J. Opt. Soc. Am. 52, 98 (1961).
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R'(x1, X5, 0) = I'(x,, x,, »)1'(xs, X3, )

+ T(xy, %, )I*xy, X5, 7),  (T7)
R'(xy, X3, 0) = I(x,, »)I(xs, %) + |I'(x,, x5, 9)]". (78)
Here

f‘(xn X3, %)
= [ ] B e, DB @, 30, X TV1s V) 08, dS,
8

Ix,, %) = I'x, %, 7).

Since we are dealing with an incoherent source
the expression for I'(x, X;, #) could be simplified.
Beran and Parrent’ have shown that for radiation
in the far field, when a scalar theory is applicable
(V,3V%s) may be replaced by B(VisV¥s) 8(8, — 83),
where 8 is a constant that depends upon the fre-
quency and details of the source. Then

'(x,, x5,7) = 'L H(x,, %15, VH*(xs, %15, 7)
X BV, Vi) dSs. (79)

Lastly, assuming the intensity is constant over
the source surface, we have

f’(x,, X3, 3) = f H(xh X8, 17)H*(X3, X8, F) dSH
8

(80)
where « is a constant. This yields
R'x,, %, 0) = I(x:, »1(xs, %)
+ o f H&,, x5 DH &, Xesr 9) 83| . (8D)
S

By a modulated incoherent source we mean
here a source that undergoes intensity variations
with period 7r < 1/Av. This is the effect turbulent
fluctuations would have on the radiation passing
through a surface immediately surrounding an
incoherent source. To distinguish the slow intensity
fluctuations from the rapid fluctuations of order
1/Av we introduce the concept on an ensemble of
time intervals. We assume that (V,sViV¥Vis)
has the form

(sz V;‘s V:?s Vw) = (VIS V:‘S)n(V;‘S V48>n
+ (VIS V?S}n( ;kS V4S)ﬂ

in each of a seriesof n = 1,2, -+ , N time inter-

(82)

7 M. Beran and G. B, Parrent, Jr.,, Nuove Cimento. 27,
1049 (1963).
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vals of length 7z, where 1/Av < 78 < 7r. { ). DOW
indicates a time average over a time 7 in the nth
interval. It is assumed that in each interval the
intensity at points on S are essentially constant,
but that the intensity may change from interval
to interval. To find the average effects of the
intensity fluctuations we simply average over the
ensemble of time intervals. We denote this averag-
ing by boldface square brackets, [ 1... In other words
we now compute

[Rix;, %5, 0)).s
- f f j LK:@, 7, DUV is VI Vs Vashllae

+ IVis Vi (VEsVishll) dS, dS; dS; d8,. (83)
For an incoherent source we have
(VisVish = Blisa(x:5)8(8: — 85).
Therefore, Eq. (84) yields
(Bo(xi, X5, 0))

(84)

=# _/; /; |H(xy, X5, "7”2 |H (X3, Xas, ﬁ)fz
X Hisa(X15)I350(X35) Jav d8; dS;
+ 52 j; j:g H(xl) xlS’;')H*(x;;, Xis, T’)‘H*(xl,xzs,l_l)

X H(xﬂi Xas, F) [Il Sa(xl S)IZSn(XQS)]nv dS1 ng. (85)
If we now write

Lisa(Xis) = [isXis) ar + Ifsa(x;s)
then

[era(xls x3) O)].v == R(l](XI, x;g, 0)
+ ﬁ2 L L IH(x11 X149 ﬁ)l2 lH(X3, X33, F)IZ
X {I:Sn(xl S)I;Sn(x38)}av de dsa
+ ,82 f f -H(xthSy r’)H*(x:g, xls,i)H*%thzs’ 7
8 Y8
X H(Xa, Xas, D) [I} sa(Z1 ) b 5n(X25) )av S, dS,,  (86)

where Ej(x,, X3, 0) is the solution in the absence of
modulation.

To proceed further we suppose the source surface
is plane and that

[I;Sn(xiS)Il’sSn(ka)]lv = U(lxss - kaD-
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For & plane surface H(x;, X.5, 7) i8 (see Beran and
Parrent')

—2(1 — tkris) 2

4r (rirs)

H(x;, Xrs, -17) = 3 eXp ('l:k’r,'ks),
87

where

ris = ((z; — xhs)z + (y; — yk8)2 + (= — st)z)*-

27 4
[R:(xlv X;, 0)].. = R;(xly X3, 0) + £k

% -
X exp [_;_?,- [zists + sy — 1523 — ylsysl] exp

Changing to the coordinates x,, = x5

[Bix,, 5o O = BXE, 5, 0) + Ly

+ f; ( f] a(ry;) exp [—% [z

— 2Ty + (4 — ys)yu]} dz,, dyu) dS{}
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In the forward region of the far field of the
source this expression simplifies to
.k 'k "
5o XD [—% (zas; + yksyo]e *
(88)
where R is the distance from some point on the

source surface to the observation point. Substitut-
ing Eq. (88) into Eq. (86) yields

H(xiy Xis, 7) =

L (f [ ot = msd asias, + [ [ olxe — xs)

vk
[_;_3_ [_-'525351 — Yo F Tasts + yzsy.s]] a8, dsz)-

(89)

—~ X5, Xig = X;5, We have

1625 {j; [j;w foh o(ro)rys dryg dt?:l as;

(90)

assuming «(r,;) — 0 in distances small compared to a characteristic dimension of the source area.

This yields
[R:(xly X3, 0)]sv = R;(xly X3, 0)

27,4

+ El_g';k%? A[2w[(l')’].,‘,l2 + 2r j: O'(T]z)ruJo(((xx —z)® + - y3)2)! E,f T12 )}drlﬁr‘ | o1

where [(I')’]_,lz = [% 1120(r12) dryo.
When x, = x; we find
2 [(I).. ARk
167°R*

= [R:»(xly Xy, 0)]lv - R(l)(xh X, 0):

92)
thus [(I")’]..? is measurable if we measure
[RL(xy, X1, 0)]., and T'(x4, X,, 0) [Note that I'(x,, x;, 0)

is insensitive to the modulation.] and calculate
Ry(x,, x,, 0)from I'(x,, x;, 0). The function

213;;]:43‘4 [Rﬂ(xlt X3, 0)]IV
— Ro(xi, %5, 0)] — P[] (93)

may similarly be determined by measurement and
calculation. We have then (setting z, = y, = 0
for convenience)

P(xlv X3, 0) =

f ol dr12J0<d%rlz) = P, 0), (94
0

where d = (22 4+ y2)). P(d, 0) is the Bessel trans-
form of o(r,;) and the integral may be inverted to
yield o(rys).

At the origin the ratio of Ry(x;, x,, 0) to

62k4
16x°R*
is ~ D’I’/I'[(I")’].., where D is a characteristic
source dimension. Interpreting [(I’)’],, as the mean
square fluctuation in intensity, ! is a macroscale
of the modulation. The characteristic spread of
R'(x,, X5, 0) is R/kD, and the characteristic spread
of the integral in Eq. (92) is R/kl.

To detect the modulation is extremely difficult
unless ! is a significant fraction of D and the in-
tensity fluctuations are appreciable. The fact that
R/kD << R/kl is an aid in detection however, since
the modulation effect becomes a much more signifi-
cant fraction of the unmodulated effect when
ix, — x| > R/kD.

7 A2r[(I')). 0
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APPENDIX 1
K;(xu X, X3, X185, X25, Xas, 2 -+ Vs, V2, ¥3) = H*(Xy, Xi5, v2 + v)H(X,, X5, v)H(xs, X35, v3),
where

3G (x,, X, »)

H(X,,, X9, V) = ans .
» Xp'=Xp§

K;(xu Xz, X3, X158, X5, Xag, V2 — V3, V2, ¥3) = H(Xy, X1g, v2 — va) H*(Xo, Xa5, v2) H(Xs, X35, v3).

Kg(xly Xy, X3, Xy, Xa5, X35, V3 — V2, V2, ¥3) = H(Xy, X158, v5 — vo) H(Xy, Xp5, vo) H*(X3, Xag, v3).

1
Ki(X;, X3, X3, Xy, Xy 5, Xosy Xas, Xagy V2 + V3 — P4, V3, V)
= H(X;, X5, 2 + v3 — v)H*(X;, X;5, vo) H*(Xs, X35, va) H(Xy, X459, ).

2
Ki(x, X2, X5, X4, Xu5, Xoss Xas) Xag, V2 — V3 -+ Vy, V3, Vs)

= H(x,, X;5,v2 — vs + v )H*(Xy, Xog9, v2) H(Xs, X35, v3) H*(X4, Xus, v4)-

Ki(x,, %;, X3, X4, X135, Xp5, Xss, Xas, —v2 + vs + vy, v3, v4)
= H(x,, X15, =2 + v + v)H(Xz, Xas, v2)H*(X3, X35, v3) H*(X4, Xus, v4)-

Ki(x,, X;, X3, X4, X135, Xos, Xags Xag, ¥z + ¥ + vy, v2, ¥3, 78)
= H*(X;, X1, ¥: + vs + v)H(Xz, Xo5, v2) H(Xs, X35, va) H(Xs, X5, vs).

5
Ki(x,, X3, X3, X4, X1, Xas, Xass, X4, V2 — V3 — V4, V2, V3, V4)

= H(xly x]Sr Vo — V3 — Vé)H*(x21 xzs, VZ)H(x3y x3Sr ”3)H(x4y X4s, V4)-

6
K&(xla Xy, X3, X4y X35, X239y X35, Xis, — V2 + V3 =" V4, Vo, Va2, V4)

= H(x,, X;5, —v2 + va — v)H(Xz, Xp5, va) H¥(X3, X35, va) H(X4, Xas, v4).

7
Ki(x,, X5, X3, X4, X, 9, Xog, Xa5, Xag, —V2 — Vs + b4, ¥z, V3, vs)

= H(X;, Xig, —v2 — v3 + vs)H (X2, Xp5, vo)H(Xs, X35, va) H*(Xs, X4, v4).

(A1)

(A2)
(A3)

(A4)

(A5)

(A6)

(A7)

(A8)

(A9)

(A10)
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Low-temperature expansions for the free energy of the Ising model of a ferromagnet and an anti-
ferromagnet are derived for the more usual two- and three-dimensional lattices. The underlying
enumerative problem is studied and a new method described that makes it possible to obtain more
terms than available previously without undue labor.

1. INTRODUCTION

HE theory of cooperative phenomena in
crystals has received much attention in recent
years and considerable effort has been given to the
elucidation of the properties of the three-dimensional
Ising model. For a general introduction and a lead
into the literature reference should be made to the
review by Domb' and more recently by Fisher.?
One of the most successful methods so far em-
ployed in investigations of the physical properties
of the Ising model, be it for a ferromagnet, anti-
ferromagnet, binary alloy, or lattice gas, is a study
of exact series expansions. By a study of these
the problem of the critical behavior of the spon-
taneous magnetization, specific heat, and suscepti-
bility, for the three-dimensional model has been
largely resolved.’”® Extrapolation procedures have
been much improved recently® and it is becoming
clear that the method can yield useful information if
expansions of adequate length are available.

It is the purpose of this paper to investigate the
enumerative problem that arises in the derivation
of what are usually described as “low-temperature”
expansions. We shall describe a new method and
use it to derive data sufficient for most applica-
tions for the more usual two- and three-dimensional
lattices. In most cases our results represent a useful
advance on the data available hitherto. The new
method exploits the well-known sublattice divi-

1 C. Domb, Advan. Phys. 9, Nos. 34 and 35 (1960).

: M. E. Flsher, J. Math. Phys 4, 278 (1963).

3 C. Domb and M. F. Sykes, J. Math. Phys. 2, 63 (1963).
4 G. A. Baker, Phys. Rev. 129, 99 (1963).

5 G. A. Baker, Phys. Rev. 124 768 (1961).

sion of loose-packed lattices and is especially effec-
tive for the derivation of expansions for the anti-
ferrimagnetic problem. It has a further advantage,
of great practical value, of being to a large extent
self-checking. It is, therefore, possible to under-
take with confidence complex enumerations that
would be otherwise difficult to verify. :

The data have already been applied in part to
the ferromagnetic problem,®” antiferromagnetic
problem,®*° and the binary alloy problem.'* The
retention of the sublattice division allows one to
study the Ising antiferromagnet in a magnetic
field while retaining a parameter (the staggered
field susceptibility) which should have a strong
singularity at the critical temperature.

The method described can be modified for a study
of more complex systems such as, for example,
ferrimagnetism or the nonstoichiometric alloy prob-
lem with nearest-neighbor interactions, which, if
we neglect the change of thermal vibrations with
ordering, is formally equivalent to the Ising model
in a temperature-dependent magnetic field. We
give in the text an account of some applications
and an assessment of the data derived.

2. THE LOW-TEMPERATURE ENUMERATIVE
PROBLEM FOR A FERROMAGNET

The low-temperature enumerative problem arises
quite naturally in the derivation of low-temperature

(19‘;6 :';I) W. Essam and M. E. Fisher, J. Chem. Phys. 38, 802
7 M. E. Fisher (to be published).
8 M. F. Sykes and M. E. Fisher, Physica 28, 919 (1962).
9 M E. Fisher and M. F. Sykes, Physica 28 939 (1962).
J. W. Essam and M. F. Sykes, Physica, 29 378 (1963).
11 A, Bienenstock (to be published).
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expansions for the free energy of the Ising model.
At absolute zero all the spins point one way and
give rise to a spontaneous magnetization, and for
temperatures slightly above zero thermal fluctua-
tions will perturb this ordered state. The probability
of any particular perturbation will be given by the
appropriate Boltzmann factor and, in general, the
overturning of & spin causes an increase in energy.
The most important perturbations at the lowest
temperatures will thus correspond to relatively
few overturned spins. The possible perturbations
are conveniently grouped by the number of over-
turned spins and the energy of any particular per-
turbation depends on the relative positions of these
overturned spins. If, following the usual conven-
tion, we denote by 2J the energy gained if two
first-neighbor spins change from parallel to anti-
parallel position, and denote by m the magnetic
moment per spin, it is readily shown that the over-
turning of s spins with r first-neighbor bonds be-
tween them results in an energy gain of

2(gs — 2r)J + 2msH, (2.1

where H denotes any applied magnetic field and ¢
is the coordination number. Denoting

exp (—4J/kT) by u = 2° and exp (—2mH/kT) by &,
(2.2)

the Boltzmann factor corresponding to (2.1) will be
exp {[~2(gs ~— 2nJ — 2msH]/kT} = «** """ (2.3)
and the energy of the ground state is

—NGgJ + mH). (2.4)

At low temperatures both » and p are small and
the partition function and free energy can be ex-
panded as a double series in powers of u and p.
Following the notation of Domb we shall write
the free energy per spin (F) as

= —1qJ — mH — kT In A(p,u). (2.5

To derive the series development for In A we must
study perturbations of the ordered state.

In general, the number of perturbations of a
given type on an infinite lattice of N sites will be
some polynomial in N and it can be shown that
the contribution to the configurational free energy
per spin corresponds to taking the coefficient of the
first power of N. Denoting this linear part of the
total number of ways of choosing s spins with »
bonds between them by {s; r] then

nA= ) fs; T,

alls,r

2.6)
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We shall group the expansion (2.6) as a develop-
ment in powers of u and the successive coefficients
will then be finite polynomials in u, L,(«) defined by

InA = Y L. .7

To specify a polynomial L, we require the con-
tributions from perturbations with s overturned
spins.

fs(s—1)

2 syrlude,

=0

L) = 2.8)

The most complete description of the various
perturbations that make up any given [s; 7] is
provided by grouping them according to the topology
of their nearest-neighbor linkages. We may call
this the method of topological breakdown. As an
example on the face-centered cubic lattice the per-
turbations corresponding to [4; 3] are, in a self-
explanatory notation,

WA
@ "7 @)

®3) A. (8N* — 200N)

Methods for counting such low-temperature con-
figurations, as these are called, have been much
studied by Domb' and his co-workers. For all but
the smallest values of s it is convenient to count the
terms in a contracted notation. For example, in
[5; 5] we require the values of perturbations corre-
gponding to the configurations

AL £

and we shall denote the total contribution of these by

DNV G

With this convention we illustrate in Fig. 1 the
topological breakdown of [8; 9] on the body-centered
cubic lattice. It is evident that descriptions of this
kind are laborious to derive. We shall obtain the
result [8; 9] = 41352 on the body-centered cubie
more directly in Sec. 4.

We give in Appendix I a table of the perturba-
tions of up to 5 spins for the triangular and face-
centered cubic lattices. To derive a useful number of
terms it is usual to exploit the faet that the
3s(s—1)--1 quantities [s; 0], [s; 1], - - - , [s; 3s(s—1)]
are not all independent and it is possible to derive
s linear relations between them. These constraints

Total
contribution to
[4; 3] = 126.

(2.9)

2.10

2.11)
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F16. 1. Body-centered cubic—synoptic topological breakdown for [8; 9].

Total Number of Configurations deseribed = 812N? 4 41352N Coefficient of »?? in Ls(u) = 41352

> @/‘\/ 30024N @ °

)3 EU/\ 33204N
CQ 168N
b3 EP\' 6984N
Ij‘m 1716N

18 / 96N?—4416N

g/‘ o 288N2—10464N
@
192N2—7104N
[ ]
@' 168N?—6240N

8N2—312N

‘@_‘ o 24N?— 864N
@/ o 24N?—816N
,@ o 12N s8N

have been described by Domb*? and applied to the
simple quadratic lattice. A further application was
made by Wakefield'® to the simple cubic lattice.
A proof of these constraints for the simple cubic
lattice which holds without modification for any
loose-packed lattice has been given by Wakefield
and the result for close-packed lattices has been
proved by Sykes." The generalization of these
constraints to the second-neighbor problem has
been given by Domb and Potts'® and to the Ising
problem with general spin by Sykes,**

The constraints are best exploited by counting
only perturbations with » 3 s, which correspond
to configurations most easily counted as relatively
few of them are separated. The counting of the
more difficult separated configurations is thus
avoided. The number of constraints can be in-
creased to (s 4+ 1) by employing the high-tempera-
ture specific-heat expansion (Domb'?) for zero field
and to (s + 2) by employing the high-temperature
susceptibility expansion (Sykes'*''®). On a close-
packed lattice the method would seem the most
effective so far given for deriving the successive
L,(u). We give in Appendix III, the first six L(u)
for the face-centered cubic and the first eight L(u)
for the triangular lattice which we have derived in
this way.

12 C, Domb, Proc. Roy. Soc. (London) A199, 199 (1949).

13 A, J. Wakefield, Proc. Cambridge Phil. Soc. 47, 799
(19?‘11)\}[. F. Sykes, thesis, Oxford (1956) (unpublished).

18 C. Domb and R. B. Potts, Proc. Roy. Soc. (London)

A210, 125 (1951).
16 M. F. Sykes, J. Math. Phys. 2, 52 (1961).

The amount of work involved in deriving the
successive L(u) increases rapidly with s. It can be
shown by a more detailed analysis of the method
of topological breakdown that to calculate L,(x) it
is sufficient to know the number of multiply-con-
nected'” perturbations with s spins on the lattice
considered. This result can be obtained more di-
rectly in another way by using the Ursell-Mayer
formalism and this approach can be developed as
an alternative method for obtaining the L(u). We
shall not describe the method since this has been
adequately done by Rushbrooke and Scoins'®*®
and Domb and Hiley.”® Although of great theo-
retical interest, the Mayer method has not so far
led to any easy method of calculating the contribu-
tions from the more complex perturbations. A table
of the multiply-connected perturbations with up
to eight spins (on a loose-packed lattice) is given
by Rushbrooke and Scoins™ and is relatively diffi-
cult to provide. We give in Sec. 4, a method which
exploits the fact that what is actually required is
the numerical value of each {r; s] and that a topo-
logical description, complete or partial, is not
necessary.

17 A multiply-connected configuration is a connected con-
figuration without articulation points. An articulation point
is a point which, if omitted, would cause the configuration to
fall into two disconnected parts.

18 G. 8. Rushbrooke and H. 1. Scoins, Proec. Roy. Soc.
(London) A230, 74 (1955).

19 G. S. Rushbrooke and H. I. Scoins, J. Math. Phys. 3,
176 (1962).

2% C, Domb and B. J. Hiley, Proc. Roy. Soc. (London)
A268, 506 (1962).
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3. THE LOW-TEMPERATURE ENUMERATIVE
PROBLEM FOR AN ANTIFERROMAGNET

In this section, we consider the antiferromagnetic
problem for those lattices which can be decomposed
into two equivalent sublattices. We shall denote
these two sublattices by 4 and B and to avoid
fractions it is convenient to use N for the number
of A or B sites and thus to work with a 2N site
lattice. (For the antiferromagnet J is negative and
we shall write J = —J.) The lowest energy state
for small fields is now one of antiparallel ordering
in which each A spin is in the opposite state to its
nearest neighbors all of which are B spins. If such
an ordered state is perturbed by the overturning
of s A-spins and ¢ B-spins with r nearest-neighbor
links between them the resultant gain in energy
is now

ogls + 1) — 21’ + 2msH — 2miH,  (3.1)

where we have supposed that the 4 sublattice is
ordered in the direction of the external field.

If there is no applied field {3.1) is identical with
{2.1) and we have the well-known result that the
configurational problem for a loose-packed Ising
antiferromagnet in the absence of an applied field
is isomorphic with the ferromagnetic one. It is
implicit in (3.1) that 2J’ now denotes the energy
gained if two first-neighbor spins change from
antiparallel to parallel position. To avoid confusion
we shall follow Domb and introduce new variables

y = exp (—2J'/kT), w =y’ 3.2

The energy per spin of the ground state is now

simply —%¢J’ and in place of (2.5) we write

= —3gJ’ — kT In A°(u, ). 33)

In the absence of a field the expansion valid near
T = 0 will be

[S + 2, r1w§a(a+t)—~r’

>

all s+f.r

In A" = (3.4)
and the coefficients will be term by term identical
with (2.6) for p = 1.

In the presence of an applied field this isomor-
phism is destroyed. We shall find it convenient to
modify the ferromagnetic problem to retain a formal
isomorphism in the expansions. This isomorphism
will not be a physical one since the power series we
shall derive will have different regions of validity.

Suppose that for a ferromagnet with two sub-
lattices 4 and B the spins on the 4 sublattice have
moment m, and those on the B sublattice my and

M. F. BYKES, J. W. ESSAM, AND D. 8. GAUNT

we write

exp (—2m H/kT) = pu,
exp (—2mzH/kT) = ».

(3.5)

The perturbation problem is now more complex
since we must include in our description of a dis-
turbed state the distribution of overturned spins
between the two sublattices. Denoting the linear
part of the total number of ways of choosing s
A-sites, ¢ B-sites with r first-neighbor bonds be-
tween them by s, ¢; r] we require formally

In A = E {S, t; T]uhﬂgu-—rﬂgvt.

aila,t,r

3.6)

For the antiferromagnetic problem we see from
(3.1) that the Boltzmann factor is

wémé-;qtmr z —t

we 3.7

Thus, for a particular choice of (s 4+ t) and r we
obtain as the coefficient of w!***#‘~" a range of
powers of p from u*** 1o x "%, The presence of
inverse powers of u alters the whole character of
the expansion since when u is small 1/u is large
and the converse. The development is therefore
best thought of as an expansion in w for fixed p.
A formal isomorphism with (3.6) is obtained by
setting » = 1/p, u = w. The required expansion is
simply

2 s, friwterie et

all s, f.r

(3.8)

Expansions of this type have been given by Brooks
and Domb™ for the simple quadratic lattice and by
Wakefield'® for the simple cubic lattice. Both these
authors have used the variable p only and this is
equivalent to writing

#ruwt — Ma-—t . (3.9)

The treatment in this section, which introduces
an isomorphic ferromagnetic problem, retains in
the antiferromagnetic expansion information on
the distribution of perturbed spins between the two
sublattices. This information can be exploited to
develop extrapolation techniques. In particular it
enables the method of metastable approximations
(Domb and Sykes®™) to be applied to the anti-

2 . BE. Brooks and C. Domb, Proc. Roy. Soe. (London)
A207, 343 (1951).

22 C, Domb and M. F. 8ykes, Proc. Roy. Soc. {London}
A235, 247 (1956). -
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ferromagnetic problem. Also, so long as the dis-
tinetion between u and » is retained, generalized
constraints between the [s, £; ] can be established
along the lines used for the simple ferromagnetic
problem and these constraints can be used to extend
the data. We shall not describe these constraints as
we shall propose in the next section an alternative
method for deriving the polynomials for the sub-
lattice ferromagnetic problem (L,,,) defined by
L,.(u) = 2[5, t;rRd™ . (3.10)
allr

The quantities [s, ¢; r] can be obtained by direct
enumeration by an obvious extension of the method
of topological breakdown. For example the values,
on the body-centered cubie, of [8, 0; 9], [7, 1; 9],
{6, 2; 91, [5, 3; 9], |4, 4; 9] can be found by con-
structing a more detailed description of the per-
turbations shown in Fig. 1. For connected con-
figurations this presents no special difficulty but the
calculation of the distribution of the separated
configurations on the two sublattices is often tedious

and liable to error.

4. PARTIAL GENERATING FUNCTIONS FOR s, f; 7]

In previous sections we have shown that the
derivation of low-temperature expansions can be
made to depend on the quantities [s, ¢; r]. Defining
a generating function F by

FX,Y,b) = 2 Is XYV,

&, b,r

4.1)

s knowledge of F would be equivalent to a complete
solution of the problem. We shall derive in this
section partial generating functions which are
equivalent to the solution of the problem when
the number of overturned spins on one sublattice
is held constant. Owing to the symmetrie equivalence
of the two sublattices a knowledge of the first =
partial generating functions enables the values of all
[s, t; r] with s + ¢ < 2n 4+ 1 to be derived. Ex-
plicitly we write

FX,Y, b =2 PREX, DY, (4.2)

FuX,b) = > [s, :r1X°0.

&, T

4.3)

We now take as a specific example the body-
centered cubic on which as we have seen the con-
figurational problem is relatively complicated. The
first partial generating funection, F,, corresponds
to configurations for which all the sites are on the
A sublattice. Such sites cannot be neighbors of one
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another and therefore r = 0 always. We may choose
an A site on an infinite lattice of 2N sites in N
ways, and then another in (N — 1) ways and so
on to obtain each selection of s sites s! times.
[s, 0; 0] is, therefore, the coefficient of N in

NN — DN —2) -« (N — s+ 1)/s!

or (=1)""'/s. 4.4
The function F, is thus simply
FolX,0) = In(1 4+ X). 4.5

If all the sites but one are A-sites we first choose
the B-site (N ways) and observe that it casts a
“shadow” on the eight neighboring A-sites in the
sense that if any one of these is now selected a
nearest-neighbor bond will be formed. If we choose «
A-sites from the eight sites in the ‘“shadow” and
B A-sites from the remaining (N — 8) sites we shall
obtain « bonds in

Gl - o -9 - & -8 -5+ 178 @9)

ways. The appropriate term of the expansion of F,
is, therefore, the term linear in N in this, or

(Xb)X (a 8
and, therefore,

Fi(X,b) = 14X+ X% 4.8

To derive the next partial generating function
we observe that the two B-sites each cast a ““shadow”
of eight sites (in the form of a cube) and that these
shadows may overlap. The two sublattices on the
body-centered cubic form simple cubie lattices and
the possible overlappings of the two ‘““shadows”
correspond to the various ways in which two cubes
may be chosen on a simple cubic lattice. There are
four distinct cases:

4.7

=
(@) Qa’ Face-to-face BN)
(b) !‘?’:! Edge-to-edge (6N)
4.9)
(c) Corner-to-corner (4N)

NS N
@) Separated AN® — 133iN).
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In (a) the two cubes have one face in common
which means that only 12 A-sites are shaded by the
2 B-sites. Of these 12 sites the 4 on the common
face will create two bonds if chosen since they are
adjacent to both B-sites. The appropriate generate«

ing function is now
(1 4+ bX)*(1 + ¥*X)*'(1 + X)7". (4.10)

Each of the three remaining cases can be treated
similarly and on multiplying up by their respective
occurrences we obtain

F(X, 5 =301+ X0 + X'+ XO)° "
+ 6(1 + bX)"*( + b°X)°(1 + X)™
+ 401 + X)L 4+ X)L + X)7
— 1331 + X011 4+ Xy, 4.11)

Expressions such as (4.11) are relatively cumber-
some and we observe that the general fterm in
F. (X, b) will be some multiple of

A + bX)°(L + BX)’( + B°X)" ---

4.12)
/(1 + X a+ftytece .
and we shall denote this by
A a, By, )y A=a+B+v+ -, (4.13)

which is simpler and forms a convenient “code”
for supplying data of this type to an electronic
computor. We shall close the bracket when factors

to the right terminate but zeros will occur in the

code if any factors are missing in the sequence.

On the body-centered cubic the determination
of the next two partial generating functions F,
and 7, is now reduced to the counting and classify-
ing of all the possible ways of selecting three and
four cubes on the simple cubic lattice and de-
termining the respective “codes” of each con-
figuration. This combinatorial problem is closely
related to the Ising problem on the simple cubic
with first-, second-, and third-neighbor interactions.
Referring again to (4.9) the 3N arrangements
face-to-face correspond fto the 3N first-neighbor
interactions, the 6N edge-to-edge correspond to the
6N second-neighbor interactions (these form a face-
centered cubie lattice), and the 4N corner-to-
corner correspond to the 4N third-neighbor inter-
actions (these form a body-centered cubie lattice).
We have exploited this isomorphism to classify and
count the 13 combinations of 3 cubes and the 80
combinations of 4 cubes and so derive the next two
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partial generating functions. This suffices to de-
termine the first nine low-temperature polynomials
L(u) of (2.7) for this lattice. The results can be
expressed compactly in the form of the codes as:

F, = 1(8, 8),
F, = 3(12, 8, 4) + 6(14, 12, 2)

+ 4(15, 14, 1) — 131(16, 16),
F, = 3(16, 8, 8) + 12(16, 10, 4, 2) + 24(18, 12, 6)

+ 24(18, 13, 4, 1) + 24(19, 14, 5)
+ 8(19, 15, 3, 1) — 66(20, 16, 4) + 72(21, 18, 3)
— 224(22, 20, 2) — 184(23, 22, 1) -+ 3075(24, 24),
F, = 3(18, 8, 8,0,2) + 3(20, 8, 12)
+ 24(20, 10, 8, 2) + 24(20, 12, 4, 4)
+ 2420, 12, 5, 2, 1) + 8(20, 13, 3,3, 1)
+ 621,12, 8,0, 1) + 2421, 13,6, 1, 1)
1 48(22, 12, 10) + 72(22, 13, 8, 1)
1132022, 14, 6, 2) + 96(22, 15, 4, 3)
+ 60(23, 14, 9) + 24(23, 15, 7, 1)
1 168(23, 16, 5, 2) + 2(23, 16, 6, 0, 1)
— 1153(24, 16, 8) + 312(24, 17, 6, 1)
— 444(24, 18, 4, 2) + 504(25, 18, 7)
+ 432(25, 19, 5, 1) — 1594(26, 20, 6)
— 110426, 21, 4, 1) — 1116(27, 22, 5)
_ 424(27, 23,3, 1) + 1479(28, 24, 4)
— 5724(29, 26, 3) + 7962(30, 28, 2)
4+ 7836(31, 30, 1) — 8721332, 32).  (4.14)

From (4.14) we can obtain, by expanding and
picking out the terms, complete information on
[s, t; r] for all s 4+ ¢ < 9. For example to derive the
antiferromagnetic breakdown of the perturba-
tions in Fig. 1. we require the coefficient of b° for
all s + ¢ = 8 and this is found to be

384X°Y’ + 17632X°Y° + 46672X"'Y*
+ 17632X°Y° + 384X°Y". (4.15)
On adding these coefficients together we obtain
[8;9] = 82704 on 2N sites,
= 41352 on N sites.

(4.16)
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The method can be applied to any loose-packed
lattice and we shall in general find that each A-site
or B-site casts a ‘“shadow’” conveniently thought
of as a solid figure formed by the first-neighbor
shell. These shadows must be classified for their
possible overlappings and for this purpose it is
convenient to study another partially isomorphic
Ising problem which may be one involving more
than near-neighbor interactions as we have seen in
our example. The isomorphism is not complete
in the sense that the coding rules are not always
simply related to the corresponding Ising con-
figuration. It is, however, possible to code most
of the simple lattices with equivalent sites and
bonds from information given on the corresponding
“shadow lattice.” We summarize these in Table I.

The honeycomb and diamond lattices lead to first-
neighbor shadow lattices. On the honeycomb each
A-spin casts a triangular shadow of B-spins and
any pair of these triangles, if they overlap at all,
can only have one point in common. Each triangle
is surrounded by six others the over-all topological
linkage of possible contacts being a triangular
lattice. A choice of say three triangles on the
honeycomb lattice corresponds to a choice of three
sites on this triangular lattice. Further if any pair
of triangles touch, the corresponding configuration
on the triangular shadow lattice will contain a first-
neighbor bond. To obtain F, we need the codes
appropriate to all the possible choices of three
sping on the triangular lattice. These choices are
listed in Appendix I. The codes are not difficult
to provide and we observe that a triangle of spins
can correspond to two possible overlappings of
three triangles in accordance with the scheme

New- o o+ @

by symmetry and the appropriate coding will
therefore be

(4.17)

1(7, 6,0, 1) + 1(6, 3, 3). (4.18)

We give in the last two columns of Appendix I
the codes for the honeycomb and diamond lattices.
To obtain the contribution to F each entry should
be multiplied by the corresponding occurrence
factor. In a similar way the codes for the white
tin lattice can be derived from data on the close-
packed hexagonal lattice but as this latter is not
a bravais lattice, the corresponding “white tin
code” is relatively complicated.

The simple cubic lattice leads to the problem
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TasLE L Loose-packed lattices and their respective ‘‘shadows.”

Lattice Shadow Shadow lattice
Honeycomb  Triangle Triangular lattice
Simple Square Simple quadratic lattice with
quadratic first and second neighbors
Diamond Tetrahedron Face-centered cubic lattice
White tin Tetrahedron Close-packed hexagonal

Face-centered cubic lattice
with first and second
neighbors

Simple cubic lattice with
first, second, and third
neighbors

Simple cubic Octahedron

Body-centered Cube
cubic

of choosing oectahedra and the shadow lattice is
the face-centered cubic with second-neighbor bonds.
A first-neighbor bond corresponds to two octahedra
edge-to-edge and a second-neighbor bond to two
octahedra corner-to-corner. To obtain F; every
arrangement of five octahedra must be classified.
Among the most difficult are the separated ar-
rangements suech as, for instance, the contribution
from five octahedra, no one touching any other.
This is just the number of completely separated
five spins for the Ising problem (face-centered cubic
with second neighbors) on the shadow lattice and
may be deduced by using the constraints already
referred to in Sec. 2. In this we have been assisted
by N. Dalton who has derived the first five low-
temperature polynomials for this second-neighbor
problem.

In Appendix II, we give the partial generating
functions we have derived.

5. APPLICATIONS

From the partial generating functions in Ap-
pendix II the complete free-energy expansion for
the two sublattice ferromagnet can be derived for
all s + t < 2n 4+ 1 where F, is the last partial
generating function available. We shall not quote
these expansions explicitly because of the extent
of the data. The manipulation of such expansions
is only conveniently done on a computer and for
this purpose the coded partial generating fune-
tions would seem to provide a convenient form of
the data. Each new partial generating function when
expanded must reproduce the earlier terms correctly
and this fact provides a most useful test of the
correctness of the underlying enumeration.

The partial generating functions up to F, de-
termine the ferromagnetic polynomials up to
Ls,.1(uw) and we quote these in Appendix III. For
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the simple quadratic lattice we have obtained 13
polynomials and the first 10 are in agreement with
those given by Sykes.'® For the triangular lattice
we give 8 and the first 6 are in agreement with
Domb and Sykes.”” For the face-centered cubic
we have done no more than verify the results of
Domb and Hiley.?* We give 13 polynomials for
the honeycomb and diamond lattices and these
are new. For the simple cubic we give 11 the first
8 being in agreement with Domb and Sykes.*
For the body-centered cubic we give 9 the first 8
being in agreement with Rushbrooke and Scoins®
apart from an obvious misprint. It is still feasible
in most cases to obtain further generating func-
tions without undue labor and we are continuing
with this work. These polynomials L(u) provide
an expansion of the free energy grouped in powers
of p (u grouping).

For some studies, in particular those of the
spontaneous magnetization and the specific heat
in zero field, it is convenient to group in powers
of 4 (u grouping). To extend the u grouping it
is an advantage to know the leading terms in higher
L(u). These extra coefficients can be obtained by
the method of topological breakdown or alter-
natively by enumerating only those ‘codes’ whose
expansion will make a contribution to the required
coefficient. We have extended the w grouping by
these methods and derived expansions for the
configurational free energy in the absence of a
field and we give these in Appendix IV. The corre-
sponding expansions for the reduced configurational
energy U(u) and the specific heat at constant field
Cy can be derived through the defining relations

Ulw) = 4u dL/du,

L=1InA (5.1)

Cu/R(lnu)® = 1u dU/du (5.2)
From the same data the reduced spontaneous
magnetization I(u) and the low-temperature zero-
field ferromagnetic reduced susceptibility x(u) can
be obtained through the defining relations

Iw) = 1 — 2p OL/0p |um1, (5.3)

x) = (21 8/0p)°L |ms. (5.4)

We give the magnetization expansions and the
expansions for In A in the absence of a field in
Appendix IV.

For the antiferromagnetic problem we have de-
rived the free energy expansion in the form adopted
by Brooks and Domb®' for the simple quadratic
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lattice and by Wakefield'® for the simple cubic
lattice as

In A* = Z ay”,

where each coefficient @, is a polynomial in powers
of 4 and 1/u. These must occur symmetrically and
it is convenient to write

(5.5

6, = u" + pu"

We give these antiferromagnetic expansions in
Appendix V together with the derived expansions
for the corresponding reduced antiferromagnetic
zero-field susceptibility x"(y)

@) = 2u 8/0u)°L" |umn.

For the simple quadratic we have added two, and
for the simple cubic four, more terms to those
available previously. The data for the honeycomb,
diamond, and body-centered cubic lattices are new.

As stated in the introduction we shall not make
any analysis here of the data we have derived.
The data for the two sublattice model is being
analyzed in collaboration with Bienenstock' with
a view to its application to the nonstoichiometric
alloy problem. The data for the simple Ising model
is being studied in collaboration with Fisher’ to
elucidate the behavior of the magnetization in the
presence of a field. We are also extending the
calculations outlined in this paper to provide
further data. With the recent improvements in
extrapolation methods it should be possible eventu-
ally to resolve most of the obscurities still extant
in our understanding of the physical properties of
the three-dimensional Ising model; such as for
example the critical behavior of the ferromagnetic
susceptibility just below the Curie point and the
relationship of this to the specific heat singularity.*

5.6)

(5.7
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APPENDIX 1. TABLE OF THE PERTURBATIONS OF UP TO FIVE SPINS ON THE TRIANGULAR AND
FACE-CENTERED CUBIC LATTICES

Coeff. N. Coeff. N. Diamond
Configuration Alar fee H.~C. Code Code
. +1 +1 3,3) 4 4)
~—o +3 +6 (5,4,1) (7,6, 1)
o~ . —34 —63 (6, 6) (8, 8)
+2 +8 %; g: g’) Y iﬁi’b,ﬁ b,3 ()), 1)
e +9 +42 1,5, 2) (10, 8, 2)
o . ~30 ~120 (8,7,1) (11, 10, 1)
oo o +19% +70% (9, 9) (12, 12)
0 +2 iéig 1126 ()) 0,1)
+3 +24 (8,5,2,1) (12,9,2,1)
I:I 0 +3 (12,8, 4)
S 540 11552,
N +27 +282 (9, 6,3) (13, 10, 3)
.—Z. +2 +44 (9, 6, 3) (13, 10, 3)
N e Ry
.—.\ —61% —531 (10, 8, 2) (14, 12, 2)
/.\. —117 —~1122 (10, 8, 2) (14, 12, 2)
. .\_ +288 2322 (11, 10, 1) (15, 14, 1)
hd —1293 —944} (12, 12) (16, 16)
e O o
0 +6 (14, 10, 2, 2)

3(13, 7, 5, 1)
+24 (15, 12, 2, 0, 1)

i
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Coeff. N. Coeff. N. Diamond
Configuration Alar fce H.-C. Code Code
9,44, 1) 314, 9,4, 1)
W +6 +72 10,7, 1,2) 315,12, 1, 2)
3(13, 6, 7)
2O 0 +24 $(16, 14, 1, ,
- (14, 8, 6)
. 0 56 1017, 16,0, 0, 1)
314, 8, 6)
) 0 +24 305,11, 3, 1)
m\ +6 +168
(10, 6, 3, 1) (15, 11, 3, 1)
m/- +12 +240
1(14, 8, 6)
N +3 +72 (10, 6, 3, 1) (15, 11, 3, 1)
_ i(16, 14, 0, 2)
0 +48 (15, 10, 5)
(10, 5, 5) 3(15, 10, 5)
& +24 +576 311,82, 1) 116, 13. 2, 1)
I>< 0 +96
m . —42 ~720 (11, 8,2, 1) (16, 13, 2, 1)
)X 0 -90 (16, 12, 4)
I>‘ —96 ~1728
3(12, 10, 1, 1) $(16, 12, 4)
3(11, 7, 4) $(17, 15,1, 1)
. —180 ~3792
j\/\ +81 41902
A f: +18 +828 (11,7, 4) (16, 12, 4)
:><: 0 +9
® 1 1
13,12,0,1) 117, 14, 3)
4252 +4328 ;&1 Nemdy

Y
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Coeff. N. Coeff. N. Diamond
Configuration Alar fee H.-C. Code Code
[ ]
>——0 —-32 1448
N —432 —0444 (12,9, 3) (17, 14, 3)
®
AN s _om
./.f . +1350 24006 (13, 11, 2) (18, 16, 2)
)'.' . +1287 425284 (13, 11, 2) (18, 16, 2)
e —2796 — 45792 (14, 13, 1) (19, 18, 1)
s @& ¢
e 49714 4143031 (15, 15) (20, 20)
e & » .
APPENDIX II. PARTIAL GENERATING FUNCTIONS
Honeycomb Lattice
F, =13, 3),

F, = 3(5,4,1) — 36,0,
F,=16,3,3) +97,5,2 + 1(7,6,0, 1) — 308, 7, 1) + 193(9, 9),
F,=68,4,4) + 38,52, 1) + 1709, 6, 3) + 6(9,7, 1, 1) — 178%(10, 8, 2)
— 12(10, 9, 0, 1) + 288(11, 10, 1) — 1292 (12 12),

F, = 3(9,4,4, 1) + 30110, 5, 5) + 21(10, 6, 3, 1) + 3(10,7,1,2) — 39(11, 7, 4) — 12(11, 8, 2, 1)
— 806(12, 9,3) — 138(12, 10, 1, 1) 4 2637(13, 11, 2) 4 126(13, 12, 0, 1) — 2796(14, 13, 1) + 9713(15, 15},
F, = 1(10, 3, 6, 1) + 3(11, 4, 7) + 21(11, 5, 5, 1) + 12(11, 6, 3, 2) + 131%(12, 6, 6) '

+ 75012, 7, 4, 1) + 21(12, 8, 2, 2) 4 1(12, 9, 0, 3) — 726(13, 8, 5) — 400(13, 9, 3, 1)

— 45(13, 10, 1, 2) — 23533(14, 10, 4) — 594(14, 11, 2, 1) — 93(14, 12, 0, 2) + 18097(15, 12, 3)

+ 2217(15, 13, 1, 1) — 34920(16, 14, 2) — 1290(16, 15, 0, 1) + 27555(17, 16, 1) — 77963 318, 18).

Simple Quadratic Lattice
F, = 14, ), ,
F, = 2(6, 4, 2) + 2(7, 6, 1)—4(8 8),
F, = 2(8, 4, 4) + 4(8, 5, 2, 1) + 8(9, 6, 3) — 18(10, 8, 2) — 28(11, 10, 1) 4+ 32312, 12),
F, =109, 4,4,0,1) + 2010, 4, 6) + 8(10, 5, 4, 1) + 8(10, 6, 2, 2) + 16(11, 6, 5) + 20(11, 7, 3,1
— 24(12, 8, 4) — 60(12, 9, 2, 1) — 190(13, 10, 3) + 140(14, 12, 2) + 362(15, 14, 1) — 283%;(16? 16),
Fy = 8(11, 5,4, 1, 1) + 2(12, 4, 8) + 12(12, 5, 6, 1) + 28(12, 6, 4, 2) + 4(12, 6, 5, 0, 1) o
+12(12,7, 2, 3) + 1(12, 8, 0, 4) + 24(13, 6, 7) + 84(13, 7, 5, 1) + 48(13, 8, 3, 2) — 16(13, 8,4, 0, 1)
— 208(14, 9, 4, 1) — 144(14, 10, 2, 2) — 592(15, 10, 5) — 564(15, 11, 3, 1) — 160(16, 12, 4)
+ 804(16, 13, 2, 1) + 3296(17, 14, 3) — 738(18, 16, 2) — 4672019, 18, 1) + 2771%(20, 20),
Fo = 2(12,4,6,0,2) + 8(13,5,6,1, 1) + 28(13, 6,4, 2, 1) + 4(13,7, 2, 3, 1) + 2(14, 4, 10) -
+ 16(14, 5, 8, 1) + 66(14, 6, 6, 2) + 8(14,6, 7,0, 1) + 72(14, 7, 4, 3) + 40(14,7,5,1, 1)
+ 24(14, 8, 2, 4) + 32(15, 6, 9) + 188(15,7, 7, 1) + 318(15, 8, 5, 2) — 22(15,8,6,0,1) -
+ 84(15, 9, 3, 3) — 152(15, 9, 4, 1, 1) + 8(15, 10, 1, 4) + 62(16, 8, 8) — 208(16, 9, 6, 1)
— 910(16, 10, 4, 2) — 130(16, 10, 5, 0, 1) — 252(16, 11, 2, 3) — 21(16, 12, 0, 4) — 1202(17, 10, 7)
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— 3732(17, 11, 5, 1) — 1472(17, 12, 3, 2) + 222(17, 12,4, 0, 1) — 2617%(18, 12, 6)

+ 2780(18, 13, 4, 1) 4+ 2128(18, 14, 2, 2) + 12914(19, 14, 5) + 11500019, 15, 3, 1) + 13142(20, 16, 4)

— 10604(20, 17, 2, 1) — 504553(21, 18, 3) — 3634(22, 20, 2) + 60860(23, 22, 1) — 200961(24, 24).
Diamond Lattice

Fl = 1(49 4)1
F2 = 6(7y 6; 1) - 6%(81 8)'
F, = 4(9, 6, 3) + 42(10, 8, 2) + 4(10, 9, 0, 1) — 120(11, 10, 1) + 70%(12, 12),

F, = 1(10, 4, 6) + 63(12, 8, 4) 4+ 24(12, 9, 2, 1) + 226(13, 10, 3) + 60(13, 11,1, 1)
+ 1(13, 12,0, 0, 1) — 1653(14, 12, 2) — 100(14, 13, 0, 1) + 2322(15, 14, 1) — 9441(16, 16),

12(13, 6, 7) + 12(13, 7, 5, 1) — 4(14, 8, 6) + 36(14, 9, 4, 1) + 6(14, 10, 2, 2)
+ 780(15, 10, 5y + 468(15, 11, 3, 1) 4 36(15, 12, 1, 2) 4+ 12(15, 12,2, 0, 1) — 111(16, 12, 4)
4 12(16, 13, 2, 1) + 12(16, 14, 0, 2) + 12(16, 14,1, 0, 1) — 18460(17, 14, 3) — 2760(17, 15,1, 1)
— 28(17, 16, 0, 0, 1) -+ 49290(18, 16, 2) + 2164(18, 17, 0, 1) — 45792(19, 18, 1) + 14303%(20, 20),
Fe = 24(15,7,7, 1) 4+ 12(15, 8, 5, 2) 4+ 156(16, 8, 8) + 208(16, 9, 6, 1) + 60(16, 10, 4, 2)

+ 6(16, 10, 5, 0, 1) + 1(16, 12, 0, 4) — 72(17, 10, 7) + 624(17, 11, 5, 1) 4 360(17, 12, 3, 2)

+ 48(17, 12,4, 0, 1) + 12(17, 13, 1, 3) + 12(17, 13, 2, 1, 1) + 8588(18, 12, 6) 4 5568(18, 13, 4, 1)

+ 690(18, 14, 2, 2) + 192(18, 14, 3, 0, 1) + 16(18, 15, 0, 3) + 24(18, 15,1, 1, 1) — 30318(19, 14, 5)

— 15356(19, 15, 3, 1) — 906(19, 16, 1, 2) — 258(19, 16, 2, 0, 1) — 154464(20, 16, 4) — 34752(20, 17, 2, 1)

— 782(20, 18, 0,2) — 660(20, 18, 1, 0, 1) 4 816900(21, 18, 3) + 90240(21, 19, 1, 1) 4 646(21, 20, 0, 0, 1)

— 1329240(22, 20, 2) — 45628(22, 21, 0, 1) + 922152(23, 22, 1) — 234103%(24, 24).

Simple Cubic Lattice

Fy

F, = 1(6, 6),
F, = 6(10, 8, 2) + 3(11, 10, 1) — 93(12, 12),
F, = 8(13, 9, 3, 1) + 30(14, 10, 4) + 12(14, 11, 2, 1) + 48(15, 12, 3)
— 153(16, 14, 2) — 96(17, 16, 1) + 151%(18, 18),
12(16, 10, 4, 2) + 12(16, 10, 5, 0, 1) 4 2(16, 12,0, 4) -+ 72017, 11,5, 1)
+ 48(17, 12, 3, 2) + 3(17, 12, 4, 0, 1) + 164(18, 12, 6) + 216(18, 13, 4, 1)
+ 24(18, 14, 2, 2) + 480(19, 14, 5) — 140(19, 15, 3, 1) — 1428(20, 16, 4)
— 444(20, 17, 2, 1) — 2689(21, 18, 3) -+ 3808%(22, 20, 2) -+ 2865(23, 22, 1) — 30053(24, 24),
Fy = 6(18, 9, 8,0, 0, 1) + 24(19, 11, 5, 3) 4 48(19, 11, 6, 1, 1) + 24(19, 13, 2, 3, 1) 4+ 132(20, 12, 6, 2)
+ 96(20, 12, 7, 0, 1) + 120(20, 13, 4, 3) + 144(20, 13, 5, 1, 1) + 36(20, 14, 2, 4) + 624(21, 13,7, 1)
+ 840(21, 14, 5, 2) + 144(21, 14, 6, 0, 1) + 168(21, 15, 3, 3) + 24(21, 15, 4, 1, 1) + 24(21, 16, 1, 4)
+ 966(22, 14, 8) + 2652(22, 15, 6, 1) 4+ 618(22, 16, 4, 2) — 444(22, 16, 5, 0, 1) + 36(22, 17, 2, 3)
— 77(22, 18, 0, 4) 4+ 4128(23, 16, 7) — 1932(23, 17, 5, 1) — 1728(23, 18, 3, 2) — 126(23, 18,4, 0, 1)
— 10742(24, 18, 6) — 13788(24, 19, 4, 1) — 1104(24, 20, 2, 2) — 42096(25, 20, 5) — 172(25, 21, 3, 1)
+ 46647(26, 22, 4) + 14256(26, 23, 2, 1) + 114328(27, 24, 3)
— 95520(28, 26, 2) — 85884(29, 28, 1) 4+ 67528L(30, 30).
APPENDIX III. FERROMAGNETIC POLYNOMIALS L (u)
Triangular

I

F,

L, =%

L, = 3u® — 334°,

L, = 2u® + 9" — 304 + 19%°,

L, = 3u" + 12u° + 54° — 1783 + 288u" — 12037,

Ly = 6u° + 21u° + 184'° — 1770 — 680u'* + 2637u'® — 2796u™ + 9711u'°,

Ly = 14u® + 420" + 33u" — 278u'% — 13200'° — 136%* -+ 16807u'® — 340204 + 27555u'" — 77965u'",
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L; = u® + 30u'® + 105u™ + 24u'* — 564u'® — 2682u'* — 3007u'" + 21168u'°
+ 63870u'" — 307476u'® 4 437997u'° — 2751844 + 657184,
Ly = 6u'® + 69u" + 227u'* + 120u"® — 18220 — 5313u'® — 8859u'® + 3082547 -+ 16589431u'®
— 58668u'" — 100784611 + 49050254 — 53241300 -+ 2778678 — 574205%u™.
Face-Centered Cubic
L, =4,
Lz — 6’!6“ — ﬁ%uu,
Ly = 8u"° + 420" — 120" + 7038,
L, = 2u™ 4 24u'° + 1230 + 126u™ — 1653u> + 23220 — 9441u™,
Ly = 30u™ + 96u® + 448u™ + 7924 — 2871u — 16206u> + 49200u™ — 45792u + 1430314,
L = u™ 4 30u™ 4 1684 4 776u” + 12120°° + 3930u°° — 69040 — 650704
— 642240 4 T71272u%° — 13202404 + 9221524 — 2341033°°.
Honeycomb
L, =2,
L, = 132* — 22°,
L, = 32° — 927 + 632°,
L, = 72" — 3332° + 512" — 241",
Ls; = 182" — 1212° + 288" — 2912"° + 106%:'*, ,
Ly = $2° + 4632° — 42132"° + 140012 — 221242" 4+ 1681%2"° — 495%:'°,
L; = 3" + 1162° — 14222 + 62252'° — 136472"° 4 161282"" — 98312"° -+ 2428%2",
Ly = 133° + 2702'° — 464032'* + 259382'* — 74083%2'® 4- 1208442'® —~ 11404332 4 580562°" — 1235332,
Ly = 552° + 5342" — 145832"° + 1026592'° — 3678782 + 7764752"°
— 10070932*" + 7909292 — 3457412°° + 6464332,
Ly = 132° 4 19932"° + 63932'% — 437402"* -+ 38850132'° — 17060881z'° + 448034542%°
— 748370532" 4 80501772** — 54132452%° -+ 20736392°° — 345824+%2%,
Ly, = 12° + 6542" — 12752"° — 1234662'° + 14097422 — 74954642'° + 238356087°" — 492349142**
+ 67965699:™° — 624272382"" + 36609132:%° — 125120612 + 188348142,
L, = 6732"° + 1938%2"* — 138662'* — 31937312'° + 490553682'° — 3139022012
+ 118851003z%° — 20542176912°* + 50235321732*° — 50050616422°
+ 4731117482*° — 247047660%:°* + 7588631212™ — 10410769+%"°,
L = 2° + 318" + 50132"° — 70989:'° — 7118012"7 + 163270322'° — 125973077:" + 5614545602
— 16475932442 + 33564052182"" — 48459062192°° + 4957723473
— 35216418532" 4 16540287122°° — 4623103442” -+ 582632001%7".

Simple Quadratic

L, =4,

L, = 2u® — 23,

L; = 6u* ~ 16u° + 104,

Ly = u* + 184° — 85u° + 1184 — 52L/°,

Ls = 8u® + 43u’ — 400u” + 926u° — 872u° + 205L°,

Le = 2u® + 40u® + 300" — 1651u® + 5992%u° — 9144w + 6520u"" — 1789%u'2,

Ly = 22u° 4+ 136u" — 486u° — 5664u° -+ 33609u’° — 756401 + 85954u'® — 49328 + 113974,

Ly = 6u® + 134u + 19430° — 3986u° — 13323u'° + 1647900 — 5321961u"®
+ 867670u'® — 7850914 + 377040u'° — 75238%u'°,
Ly = u® + 720" + 5401° — 1420u° — 19786u'® + 5112u* + 6917340 — 3282328u'® + 7330033u'
— 03676533u'® 4+ 7040042u'° — 2906956u' + 5106094x'°,
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Ly
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= 300" + 461u° + 1144%° — 154800 — 66020u"" 4+ 300885%u'? + 2300266u'° — 17888832y
+ 539807422u'° — 92320336u'° + 97010462u'7 — 62337864u’® + 22576512u'° — 3541971u°,
8u’ + 310u° + 1864w’ — 3373u'° — 91688u" — 69358u"2
+ 2204652u"® + 425935%u** — 85259912u'° 4+ 3532004606 — 787713256u"7
+ 1092475985u"° — 974679560u'° + 547000204u>° — 1764257720 + 2500998741,
= 2u" + 151u° + 1894w’ + 33150u'° — 53428u"" — 3837062u'® + 1032758u'° -+ 10552273u"*
— 14665400u'* — 341367843%1'° + 2067415954u'" — 59676070483'° + 10581976596u"°
— 123471501734 + 9570815133%u™ — 47673679764 + 1386008952 — 17921145233,
= 68u® + 1340u° + 7389u'° — 20332u" — 350828u'* — 9651724 -+ 10420351u'*
+ 32176924u'° — 210691538u'® — 1007111904%"7 - 10753093949
— 40670308548u'° + 907462115020 — 133748320084u" + 134710804372u*
— 02310171884 + 41333506670u* — 10938421828+°° -+ 1300139553 1%u"°.

Diamond

li

= u'?‘

= 2u® — 2Ly},
6u* — 164° -+ 10%4°,
22u° — 91u® + 12247 — 53L°,
= 9lu® — 512" + 1054u° — 9444° + 3113%u°°,
= 2u® + 396u" — 2877u° + 80663u° — 11058u'° -+ 7442u'" — 19718u"7,
= 24’ + 17464’ — 16072u° -+ 57749u"° — 107608x" + 110586u'* — 59640u™° -+ 1321534,
= 207u® + 7574u’ — 88765u'° + 395018u'" — 9393671u'”
-+ 1309590u"® — 1076491y + 4845224'° — 92287%u'°,
= 6u’® + 1508u° + 31365u"° — 482136u'" + 2607402u"* — 7618128y
+ 13515382y — 150449573u'° + 10305468’° — 3980980u'" + 6650705%'°,
= u® + 102¢° + 9834u'® -+ 1185684'" — 25624361u'* + 16692444¢'° — 58481770
+ 1260232382u'% — 1794151700 + 166182038x'7 — 97571488y'° + 33017786u'° ~ 49131474,
= 16u° + 1120%'° + 589200 -+ 368354u'* — 13251196u'° + 103918606u'*
— 429703296w"° + 1111277214u'° — 1916295528u'7 + 2250195820u"°
— 1784298632u'° + 916718762u™° — 2760208924 -+ 37030732+ru™,
= 198u'’ + 9894u'" + 327231u'* + 558252u'® — 661998764
+ 629834815%u"® — 30431967883u'® + 9208521432u'7 — 188522108713u'° + 26950755018u"°
— 27056350183u™ -+ 1875373578421 — 8565084633u>° + 23230635721 — 283763845%u™,

]

It

s = 120" + 2064w’ 4 75536u'° 4 1682888u'® — 4273104u™ — 316157712u'° + 3716643708w"°

— 20868409268x'7 4 72035017570u'% — 173881731776u'° + 294393454158u™ — 350264976320u™
+ 314923472587u* — 193868155232u*° - 79693566888u™* — 196651277166 + 2204915717¢%"°.
Simple Cubic
= uSy
= 3u® — 3L,
150" — 36u° + 21%°,
= 3u® + 83w’ — 328%u'"° + 405u"" — 1623u", _
= 48y 4 4260 — 2804u'% -+ 5532u"® — 4608y’ + 140637,
= 18u'" 4+ 496u" + 1575u'® — 2214414 + 64574u'® — 84738u'° + 53370u"7 — 131503u'°,
= 8u'’ + 378u"* + 3888u'* — 1360u'° — 157380u'° + 674652u"7
— 1261904%'® + 1240035u'° — 6282864 + 1299193,

I
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Ly = u'? + 306u** + 4622u'° + 223961u'® — 106113u'7 — 9475823 -+ 639276
— 1636215536 + 22521935u™ — 17686675%u™ + 7496787 — 13362908u™,
L, = 24u™ + 1270 4 5544u'° + 40050u" + 60804u'® — 1368954u'° — 3978300:°° + 547530644
— 1905177600 + 348702021u™ — 379686836u>* + 2482946100 — 904808284 + 141755344,

Ly, = 24u'® 4 396u'° 4+ 4131u'7 + 67267u'® + 236808u'° — 614784
— 12412763u™ 4 2839656u™ + 414942978 — 2018275270u™* + 47931403808°°
— 6835882485u*® 4+ 6156900766u> — 3449297064u° -+ 1102444428u°° — 154004468154,
Ly = 240° + 660u'" + 6656u'® 4- 702750 + 602028u™ + 423644u™ — 126357484 — 862149994
+ 806005260u>* + 2620578876u° — 19491928200u*® + 597392019594 — 108143883564
+ 126406988784u™ — 97076564452u°° + 475691397120 — 13540389348u** + 17085975337,
Body-Centered Cubic
L, = ut,
L, = 44" — 42u ,
L, = 284" — 64u' 4 36342,
L, = 12u" + 204u"® — 798u"* + 948u'° — 3661u'°,

Ls = 12u™ 4 2160 4 1262u'° — 90727 + 175924 — 14184° + 41740,
Ls = 276 + 312u"" 4+ 2368u'® 4 4312u"° — 920920 + 27502135 — 353640u°" + 2160364° — 514441u™,
L, = 720" + T04u'® + 44040 + 176160 — 36348y — 8330640
4 3795726u** — 7072736u 4+ 67989000:°° — 33447120 + 669438l s,

Ls = 44" 4 1984 + 2016w -+ 10300u> - 413524 -+ 555364 — 989076u>° — 6007194%°

-+ 468664084 — 1220395094*° + 166096620t — l27471458u3° + 525017164° — 90669133u°,
L, = 246 + 692u™ + 5816w -+ 30714 + 996484 + 226692y’

— 887688u°" — 131035794° — 24522136u°° + 5148618773°° — 1874111776u“

+ 3435605052072 — 36843049333 + 2353070344%°* — 833603008%°° + 12663226134,
APPENDIX 1IV. EXPANSIONS FOR In A AND J(u)
Diamond
Iw =1 — 2u® — 8° — 26u* — 80uw® — 268u"° — 944w’ — 34744°
— 130724° — 49672u‘° — 1912724 — 7445000 + -

b

In A =4"+ 2u° + 33u' + 6u° + 123° + 304" + 835" + 25024
4 768%u'° + 2442 + 8009%w + - --
Simple Cubic
Tw =1 — 2% — 120° + 14u° — 900" 4 1924® — 792° 4 21484"° — 7716w + 23262u'% — 79512u'

+ 252054u'* — 846628u'° + 2753520u'° — 920580007 + 30371124 + ---
In A =4+ 3u° — 330" 4+ 1507 — 334° + 1041 — 280%u'° + 849u™ — 24613'° - 7485u"°
— 225343u™ 4+ 693931u'° — 21375414 4 666750u" — 20867341 A
Body-Centered Cubic
Iw) =1 — 2u* — 164" + 18u° — 168u"° 4 384u'" — 314u"® — 1632u"° + 6264u'* — 9744u'° — 10014u'®
+ 86976u'" — 205344u'® + 80176u° + 1009338:”° — 35795681 + 45752964 -+ 83010244 + -
In A = u* 4+ 4u” — 43u® + 28u'® — 64u'" + 483" + 2040"° — 786wt + 1164w'® + 92234'°
— 87601 + 20032u'° — 9164u"° — 842155 - 2046771u™ — 378996u — 560704u>° 4 -
Face-Centered Cubic '
Iw) = 1 — 2u® — 240" + 26u'® — 48u'° — 2520"° 4+ 720u'7 — 438" — 192u"° — 984%™ — 1008
+ 129244%° — 19536u™° + 3062u™* — 8280n*° -+ 26694u*® + 153536u* — 507948y + -
In A = u® + 6u" — 63u'® + 8u'® + 42u"° — 120u'7 + T2Lu'® 4+ 240" 4 1230 + 12607
— 1623u® + 2418u™ — 495> + 822u™ — 2703w — 15512 + 50538u%® + - - .



298 M. F. SYKES, J. W. ESSAM, AND D. 8. GAUNT

APPENDIX V. ANTIFERROMAGNETIC EXPANSIONS FOR In A« AND THE LOW-TEMPERATURE
SUSCEPTIBILITY

Honeycomb
21n A° = *(8) + ¥'(3) + ¥°36) + ¥°(10 + 36;) + ¥'(126)) + (43} + 66,) + ¥°(686, + 136,)
+ %252 + 5516, + (4716, + 246,) + y'2(1762 + 5076, + 416, + (36966, + 3216, + - - - ,
') = 4 + 125° + 8y° + 48y + 96y° + 320y° + 888y'° + 2748y" + 8384y'* + 26340y + .- .

Simple Quadratic

21n A° = 5'(0) + 4 + ¥’ (=2 + 66, — %6,) + ¥'°(32 — 86, + 48,)
+ y¥(—54 + 750, — 126, + 136,) + ¢'*(428 — 1766, + 1006, — 865)
+ 4'%(—1095 + 128464, — 3248, + 806, — 214,)
+ *%(7469% — 38366, + 23886, — 3648, + 366,) + --- ,
x(y) = 4y* + 16¢° + 324'° + 1564 + 608y™* + 2688y'° + 12064y'° + --- .
Diamond
21In A° = y%6) + ¥’ + v (—4 + 66, — 36,) + ¥'°(36 — 166, + 46,)

+ 4'%(—130 + 1008, — 240, + 136, + y'*(716 — 4728, + 1606, — 164,)
+ y'%(—3528 + 26568, — 9546, + 1500, — 416,) + y'*(19365% — 143280, + 59844, — 11646, + 760,)
+ 4*°(—105198 -+ 818668, — 363308, + 86756, — 8606, + 16346;)
+ (595860 — 4671886, -+ 2250486, — 611766, + 81846, — 3566,)
4 y*(—3402210% + 27353046, — 13859808, + 4249000, — 699286, + 488268, — 63%6e) + -+ ,
x(@) = 4y* + 16y° + 64y"* + 96" + 488y'° -+ 1392y'° + 5064y + 17856y + 65576y + - - .
Simple Cubic
21In A* = 3°(6) + y'°6) + ¥'*(—6 — 48) + y"'(156) -+ y¥'°(6 — 366,)
+ %126 + 216, + 206, + 38:) + y*°(—477 + 486, — 906,)
+ (594 + 4116, + 1266, + 156,) + y*'(445 — 26766, + 1126, — 1206, — }64)
+ 4*%(2034 + 55956, + 5526, + 3156, + 66,) + y**(—27306 — 6966, — 809536, — 900,)
+ 4™(84120 + 2568, + 267408, — 8446, + 4200, + 116;)
+ *(—74361 — 1375926, — 243426, — 1418468, — 4200, — 360;)
+ **(—50160 + 6392676, — 223560, + 757806, — 11766, + 31565
+ ¥*(—1007677 — 10563966, — 37480136, — 1371688, — 136500, — 7840, — 6§0,) + --- .
x'(y) = 4y° — 8y'? + 60y™* — 144y + 416y — 1248y + 4200y — 13248y™
+ 42036°° — 138072y%° + 452840y — 1480944y°® + 4883688y™ — 16114784y°° + - .

Body-Centered Cubic

2In A° = %6, + ¥"(®) + ¥'°(—8 — 36) + y¥°(286,) + ¥’ (—646,) + y*(24 + 366, + §6))
+ y*(296 + 566,) + y**(—1148 + 126, — 2246,) + y*°(1320 + 2166, + 2886,)
+ y*%(—444 + 11926, — 1176, + 706, — 26,) + y**(432 — 86246, + 966, — 4486;)
+ °%(3224 + 166566, + 7566, -+~ 10086,) + y*°(4456 — 125446, + 20326, — 93605 + 560,)
4+ y*%(—112700 + 794860, — 358840, + 6306, — 5600, + 165
+ 4*%(3326022% + 164640, + 1087206, + 11766, + 20164,)
+ y**%(—402840 — 358249, — 13864446, + 1408, — 32760, + 2865)
+ 5*%(205488 — 7331686, + 1067766, — 936320, + 30246, — 4486;) + - .
X(y) = 4y° — 8y'° + 112y — 256y + 156> + 896y°° — 3536y° + 5472y°° + 5400y™ — 49088y™
+ 115008y — 47776y°° — 555402y*° + 1976736y — 2563424y™ — 4446272y" + - .
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Contributions of Feynman diagrams consisting of a single loop with an arbitrary number of vertices
are explicitly evaluated in two-dimensional space~time. The result can be written as a sum of loga-
rithms multiplied by algebraic expressions. Each logarithm is characteristic of a simple diagram of
one loop with two external lines, while the coefficients can be obtained from rules analogous to the

rules of residue calculus.

1. INTRODUCTION

NE of the most useful calculational techniques

in quantized field theory is the use of Feynman
diagrams. Even if standard methods for the evalua-
tion of such diagrams have been developed, mainly
the introduction of so-called Feynman auxiliary
variables of integration, no general method exists
which allows one to calculate in detail and with
ease the contribution from a given diagram with a
large number of lines. The standard method gives
rise to rather extensive integrations also in com-
paratively simple cases. In this paper we are going
to study diagrams consisting of a single loop but
with an arbitrary number of external lines. As is
well known, such a diagram gives rise to an inte-
gral of the following form

- dq
Pl ) = f [Ti-o llg — 20)° + ax — 4€]’ W
Zap=—@ — ' = e — P}’ — (B; — P)°.  (la)

Here, the differences of the vectors p; (j=0,1, ---,n)
are the external energy momentum vectors of the
diagram and the a; denote the squares of the masses
of the particles corresponding to the internal lines
of the polygon. We are interested in the function
F(z;:, a,) considered as an analytic function of the
squares z;, of all the differences of the vectors p.
and as a function of the internal masses a,. The
latter quantities may be real or complex. In general,
this analytic function has a complicated Riemann
surface with many branch points. We define the
principal (or physical) sheet of the Riemann surface
as the sheet obtained when all vectors and masses
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Physics, University of Lund, Lund, Sweden.

I Part of this work was done when both the authors
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in Eq. (1) are real and the singularities in the inte-
grand are interpreted with the aid of the con-
ventional e indicated explicitly in Eq. (1) and
corresponding to the usual time-ordered product.
The integral is supposed to be evaluated for this
case and the result analytically continued from
there.

The standard technique for the evaluation of
(1) is to use the identity*

1 1
(Aody -+ A)™ =n!f j I
0 1]

X 5(1 - Zak)(z: Akak)—ﬂ_ly

to write the integral in Eq. (1) as follows

F(ziy, ax) =n!f o fd"“a &1 — Zak) _/‘-1%7’
@)
D=¢q -2 qua + 2 (0 + ado; — te. (32)

A simple translation of the variable of integration
q allows us to write the expression (3) in the form

Fzix, ai) = n!f fd"“a

@

X 81 = 2 ) f T jq_ o @
A= Z (pf + ada;, — (Z plc‘xk)2
= E @; — p)’ejon + Z Aty

= > awop — Z 2000 (4a)

The integration over the vector q can now be per-
formed. If we assume that we are working in a
space with one time dimension and m — 1 space
dimensions (an m-dimensional Lorentz space) we

find

1 R. P. Feynman, Phys. Rev. 76, 785 (1949).
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[evi
@+ A — "'
C(m)
= ar AT
C™ = ir*"Tln + 1 — Lm). (5a)

If the value of n is not larger than im — 1, the
integral diverges and the function F{z,,, a.) is not
well defined. In the opposite case we get by com-
bining Eqs. (4) and (5)

n+1-—3m>0, %)

Fizi, ar) = C'(*m) f o fdwla
X 81 — X a)d™™ i ()

This is the standard expression for the function F.
The explicit evaluation of this quantity requires
that all the integrations over «, are performed.
This is a time-consuming task especially if = is large.

In the particular case n + 1 = m = 2 we find
directly from Eq. (6)

F(ZIQ a az) = iff dal daz 6(1 -y — a,z)

oy + @y — 20000

2 log Xoo, )

12

(7a)

— 2
R, = }\(212, a;, a;) = (212 —a; — @) — 4a,a.,
g — @y — Qg R?z

X = .
Z1g ™ Oy ™ Uy +R?z

(7b)

This function is so important in what follows that
we introduce a special notation for it and denote
it by Ly, = L(z1s, a4, as). It is the simplest possible
case of a function obtainable from a Feynman
diagram and corresponds to a diagram with two
external lines and a simple ‘““bubble” of internal
lines between the two vertices.

The integral in Eq. (7) is supposed to be evalu-
ated, e.g., for z;, negative and real and the quanti-
ties @, and a, positive and real. In that case the
denominator never vanishes in the interval of
integration and —+<L,, is a positive real number.
Consequently, the logarithm is to be taken on its
principal sheet for this case. The square root is,
e.g., defined to have a positive real part. This
definition makes the number X, real and larger
than one for the case just considered. The function
L, is defined for other values of 2,, or/and a; and
a, by analytic continuation from the domain just
mentioned. As an example we mention that when
a; and g, are positive and real, the representation

o du 1
Lz a, b) = 2ir .[M, Nw, a, ) u — 2’

®
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M = (@ + b, (8a)

explicitly shows that L,, is an analytic function of
z regular in the whole complex plane except for a
cut along the positive real axis above M,

The main result to be proved below is that every
function of the type indicated in Eq. (1) and with
m = 2 can be written as a sum of terms L,; defined
in Eq. (7) with coefficients which can be written
down by inspection. The practical usefulness of the
result is presumably not very great as diagrams in
two-dimensional space-time are not of immediate
physical interest. However, field theories in two-
dimensional space time are occasionally used as
models because of the simplifications obtained
when the dimensionality of space is decreased® and
our result may be of interest in such cases. Actually,
the result presented here was found during an
investigation of the analytic properties of certain
perturbation theory three-point functions. In this
case it can be shown that it is enough to study the
diagram in question in two-dimensional Lorentz
space, so these reduction formulas proved quite
useful in problems of actual physical interest.
There are also indications that generalizations of
our result to higher dimensions are possible even
if the formulas become more complicated when the
number of dimensions is increased.’

2. A SPECIAL INTEGRATION TECHNIQUE IN
TWO-DIMENSIONAL SPACE-TIME

An explicit evaluation of the « integrals in Eq.
(6) is time consuming for large values of n even
in the case m = 2. In principle, it also appears to
be a somewhat round-about way to evaluate the
two-dimensional integral in Eq. (1} in terms of
the n-dimensional integral in Eq. (6). The purpose
of the representation (2), when originally introduced,

was to diminish the number of integrations and

not to increase them, This goal is not achieved unless
we also have n < m. In this section we want fo
develop another technique for the evaluation of
the integral (1) taking explicit advantage of the
simplifications obtained for m = 2. For this purpose
we introduce ‘‘light cone coordinates” g¢,, g. for

? Compare from, e.g., W, E, Thirring, Ann. Phys. (N.Y.)
3, 91 (1958).

¥ We mention in this connection the papers by F. R.
Halpern, Phys. Rev. Letters 10, 310 (1963) and L. M.
Brown, Nuovo Cimento 22, 178 (1961). Brown indicates
how the general diagram of one loop with n vertices (n > 6)
can be reduced in principal to the “pentagon” with five
vertices; Halpern then shows how to reduce the “pentagon”
to a “square” with four vertices. However, it is not known
whether the generalization to higher dimensions of the
formula for the coefficients in the two-dimensional case given
in Eq. (25) below is sufficiently simple to be useful.
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the vector ¢ by the definition
q: = Qo + q:: (Qa)
Q= o — 0 (9b)

and analogous definitions for all other veectors. In
terms of these variables we have, e.g.,

¢ = —q4q, (102)
dg = dgdq, = 3de.dy., (10b)
2pg = —(p.q. + p.0.)- (10¢)

Further, the integral (1) can now be written as
follows

F(Zikv alc)
= 1 ff g, dg.
: H [a. — (g, — Dr,s)(ge — Dr.1) — Te)

Concentrating our attention, e.g., on the integra-
tion over g, we note that the integrand is an analytic
function of g, with simple poles at the points

gl =pj.+ (a; — i9/(q.

- (1

]‘::0,1, cee A
(12)

For n > 1 the integrand vanishes at infinity so
rapidly that the contribution to the integral from
a large circle vanishes in the limit when the radius
of the circle goes to infinity. Closing the path of
integration in the lower half-plane, we can write
the function F in Eq. (11) as a sum of residues
as follows

— Pi.0);

Flei, i) = 1w Z fth<Q’t - p“)n—:

X 6(g. — p;.)D7", (13)
= H (a; — 1(Pe.e — q) — (@ — 16)(p;,c — Q)

k]

= @i — peXa — )0 — P )] (13a)

An immediate consequence of the result (13) is
that the whole function F(z;, a;) can be written
as 8 sum of terms each of which is not more compli-
cated than a logarithm. This faet is not evident
from the representation (6).

The algebraic structure of the result (13) appears
to be rather complicated, especially as we have to
make a partial fractions expansion in terms of
the variable ¢, to perform the remaining inte-
grations. However, the main contribution to the
partial fractions expansion just mentioned comes
from the product of all factors except one in (13a)
evaluated at a value of ¢, which makes the re-
maining factor equal to zero. Each factor in (13a)
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is given by one of the original denominators in (1)
multiplied by ¢q. — ;.. and should be evaluated
at a value of ¢, which makes the jth denominator
in (1) vanish. Further, each factor in (13a) is of
the second order in ¢, and it follows that there
are two values of the vector ¢ which make two of
the original denominators in (1) equal fo zero at
the same time., Let us denote the two vectors ¢
which makes the kth and jth denominators in
the original integrand simultaneously equal to zero
by ¢'7’; ¢ = 1, 2. Using this notation we can write
the partial fractions expansion of (13) in the follow-
ing form

Flz;, a’k) = ix Z dQ» Z z Am (pk.a - p;.:)
X (@ — g Hem 2l oy
g - g/k ¢
(A1 = I We? —p)* 4+ ad.  (149)

beg

Noting that the same coefficient A[]’ appears twice
in the sum in Eq. (14) we can collect the terms in
this expression in the following way

Fn, @) = ir >, >, AP, (15)
i<k @
9 = f dqpr,e = pi.) Ngio: — i)™t
X (g — Q;"Z?c "1[9(% = p;i.) — 8gq — pe.)]. (158)

The domain of integration in Eq. (15a) is effectively
a finite piece of the real axis and one finds

{a}

9 = e~ i) (@0 — )7 log Pt =Lk,
it Gkt

(16)

Equations (15) and (16) give, in principle, a com-
plete answer for the Feynman integral (1) in two
space~time dimensions,

3. ALGEBRAIC SIMPLIFICATIONS OF THE RESULT

The formulas obtained in the previous section
appear somewhat forbidding. However, the general
structure is not too complicated and easily seen
though once the significance of the vectors gjy
is realized. For an explicit evaluation of both the
expressions 47 in Eq. (14a) and f{7 in Eq. (16) it
is desirable to have formulas for the vectors g¢j’.
To achieve this we have to solve the equations

(¢ —p)* +a =0, (17a)
(@=p)+a =0 (17b)
Let us denote the vector ¢ — p; by @ for a moment,
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The two Eqgs. (17) then take the form

Q2 + a; = 0, (18a)
2Qp;, — a; + pfk + a = 0, (18b)
Pir = Pi = Drs (18¢)

Consequently, the vector @ has a given length
and a given projection on the vector p;;. In two-
dimensional space-time there are just two such
vectors viz.

= (prk)_l[@?k + @ — a.)pr; £ BN —isr a5, ak))ﬂ

(i + a; — apes = PrsRE] (19)

=L
22k

The vector p;; in Eq. (19) is a vector orthogonal
to p;x. To be precise, we can define

P = (P:, Do), (20a)
P = (Po, Ps)» (20b)
P = —p’ (20c)

Substituting back in the equations above, we find
that the veetor ¢ in Eq. (17) is given by

a; — a
k(Pk”Pi)

it =Lo+n

4
co-m] e
ik
The conventions we have introduced in Eq. (15)
are such that ¢if is symmetric in j and k. We can
make this preseription precise by defining the sign
in Eq. (21) to be 41 for ¢ = 1 and j < k. In this

way we find

@rs = i) @0: — g0 = (—=1)'BY; § <k, (22a)
{o)

Pre = Qe _ =1 _\phe

p' — q(;)’ 20; ik Qz a: ( 1) Rﬂc}!

i<k (22b)

Equations (22) allow us to simplify Eq. (16) in the
following way

(0) __ ("—'I)a
L

The expression given in Eq. (15) can now be further
siraplified by noting that the coefficients in the
partial fractions expansion (14) must fulfil the
sum rule

ZZ( 1) A =0 forall j.

z“, - Qp — a,' - (""‘I)vR?k.

— 20,,'

log (23)

(24)

Equation (24) allows us to write Eq. (15) in the
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following remarkably simple form

Pl a) =2 T 14D + A2]
2 i<k Rik
— O — RJk
X log z- -—ak—a,-l-R,k
- Z: 2(‘4(1) (2))L;k (25)

i<k

4. GENERALIZATION TO MULTINOMIAL
NUMERATORS

In many problems, such as those involving
particles with nonzero spin, integrals more general
than F in Eq. (1) appear. They are of the form

- dgN(p, 9
Flzi, ap) = f HLo (g — pk)z +a —

where the new factor N is any multinomial of the
components of the p;’s and ¢, such that the inte-
gral is still convergent. We now want to show that
also in this case one obtains a result in the form
of Eq. (25) where the A} now include the factor
N(p, ¢ii).

The proof of this result could be made by the
integration technique of Sec. 2, but we find it easier
to use another approach and to proceed by indue-
tion. Let us assume that the proof has been done
for all multinomials of a given degree in the com-
ponents of ¢ and for all n. An additional factor
g can be introduced into the numerator by insert-
ing another factor (v°/2)[(g — @)® + b — i¢ ' in
the integrand, differentiating with respect to @,
and then taking the limit when b — « and @ — 0.
The result is

7;6] ’ (26)

AN, 9)q
= F 7
et ama-r+m @
where
(a) b2
- AY ——— L.
F] él_l;? vQ "L‘;k ; (q) Q) + b ik
=132 2 ARV Ly, (272)
i<k ¢
and
AR = N, ¢i) H (g7 — p)* + al™. (27b)
The second term in Eq. (27) is given by
: b’N(p, ¢:”)
F,=311limV
et 2 ILiw (g = )" + 1)
X L(“@k - Q)Zv bv a’k)v (288‘)
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where ¢{” for ¢ = 1, 2 are the two solutions of
e’ - Q'+ b=0,
(ql(cl) - pk)2 + a = 0.

We note from Eq. (27a) that F, is the desired
result for the numerator N (p, ¢)¢ needed for the
induction proof. Therefore, we must only show
that ¥, vanishes. From Eqgs. (28b), using the solu-
tion (21), we find that each component of both of
the vectors ¢{” as well as the (¢{”)?, are of the
first order in b when b — . An elementary esti-
mate then shows that, if the integral in Eq. (27)
is convergent, the term F, vanishes at least as
rapidly as b~' log b. This completes the proof.

(28b)

5. DISCUSSION

The result just obtained can be summarized in
the following way.

The contribution of the Feynman diagram (1)
or (26) in two-dimensional space-time can be
written as a sum of terms where each term is ob-
tained by applying rules:

(i) Pick out all possible pairs of denominators
(@ — p))* + a; and (¢ — p)° + aiin (1) and find
the two vectors ¢iy which make both these de-
nominators equal to zero. An explicit formula for
these vectors is given by Eq. (21).

(i) Substitute ¢7 in all of the remaining factors
in (1) or (26). This quantity is denoted by A{Y.

INTEGRALS IN

SPACE-TIME 303

(iii) Take the average of A for the two possi-
ble values of o.

(iv) Multiply by the function L;, defined in
Egs. (7) and (8) and corresponding to a simple
“bubble” with p;, — p, as external vector.

(v) Sum over all j < k.

In passing, we mention that a special case of Eq.
(25) with » = 3 and corresponding to a “triangle”
diagram has been noticed before.*

The possibility of generalizing our result to
higher dimensions has already been mentioned.?
Another generalization to be investigated is con-
cerned with diagrams in two-dimensional space—
time but of more complicated structure involving
two or more closed loops. Even if we have no
definite results to report for such cases we want to
remark that the result (25) together with the repre-
sentation (8) for the functions L;; may be useful
also in such cases. By performing one of the inte-
grations with the aid of (25) and representing all
the logarithms in the form (8) one brings the
function in a shape where the second integration
can again be performed with the aid of (25). Pro-
ceeding in this way it is possible to write the func-
tion of such a Feynman diagram in terms of a
v-fold integral, where » is the number of closed
loops in the diagram and not the number of internal
lines. In certain cases, this might be a convenient
intermediate step in the evaluation of the integral,

4+ G. Killén, A. Wightman, Dan. Mat. Fys. Skr. 1, No. 6
(1958). Cf. also Ref. 3.
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Luttinger’s exactly soluble model of a one-dimensional many-fermion system is discussed. We
show that he did not solve his model properly because of the paradoxical fact that the density oper-
ator commutators [p(p), p(—p’)], which always vanish for any finite number of particles, no longer
vanish in the field-theoretic limit of a filled Dirac sea. In fact the operators p(p) define a boson field
which is #pso facto associated with the Fermi-Dirac field. We then use this observation to solve the
model, and obtain the exact (and now nontrivial) spectrum, free energy, and dielectric constant. This
we also extend to more realistic interactions in an Appendix. We calculate the Fermi surface param-

eter 7z, and find: 07x/0kly, =
ciently weak interaction.

® (i.e., there exists a sharp Fermi surface) only in the case of a suffi-

1. INTRODUCTION

HE search for a soluble but realistic model in

the many-electron problem has been just about
as unfruitful as the historic quest for the philoso-
pher’s stone, but has equally resulted in valuable
byproducts. For example, 15 years ago Tomonaga'
published a theory of interacting fermions which was
soluble only in one dimension with the provision
that certain truncations and approximations were
introduced into his operators. Nevertheless he had
suceess in showing approximate boson-like behavior
of certain collective excitations, which he identified
as ‘“phonons.” (Today we would denote these as
“plasmons,” following the work of Bohm and Pines.”)
Lately, Luttinger® has revived interest in the subject
by publishing a variant model of spinless and mass-
less one-dimensional interacting fermions, which
demonstrated a singularity at the Fermi surface,
compatible with the results of the modern many-
body perturbation theory.*

Unfortunately, in calculating the energies and
wavefunctions of his model Hamiltonian, Luttinger
fell prey to a subtle paradox inherent in quantum
field theory® and therefore did mot achieve a correct

* Research supported by the U. 8. Air Force Office of

Scientific Research.

culmS.l Tomonaga, Progr. Theoret. Phys. (Kyoto) 5, 544
1950).

( 2 D) Bohm and D. Pines, Phys. Rev. 92, 609 (1953).

2 J. M. Luttinger, J. Math. Phys. 4, 1154 (1963). Note
that we set his vy = 1, thereby fixing the unit of energy.
References to this paper will be frequent, and will be denoted
by L (72), for example, signifying his Eq. (72).

4 J. M. Luttinger and J. C. Ward, Phys. Rev. 118, 1417

1960). , .

( 5 L)uttinger made a transformation, L (8), which was
canonical in appearance only. But in the language of G. Bar-
ton [Introduction to Advanced Field Theory, (Interscience

solution of the problem he himself had posed. In the
present paper we shall give the solution to his inter-
esting problem and calculate the free energy. We
shall show the existence of collective plasmon modes,
and shall calculate the singularity at the Fermi
surface (which may in fact disappear if the inter-
action is strong enough), the energy of the plasmons,
and the (nontrivial) dielectric constant of the system.
In an Appendix we shall show how the model may be
generalized in such a manner as to remove certain
restrictions on the interactions which Luttinger had
found necessary to impose.

It is fortunate that solid-state and many-body
theorists have so far been spared the plagues of
quantum field theory. Second quantization has been
often just a convenient bookkeeping arrangement
to save us from writing out large determinantal
wavefunctions. However there is a difference be-
tween very large determinants and infinitely large
ones; we shall show that one of the important dif-
ferences is the fatlure of certain commutators to vanish
in the field-theoretic limit when common sense and
experience based on finite N tells us they should
vanish! (Here N refers to the number of particles
in the field.)

Publishers, Inc., New York, 1963), pp. 126 et seq.] this
transformation connected two ‘‘unitarily inequivalent” Hil-
bert spaces, which has as a consequence that commutators,
among other operators, must be reworked so as to be well-
ordered in fermion field operators. It was first observed b
Julian Schwinger [Phys. Rev. Letters 3, 296 (1959)] that the
very fact that one postulates the existence of a ground state
(i.e., the filled Fermi sea) forces certain commutators to be
nonvanishing even though in first quantization they auto-
matically vanish. The ‘paradoxical contradictions’’ of which
Schwinger speaks seem to anticipate the difficulties in the
Luttinger model.
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We shall show that these nonvanishing com-
mutators define boson fields which must ipso facto
always be associated with a Fermi-Dirac field, and
we shall use the ensuing commutation relations to
solve Luttinger’s model exactly. Because this model
is soluble both in the Hilbert space of finite N and
also in the Hilbert space N = o, with different
physical behavior in each, we believe it has applica-
tions to the theory of fields which go beyond the
study of the many-electron problem. The model can
be extended to the case of electrons with spin. This
has interesting consequences in the band theory of
ferromagnetism, as will be discussed in some detail
in an article under preparation.™

II. MODEL HAMILTONIAN

We recall Luttinger’s Hamiltonian® and recapitu-
late some of his results:

H =H,+ H’, 2.1)
where the “unperturbed” part is
L
Ho= [ do ' @opt@ (2.22)
= > (akan — ata)k, 2.2b)
k
and the interaction is
L
H' = 2\ ff dr dy ¢1(x)¢.(2)
s
X Viz — ¢:@)valy)  (2.33)
= % Z 5k1+k..k,+k‘v(k3 - k4)
X aikk,aw,ag‘k.azk‘- (2‘3b)

Here ¢ is a two-component field and the form (b)
of the operator is obtained from (a} by setting

- 1_ e;fa;(%k)
'\/ L % 2T
and

1 —ikx
o= *\—/—Z ‘kz,e "ok, adt), 24
with ;s defined to be anticommuting fermion
operators which obey the usual relations

Cilynr + Qi = [, ajn} =0

(2.5)
{a¥, a¥y} = 0, and {a;, afu} = 8508
Lauttinger noted that for an appropriate operator

8 . Mattis, Physics 1, 184 (1964).
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S,, the canonical transformation
}7 - ei)‘SoHe-—ixs, (26)
gave the result that
ﬁ == H 0 (2.7)

and consequently that the spectrum of H = H, + H'
was the same as that of H,, independent of the inter-
action V{z — y). This can be explicitly verified for
his choice of

8 = [[ & ay vi@w@EE - DG, @8

where E(z), not to be confused with the energy E, is
defined by:

0E(x — y)/dz = V(z — y),
assuming that

R _
V=Lf0 Viz) dz = 0.

29

(2.10)

In the Appendix we shall show among other things
how to generalize to V s 0. It is also simple and
instructive to verify Eqs. (2.6) and (2.7) somewhat
differently by using the first quantization,

S I 3
Hy= —4 ,g;ax,‘ + zwgay-—m (2.11)
and
N M
H =2\ 2 3 V(z, — ya), (2.12)
n=} m=1

where N and M are, respectively, the total number
of 1’ particles and ““2” particles, with coordinates
z, and y,, respectively. The properly antisym-
metrized wavefunctions are given by

¥ = det |e™*"| det |¢'*"|

N M

X exp {Z > i Bz, — y,,,)}. (2.13)

a=l m=l

Using Eqgs. (2.9) and (2.10), ¥ is readily seen to obey
Sehrodinger’s equation

HY = E¥ (2.14)
with just the unperturbed eigenvalue
N M
E= 3k = 20 (2.15)
s m=]
The wavenumbers are of the form ,
k: or g¢; = 2r integer/L, (2.16)

as required for periodic boundary eonditions. This is
in exact agreement with the results of Ref. 3, and
can also be checked in perturbation theory; first-
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order perturbation theory also gives vanishing re-
sults, and indeed, it is easy to verify that to every
order in X\ the cancellation is complete, in accordance
with the exact result given above.

Up to this point, Luttinger’s analysis (which we
have briefly summarized) is perfectly correct. It is
the next step that leads to difficulty. The Hamil-
tonian discussed so far has no ground-state energy;
in order to remove this obstacle, and thereby es-
tablish contact with a real electron gas, Luttinger
proposed modifying the model by “filling the infinite
sea’’ of negative energy levels (i.e., all states with
k: < and ¢, > 0). Following L(8) we define b’s and
¢'s obeying the usual anticommutators, such that

Fkkzo
Qe =
O*k k < O,

#kk<0
Ao =
¢t k>0.

2.17)

and

Using this notation the total particle-number
operator becomes

9‘1 = Z b:bk -— O;Ck

allk

(2.172)

(ie., the number of particles minus the number of
holes).

Since the Hamiltonian commutes with 9T we can
demand that 9t have eigenvalue N,. In the non-
interacting ground state there are no holes and the
b particles are filled from —kp to kr where kr =
w(No,/L) = wp. The noninteracting ground-state
energy is Nomp + energy of the filled sea (W).

The kinetic energy assumes the form

H, = Zk(b’ibk +cte) K|+ W, (2.18)
where
W = (Ek - Ek) (2.18a)

k<0 k>0

is the infinite energy of the filled sea, an uninteresting
¢ number which we drop henceforth in accordance
with Luttinger’s prescription. The interaction [H’,
Eq. (2.3) and the operator S,, Eq. (2.8)] can also be
expressed in the new language by means of the
substitution (2.17). The reader will no doubt be
surprised, as indeed we were, to find that now with
the new operators, Eg. (2.7), with H defined in (2.6),
18 no longer obeyed.

Upon further reflection one sees that this must
be s0, on the basis of very general arguments. In the
new Hilbert space defined by the transformation to
the particle-hole language (2.17), H is no longer
unbounded from below and now has a ground state.

D. C. MATTIS AND E. H. LIEB

A general and inescapable concavity theorem states
that if Eo(\) is the ground-state energy in the pres-
ence of interactions, (2.3), then

°E,(\)/aN < 0. (2.19)

This inequality is incompatible with the previous
result, viz. all £ = independent of A, which was
possible only in the strange case of a system without
a ground state.

The same thing can be seen more trivially using
second-order perturbation theory (first-order per-
turbation theory vanishes), It is easily seen that

@ = —(2) SO pn-n, @20

where n,(k) and n,(k) are the number of ways of
shifting a particle of type “1” and type ‘‘2” respec-
tively by an amount % to an unoccupied state. A
simple geometric exercise will convince the reader
of the following facts: (1) if we start with a state
having a finite number of particles, then n, and n,
are always even functions of & (i.e., there are just as
many ways to increase the momentum by k as to
decrease it by the same amount.) (2) If we start
with a filled infinite sea then there is no way to
decrease the momentum of the ‘1’ particles nor to
increase the momentum of “2” particles. Hence
for this second case n,(k)n,(—k) is nonzero only for
k > 0. Thus E® vanishes for a state with a finite
number of particles, but it is negative for a filled sea.

If the reader is unconvinced by perturbation
theory, then he can easily prove that %, is lowered
by doing a variational calculation.

What has gone wrong? We turn to some algebra
to resolve this paradox, and following this, present a
solution of the field-theoretic problem defined by
H, + H’ in the representation of b’s and ¢'s.

III. CASE OF THE FILLED DIRAC SEA

The various relevant operators are given below;
the form (a) of each equation will not be used in the
bulk of the paper, and is just given here for complete-
ness. In the following equations, p > 0.

pi(+p) = ; arsn0 (3.1a)
= Z Grs50% + E b¥,0% + Z b¥..bs,
k<=p —p<k<O k20
(3.1b)
pi(—p) = kZ a0 kep (38.2a)

= Y act,+ X

k<—~p ~pSk<0

okbk+p + Z btbum
k20
(3.2b)
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p(+p) = kZ (1 g, P (3.3a)

= E bl?-i»pbk + E 6k+pbk + ZOHpCt,

k<—p —p<k<0 k20

(3.3b)

po(—p) = .;‘: a2 e+p (3.4a)

= Z b*lzbké’p + E btcl?i»p + Zokclf-}p'

k<-p —p<k<0 k>0

(3.4b)

Equations (3.1a)-(3.4a) give the density operators
in the original representation, so let us calculate in
this language a commutator such as (assume p >
p’" > 0 for definiteness)

(0(—D), ;(P)] = Z [@F 401 1y OF%r 4p @y 20]

k.k

4o +o
= Z OFi ki — Z afhp'a:kw = 0. (3-5)

k=—oo k=—o

The zero result could have been expected by writing
the operators in first quantization:

p(—p) = 2™ and p,(p) = D €™,

m

3.6

whence they evidently commute. Nevertheless, the
zero result is achieved in (3.5) only through the
almost ‘“‘accidental’” cancellation of two operators,
each of which may diverge in the field-theory limit
when N = . We now show that in that limit the
operators in fact no longer cancel, by evaluating the
commutator using form (b) for the density operators.
It is a matter of only some minor manipulation to
obtain the important new result:

(i(=p), 1] = [pP) pa(—P")]

=t X 1=2ls ., ' >0). (70)
—p<k<0 T
In addition,
[0:(P), p(®)] = 0. (3.7b)

A quick check is provided by evaluating the vacuum
expectation value

©] lou(~p), p:(P)] |0)
= > (0] 6biiybt ed [0y = pL/2r,

~p<k,k’'<0

(3.8)

which is exactly what is expected on the basis of the
previous equation. Evidently the form (b) of the
operators (2x/pL)**p:(+p) and (2x/pL)"*p(—p)
have properties of boson raising operators {call them
A*(p) and B*(—p)] and (2x/pL)**p,(—p) and
(2n/pL)**p,(+p) have properties of boson lowering
operators [4(p) and B(—p)], ie.,
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[A,B] = [4*,B] = 0,

[A(@), A*(P")] = [B(—p), B*(—p)] = &,,5-.
The B field is the continuation of the A field to nega-
tive p; therefore together they form a single boson
field defined for all p.

The relationship of the p(p)’s to Luttinger’s
N(z)’s, 1(25), is obtained by using (2.4):

Ni@) = V@@ = 1 2 s,

3.9

(3.10)
Ni@) = V¥ = 7 2 o)™

IV. SOLUTIONS OF THE MODEL HAMILTONIAN

Before making use of the results of the previous
section, we remark that p,(+p) and p,(—p) are
exact raising operators of H,, and p,(—p) and p,(p)
are exact lowering operators of H, corresponding to
excitation energies p. That is,

[Ho, p1(£p)] = Eppi(£p),
[Ho,, p(Ep)] = ¥ppz(ip)-

The identification of the p’s with boson operators
made in the previous section suggested to us the
possibility of constructing a new operator T which
obeys the same equations (4.1), as H,. This is indeed
possible, if we define T as follows:

T = -?—LE Z_; {p,(p)pl(—p) + Pz("p)Pz(p)} 4.2

(4.1)

[the p’s being defined here and in the remainder of
the paper by Egs. (3.1b)—(3.4b), i.e., always in
the hole-particle representation]. It follows that

[T, p(£P)] = £ppi(+£p) (4.3)

as required, and similarly for p,(+p). Therefore, let
us decompose H into two parts

H = H, + H, 4.4)
with
H=H-T= {; k] (b%b, + o%cs)
2 .
— II 2 {o®)pr(—p) + pz(—p)pz(p)}}, 4.5)
and
H,=H +T

_ % [2)\ ; {v®)o1(—=D) (D) + v(—D) p2(P) po( —p)}

+ 27 Z {Px(P)Pl(_p) + P2(—p)P2(p)}] (4.6)

p>0

with »(p) = real, even function of p. By actual
construction, all the p operators which appear in H,
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commute with H,. This will be an important feature
in constructing an exact solution of the model. We
define an Hermitian operator S,

7 & p P@el=p), .7

where ¢(p) is also a real, even, function of p to be
determined subsequently by imposing a condition
that the unitary transformation ¢** diagonalize H.,.
First we evaluate the effect of such a transformation
on various operators. It commutes with H,,

e’He* = H =H, — T, 4.8
because both p, and p, appearing in S commute with

H,, as noted above. In the following, p can have
either sign:

e *pi(p)e”*" = py(p) cosho(p) + po(p)sinhe(p), (4.9)
e pa(p)e”"" = pu(p) cosho(p) + pi(p)sinhe(p). (4.10)
We have verified that this transformation is a proper
upitary transformation and preserves commutation
relations (3.7) as well as anticommutation relations
(2.5), and the reader may easily check this point.
H, is brought into canonical form by requiring that
in (exp #8) H, (exp —iS) there be no cross terms
such as p,(p)p.(—p). This leads to the equation

tanh 2¢ = —Nu(p)/x, (4.11)
which cannot be obeyed unless
M) <= forall p. 4.12)

Equation (4.12) serves to limit the magnitude of
potentials capable of having well-behaved solutions
(e.g., a real ground-state energy). Ior the more
realistic potentials discussed in the Appendix, there
is also a more realistic bound on v(p): there, v(p) may
not be too attractive, but it can have any magnitude
when it is repulsive, i.e., positive.

With the choice of ¢ in (4.11), the evaluation of
H, becomes

6iSH2€_£S = 2% g sech 2@(@{91@)91(”?}
+ po(=ppa()} — %p(l — sech 2¢). (4.13a)

The second term is the vacuum renormalization
energy

W, = — >, p(1 — sech 2¢)

>0
= 22 3
L[ & p{(l - "—”ﬁ—@) - 1}, (4.13b)
A Jo T

It may be expanded in powers of X to effect a com-
parison with Goldstone’s many-body perturbation
theory*; we have checked that they agree to third
order.
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The problem is now formally solved, for we can
find all the eigenfunctions and eigenvalues by study-
ing Eqgs. (4.4), (4.8), and (4.13). First notice that
the operator 7 does not depend upon the interaction
and that if there is no inferaction we could write the
Hamiltonian either as

H = H,, (4.148)
or as
H=WEH,—T) +T=H,+H, (414b)

Since H, and H, commute, every eigenstate, ¥, of H
may be assumed to be an eigenfunction of H, and H,
separately. Moreover, ¥ may also be assumed to be
an eigenfunction of each o, = A A, and 8, = B B,
for all p > 0, since these operators commute with
H and 9.

Evidently (4.14a) and (4.14b) provide two dif-
ferent ways of viewing the noninteracting spectrum.
H, is quite degenerate: the raising operators of H,
are the b"’s and ¢”’s. By requiring that ¥ also be an
eigenstate of «,, 8, and H, we are merely attaching
quantum numbers to the degenerate levels of H,.
If «,¥ = n,¥and 8,¥ = m,¥ (where n, and m, are of
course integers), we say that we have n, plasmons of
momentum p and m, plasmons of momentum -—p.
With no interaction the energy of a plasmon is

@) = Ipl. (4.15)
We may speak of H, as the quasiparticle part of
the Hamiltonian; in H, the operator T plays the role
of subtracting the plasmon part of the energy from
H 0
When we turn on the interaction, the above
deseription of the energy levels is still valid, except
that now we are forced to use the form (4.14b) because
H, is no longer T. The degeneracy of H is partially
removed by the interaction, because now the energy

of a plasmon is

€(p) = |p|sech 2¢(p). (4.16)
Notice that the plasmon energy is always lowered
fand therefore the plasmons cannot propagate faster
than the speed of light ¢ = 1, 1e.,de/dp < 1. In
the more realistic case discussed in the Appendix,
the plasmon energy can be increased by the inter-
action although de¢'/dp < 1 is always obeyed.]
by the interaction; if (4.12) is violated the plasmon
energy is no longer real and the system becomes
unstable. Note, there are no plasmons in the ground
state, so that W, (4.13), is the shift in the ground-
state energy of the system.
There is one important point, however, that re-
quires some elucidation. We would like to be able to
say that in view of the fact that H,, a(p), and 8(p)
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conserve particle number, the most general energy
level of H (fixed N,) is the sum of any energy of
H, (same N,, and no plasmons) plus any (plasmon)
energy of H, (note: the plasmon spectrum is inde-
pendent of N,). Were we dealing with a finite-
dimensional vector space, such a statement would
not be true, for even though H, and H, commute
they could not possibly be independent. Thus, if
H, had n eigenvalues e, -+ , €,, and if H, had an
equal number E,, --- , E, the general total eigen-
value would not be any combination of ¢; + E, for
this would give too many values (viz. n* instead of n.)
But we are dealing with an infinite-dimensional
Hilbert space and the additivity hypothesis is in
fact true for the present model.

To prove this assertion we consider any eigen-
state ¥ which is necessarily parameterized by the
integers n, and m,. Consider the state & =
{IL, (4,)(B,)™*}¥. The state & is nonvanishing
and has quantum numbers n, = 0 = m,. It is also
an eigenstate of H, with energy E,(¥). In addition
(and this is the important point) the state ¥ may be
recovered from & by the equation ’

¥ = const X { ] (AL)"(BY)™}®.

To every state ¥, therefore, there corresponds a
unique state ® from which it may be obtained using
raising operators. Conversely, to any eigenstate
of H, (for fixed N,) we may apply raising operators
as often as we please and obtain a new (nonvanishing)
eigenstate. Thus the general energy is an arbitrary
sum of quasiparticle and plasmon energies.

It may be wondered where we used the fact that
the Hilbert space is infinite-dimensional in the above
proof. The answer lies in the boson commutation
relations of the 4’s and B’s. It is impossible to have
such relations in a finite-dimensional vector space.

The eigenvalues corresponding to these states
¢ will be Iabeled in some order, E; (z = 1,2, ---),
so that the total eanonical partition funetion Z(A)
and the free energy F()\) are given by

Z(A) — 6—.“ AY/ET

—_ (Ze—BglkT)(e—Wl/kT) H (ie—nt'(p)ﬂc’l’>'
i allp ‘n=0

=0

4.17)

The first factor is difficult fo evaluate directly. How-
ever it can be obtained circuitously by noting that
the energies K, are independent of A and therefore

Z(O) — e—F(O)/lcT

- e (S

=0

-
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But the second factor can be trivially evaluated, as
can F(0) == free energy of noninteracting fermions.
Therefore we use (4.18) to eliminate the trace in-
volving the E.s in (4.17), with the final result:

F(\) = F(0) + W,
+2kT X In {(1 — &) /(1 —e™*@*7T)}, (4.19)

>0

where ¢ and ¢ are given in (4.15) and (4.16). It is
noteworthy that the ground state and free energy
both diverge in the case of a é-function potential.

V. EVALUATION OF THE MOMENTUM
DISTRIBUTION

In this section we calculate the mean number of
particles with momentum k. This quantity is 7,

and is the expectation value of

in the ground state. Since 7, is an even function of &
we need only consider k& > 0, and it is further con-
venient to introduce a Fourier transform’so that
[using (2.4)]

L
me= 1 [[dsarereo16, 0. 5.2
Q

Here
I(s, ) = (¥| ¥3¢. (1) W)
= (‘Poi ees¢§(s)e~iseas¢,l(t)e—is ;‘I’a:)y (5.3)

where S is given by (4.7), ¥ is the new ground state,
and ¥, is the noninteracting ground state which is
filled with b particles between —k, and kr and has
no holes (or ¢ particles). This assignment depends on
there having been no level crossing, which can be
readily verified using (4.7)~(4.13).

In order to calculate the quantity eS¢, (d)e™** we
introduce the auxiliary operator

1.8 = eS¢ (e %, (5.4

where o i1s a ¢ number. We observe that f,(t) is the
desired quantity while

fol8) = (). (5.5
In addition,
3f/de = e*Si[S, Y ()] *
= " 2r/L 3 p( —plelp)p e e, (),
’ 5.6)

where we have used the commutation relations (3.7)
as well as the fact that ¢, commutes with p,. Equa-
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tion (5.6) is a differential equation for f,() and (5.5)
is the boundary condition. The solution is

1) = WOR(H¥.(D), 6.7
where
W, (8 = exp {2x/L 2}% lo(—p)e™
— p(p)e " p eosh so(p) — 1]} (5.8)
and
R.(t) = exp {2r/L Z_;, {oo(—p)e™
— pa(p)e” " Ip" sinh op(p)} (5.9

The reader may verify that (5.7} satisfies (5.5) and
(5.6) by using the commutation relations (3.7).
We recall the well-known rule that

exp (A + B) = exp (4) exp (B) exp (—1/2[4, B))
(5.10)

when [4, B] commutes with 4 and B. From here on
we shall set ¢ = 1 and drop it as a subscript. We
note that since p,(p)* = p(—p) and p(p)* =
p2('—p):

R*'®) =Rt) and W'(H) = W'(¥. (5.11)

We also note that R and W commute with each other.
Thus, (5.3) becomes

I(s, 1) = (Wo| YIORT'OW OWHEWD () [¥0)
= I,(s, DI.s, 1), (5.12)
where
56,1 = W] OW OWONO W), 5 1o
L(s, §) = (B,| RTGR() [¥,).
We have used the fact that the ground state is a
product state: ¥, = ¥, * ¥, where ¥, is a state of
the ““1” field and ¥, is a state of the “2” field. ¥, is
filled with b particles up to +%r and has no ¢ parti-
cles; ¥, is filled with b particles down to —k» and
has no ¢ particles.
Now, using the definition (5.8) and the rule (5.10)
we easily find that
W HW() = W_(s, HW.(s, HZ(5, 1),
with
W.ls, §) = exp (2n/L 2 p(—p)lcosh efp) — 1]
x fp»!{gs‘p! — eipa }’

W_(s, f) = exp {2n/L 2 pi(p)[cosh (p) — 1]

— &),

(56.14)

X p—l(e— ips
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Zi(s, 1) = exp {2n/L Zﬁ [cosh ¢(p) — 1T°

X p7 e — DL (5.15)
Likewise,
RTSRE) = R_(s, DR.(s, DZs(s, 1), {5.18)
with
R.(s, t) = exp {2x/L Z}) p2(p)[sinh ¢(p)]
X p-l(e-iw — e-—fﬂ)}’
R.(s, ) = exp {2n/L ./;0 p2{ —p)[sinh ¢(p)]
X p7 ™ —e™)},
Zys, t) = exp {2n/L E [sinh ¢(p)}*
X p e — D). (5.17)

We see at once from the definition (3.1b), (3.2b),
of p,(p) that, for p > 0, p,(—p) 1¥,) = 0. Similarly

(W] p(p) = 0, p2(p) [¥2) = 0, and (¥;| po(—p) = 0.
Hence,

In(s, 8) = Zy(s, )

and
L(s, 8) = Zy(s, H:| W I@QW_W. g (OW' &),
(5.18)
If we now define
ha(y) = 2m/L § [cosh o(p) — 1]
X p ™ — e,
h(y) = 2x/L ; [cosh ¢(p) — 1]
X pHe T — e, (5.19)
combining (3.10) and (5.15) we have that
Wae, ) = exp [ Nihe(w) dy,
¢ (5.20}
W, = e — [ Nwh ) dy.
Since
Wi(@), Ni)] = 8z — »(@), (5.21)
i@, M@l = - — »¥i),
it follows that
Wats, 0(OWI 6 ) = (D) exp [—h.(D)] .29)

Wiis, DY @OW_(s, 1) = ¥i(s) exp [+A-()].
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Finally,
@ Y@ ) = 1/L X &7t
vt (5.23)
= Zi(s, ).

Combining all these results, we conclude that

I(s, 1) = Z(s, t)Z:(s, D)Z(s, )Zs(s, 1), (5.24)
where
Zy(s, 1) = exp (h(s) — h.(})
= exp {—4x/L ‘S‘; [cosh o(p) — 1]
X (1 —e? ™). (5.25)

In order to make a comparison with Luttinger’s
calculation of 7;, we first observe that the functions
Z (s, t) are really functions of r = s — ¢ and that
they are periodic in s and ¢ in (0, L). We then define
the functions G(r) and Q(r) as follows:

exp [—Q0)] = G) = Z,(NZ.(NZ.1).  (5.26)

Substituting (5.26), (5.24), and (5.23) into (5.2) we
obtain

i = 2x/L Y. F(k — p), 5.27)
PLkF
where
o
F(t) = 1/2r f dreé¥e %" (5.28)
—3L
>~ 1/2n f dré¥e0 . (5.29)

In (5.29) we have passed to the bulk limit ¥,
L — o, not an approximation.

At this point our expression for 7, is formally the
same a8 Luttinger’s [ef. L (52), L (69)]. The dif-
ference is that our @ is different from his. He obtains
@ by evaluating an infinite Toeplitz determinant
with the result that [L (70)]

Q) = \/2r? fo " dp _L;;g.w lo(p)|?. (Luttinger)
(5.30)

Our @, which is the correct one fo use, is obtained
by combining (5.15), (5.17), and (5.25), replacing
sums by integrals in the usual way, and using the
definition (4.11) of ¢(p). The result is

0 = /2 [ ap IS g, (530
where
u@)® = @*/A){A — e@E)/mH -1} (5.32)
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It is worth noting that (5.30) agrees with (5.31) to
leading order in A%

Since we have not yet specified v(p), we may now
follow Luttinger’s discussion from this point on
with the proviso that we use the correct (A depen-
dent) u(p) instead of v(p). The reader is referred to
pages 1159 and 1160 of Luttinger’s paper.

There are two main conclusions one can draw. The
first is that if we start with a é-function interaction
[so that v(p) and hence u(p)] are constants, it can
be shown that 7, = 3 for all k. Such a result is quite
unphysical, but it is not unreasonable because the
ground-state energy W (4.13a) diverges when v(p) =
constant at large p. Also, the result would be the
same if we started with the more physical interaction

H' =1/L pZ {Pl(p) + Pz(P)}{Pl("‘p) + Pz(_p) }U(p)

discussed in the Appendix. This is indeed unfor-
tunate, because relativistic field theories usually
begin with local (8-function) interactions.

The second conclusion is that if one makes a
reasonable assumption about »(p), and hence about
u(p) and Q(r), one finds that for k in the vicinity
of kx, 7, behaves like

e~d—elk — kel* o(k — kg), (5.33)
where
= —1, k<O

and d, e, and o are certain positive constants. Now
in Luttinger’s calculation

a = N /4z(0)*, (Luttinger)
[ef. L(75)], where u(0) = lim v(p).

(5.35)

If 2a < 1, then the conclusion to be drawn is that
although the interaction removes the discontinuity
in 71, at the Fermi surface, we are left with a function
that has an infinite slope there. There is, so to speak,
a residual Fermi surface. In Sec. IV of his paper,
Luttinger shows that at least for one example of
v(p) perturbation theory gives the same qualitative
result as (5.33) with the same value of «, (5.35).

If, on the other hand, 2o > 1 then there is no
infinite derivative at the Fermi surface. 7, is per-
fectly smooth there (although, technically speaking,
it is nonanalytic unless 2¢ = odd integer.) In this
case virtually all trace of the Fermi surface has been
eliminated. But notice that the correct o to use is
obtained by replacing v(0) by u(0) = lim,., u(p)
in (5.35), i.e,,
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2 = {1 — [(0)/x]*}7F — 1. (5.36)

Thus, even subject to the requirement that [A2(0)]
be less than #, 2« can become as large as one pleases.
Yet perturbation theory predicts (5.35) which yields
2a always less than 3.

We may conclude that a strong enough inlteraction
can eliminate the Fermi surface, while perturbation
theory predicts that ts always there.

VI. DIELECTRIC CONSTANT

Because the response to external fields of wave
vector ¢ only depends on an interaction expression
linear in the density operators, we can immediately
obtain for the generalized static susceptibility func-
tion or dielectric constant (response = driving force),
for any temperature, T

x0(¢, T) = xo(g, T){sinh ¢(g) + cosh ¢(g)}* cosh 2o,

1

=@ D g O
in terms of the “unperturbed’” susceptibility xo(g, T°).
It is also a simple exercise to calculate exactly the
time dependent susceptibility in terms of the ‘“‘un-
perturbed”’ quantity.

It is interesting to note that the susceptibility
can diverge (which is symptomatic of a phase trans-
formation) only for

(6.2)

i.e. only for sufficiently attractive interactions and not
for repulsive [v(g) > 0] interactions.

Recently Ferrell® advanced plausible arguments
why a one-dimensional metal cannot become super-
conducting. We can prove this rigorously in the
present- model. The electron-phonon interaction is

Ho_p = 2 ¢@o® + o] & + £, (6.3)

)\v(Q) - -,

where £ and £ are the phonon field operators. In
the ‘““filled-sea’’ limit this coupling is bilinear in
harmonic-oscillator operators, and therefore the
Hamiltonian continues to be exactly diagonalizable.
The new normal modes can be calculated and there
is found to be no phase transition at any finite
temperature.

APPENDIX

We shall be interested in extending Luttinger’s
model in two ways. Firstly, we note that the restric-
tion ¥ = 0 is really not necessary. Turning back to
Eqgs. (2.13) et seq. we impose periodic boundary
conditions (. -+, x; + L, ) = ¥(-++, z; *++),
and find that

s R. A. Ferrell, Phys. Rev. Letters 13, 330 (1964).
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(¢ + NAV) and (k + MAV) = 2x/L X integer (Al)

replace the usual condition (2.16), where N =
number of “1” particles and M = number of “2”’
particles. However, when N, M — o in the field-
theoretic limit the problem evidently becomes ill-
defined unless V = 0.

A less trivial observation concerns the form of
the interaction potential. There is no reason to
restrict it to the form «p,p,, and in fact the more
realistic two-body interaction

0 = % Zo@)e(=p) + ol =D} o) + plo)
(A2)

is fully as soluble as the one assumed in the text,
for any strength positive »(p), and provided only

N(p) > —ir, (A3)

i.e. provided no Fourier component is too attractive.
The shift in the ground-state energy is now given by

W, = Ep{(l + —2—%@)% - 1}. (A4)
The plasmon energy is now
¢'(p) = Ip| (1 + 2x(p)/m)} (A5)

and for the important case of the Coulomb repulsion,

v(p) = p~?, the plasmons describe a relativistic
boson field with mass
m* = (2\/x)} (A6)
and dispersion
¢'(p) = (@ + m*)h (A7)

Here, too, d¢'’/dp < 1.
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The invariance properties of the action integral J = & p dg are studied for the motion of charged
particles in one-dimensional electromagnetic fields. Attention is concentrated on those situations
where the field gradients become large. Whereas in the case of smooth fields and finite gradients
the asymptotic theory of the one-dimensional oscillator as developed by Gardner and by Lenard
applies, the presence of large gradients, requires a special treatment. The present considerations are
restricted to cases where the strong field variation is confined to a small region such that the transi-
tion can be approximated by a discontinuity. It is shown that for time intervals of order 1/¢, J is an
adiabatic invariant of at least order €, ¢ measuring the time variation of the fields. As an example,
the motion of high-speed particles through a plane discontinuity is shown to be adiabatic in that sense.
Consequently, the initial and the final magnetic moments differ only slightly.

1. INTRODUCTION

HE invariance properties of the action integral

J = & p dq play an important role in plasma
theory. J has been studied by many authors for
various Hamiltonian systems. It is commonly as-
sumed, however, that (at least for almost all times)
the Hamiltonian must be smooth, which in most
cases is understood in the sense of infinite differenti-
ability. In the work of Gardner' and in other studies
explicitly concerned with particle orbits in three-
dimensional electromagnetic fields®™ it is assumed,
in addition, that the field gradients must be small.

Here we consider a special class of situations,
where the latter condition can be dropped. Our main
assumption is that the fields must be one dimen-
sional. A typical example of this situation occurs
when particles drift through a plane shock front
(as discussed in Sec. 4) or when a collision-free
cylindrical plasma is confined by an axial magnetic
field (#-pinch geometry). Particularly, we are con-
cerned with situations where large field variations
are involved.

In the case of smooth fields with finite gradients,
the asymptotic theory of the one-dimensional os-
cillator applies, as developed by Lenard® and in the
first part of Gardmer’s work' where a different
method is used.’ From their results we immediately
obtain the following property: If the Hamiltonian

1 C. 8. Gardner, Phys. Rev. 115, 791 (1959).

2 J. Berkowitz and C. 8. Gardner, Comm. Pure Appl.
Math. 12, 501 (1959).

3 . Hellwig, Z. Naturforsch. 10a, 508 (1955).

+ M. Kruskal, Proc. Intern. Conf. Ionization Phenomena
Gases, 3rd, Venice, 1957, p. 562.

§ A. Lenard, Ann. Phys. (N. Y.) 6, 261 (1959).

& See also Y. Watanabe, Progr. Theoret. Phys. (Kyoto) 27,
653 (1962).

H is such that for any fixed time ¢ the curves H =
const. form a set of closed curves in the p—q plane
with the topology of concentric circles, and if H is
sufficiently smooth and independent of time for
t <t and ¢t > t;, then the action integral (the
integration is performed along a curve of constant H)

J=§]Spdq

is an adiabatic invariant in the sense that for any
initial condition the difference AJ of the initial and
the final value of (1.1) can be estimated by

[AJ| < M,¢", n=12---,e>0, 1.2

where M, is a positive constant depending on the
exponent n but independent of ¢ (the scale of the
time variation of H).

The required topological condition is in many
cases satisfied if the magnetic field is unidirectional.
J is computable in terms of H and the fields, which
makes the invariance useful for practical applica-
tions.” The importance of this generalized invariance
for one-dimensional and for almost one-dimensional
fields was first pointed out by Grad.®

The invariance (1.2) holds for bounded field
gradients and, particularly, in the limit of vanishing
gradients and electric fields, where J is proportional
to the magnetic moment W/B (W = kinetic energy,
B = magnetic induction). In the case of unbounded
field gradients and discontinuous fields, however,
the previous studies of the one-dimensional oscillator
fail to yield adiabatic invariance. Thus the question
arises, whether or not an expression similar to (1.2)
7M. Kruskal, J. Math. Phys. 3, 806 (1962).

8 H. Grad, “General Adiabatic Theory,” TID-7520 (Pt. 2),
402 (1956).
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Fig. 1. A pendulum in a
discontinuous foree field.

can be obtained such that, for a given ¢, AJ remains
small when the field gradients become large.

It is the purpose of the present work to discuss
the behavior of J under these circumstances. We
restrict our considerations to the case in which the
electromagnetic field has a discontinuity and is
sufficiently smooth otherwise. This is believed to
be a valid approximation for the case in which the
field changes rapidly in a region small compared
with a typical radius of curvature of the particle
orbit.

Under the assumptions specified in the following
section, the present problem reduces to analyzing
a one-dimensional oscillator moving in a potential
which is continuous but which may have discon-
tinuous derivatives. A mechanical example is a
pendulum, the thread of which is bent by a slowly
moving pin (Fig. 1). Starting out in a way quite
similar to that followed by Lenard® we show that
J is an adiabatic invariant of at least order €.

2. ASSUMPTIONS AND DEFINITIONS

Denoting the physical time by ¢ we consider
Hamiltonians of the form

H(p; q, t’) = ’;‘PB + \&(Q; et,); (2-1)

with € > 0. This Hamiltonian clearly contains the
plane and cylindrical cases mentioned above. We
introduce

(2.2

= e’

as a new time coordinate and postulate the following
properties for ¥(g, 1):

(1) (g, t) is a continuous function of ¢ and ¢.
(2) ¥.(q, 1), ¥.(q, t) are continuous for ¢ = R({)
with a jump discontinuity at ¢ = R(f) where
R, R are continuous and B, K bounded.
There is a continuous function g¢,(f) such
that for all ¢

Y(g, 1) = ¢,(g, 1) =0 for q= g,
Yolg, 1) 2 0 for g2 gff).

Under these conditions the set of curves H = const.,
which we call 'y, form a set of closed curves with
the topology of concentric circles, H being zero at

&)

2.3)
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the center (0, ¢,) and increasing in any outward
direction. The two points at which I'y intersects
the ¢ axis will be denoted by & (H, t) < &(H, )
satisfying the equations

v, ) =H, i=12.
The action integral (1.1) then takes the form

£e
T, g, 1) = f(H, t) = 2} L [H — 4 )P & (2.5)

It should be noted that the path of integration in
(2.5) is a closed level curve of the “frozen Hamil-
tonian” and not the actual orbit, which in general
is not closed.

As the H dependence of f(H, t) is monotonic there
is a uniquely defined inverse function

H = ¢(J, 9.
Given two constants H < H’’ we postulate:

(4) There exist four numbers J’, J”, H,, H,
such that

0 < J’ < min f(H', {)
¢

2.4

(2.6)

J'" > max f(H', 1),
' 2.7

Jl
0<H < min¢<— , t)
13

H, > max ¢(2J', 1),
1]

where, for simplicity, we choose the time
interval considered to be infinite: — o <
1< + o,

Now, we define the following domains in the
p—q plane:

Q®: H,<H<H,,
QQ): 3H, < H <2H,, 2.8)
Q"(W): 0< H <2H,,

and require:

(5) For (0, q) in @ (1), ¥.(q, ) is bounded from
below; for (0, ¢) in Q"'(¢), all first and second
derivatives of ¥ are bounded.

An “orbit” is characterized by any solution p(#), g(t)
of the Hamiltonian equations of motion

edg/dt =p, edp/dt= —y; (2.9)

p(?) and ¢(t) are continuous at ¢q(f) = R(¢). When we
write J (t), f(?), etc., instead of J (p, g, 1), {(p, g, 1), ete.,
p and ¢ have been introduced as the coordinates of
an orbit.
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It should be mentioned that Condition 4 is not
very restrictive. It is easily shown that 4 is satisfied
if (g, t) for all ¢ lies between two comparison func-
tions proportional to [g — go(8)]°.

3. PROOF OF THE INVARIANCE

We show that J is an adiabatic invariant in the
following sense: Suppose the conditions specified in
the preceding section are satisfied and at time ¢,
the inequality

H' < H(th) < H” 3.1)

holds, then for any time {, > ¢, and e sufficiently
small

|J(t2) - J(tl)l < le*(tz - tl) + Mzé

is satisfied.
We show this first under the additional assumption
that for ¢ in [¢,, &)

H, < H®) < H, (3.3

holds, that is, that the orbit stays in @(¢), see (2.8).
Then, as a second step we show that (3.3) in fact
is satisfied. Note, that for the present purpose it is
not necessary to postulate time independence of the
Hamiltonian for ¢ < ¢, and ¢ > {,. (The same is
true in the smooth case for the first order, but not
for higher orders.)

Following Lenard,® we consider the Liouville equa-
tion written in the form

e df/ot + |VH| of/as = 0. (3.4)

Here, the action integral J and the arc length s
on the I curves have been introduced as new
coordinates, replacing » and ¢. However, df/dt is
still to be evaluated at a fixed point (p, g).

We first try to obtain an asymptotic expression
of order e for the function f. The formal expansion

(3.2)

f=fo+ e+ 3.5)
introduced into (3.4) yields in the e orders 0 and 1:
dfe/ds = 0 (3.6)
0f,/9s = —(1/|VH]|) 8f,/at. 3.7

A solution is given by
fo=1J (3.8)

_ 1 rteJ dt
h== L am=ygop B9 D

where B(J, t) is an arbitrary function of J and ¢.

In (3.9) and in the following expressions for f,
we take p > 0; it is easily shown that f,(p, q, {) =
—fl(_py q, t)'

(3.9)
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As we shall see, the presence of the discontinuity
makes 8f,/0t become infinite on the curve H = y(R, t)
so that the conditions

o
r ot IVHI =0, (3.10)
ofs
3 bounded, (3.11)

which have been used by Lenard [(3.10) is a condi-
tion on B(J, t)] cannot be imposed in our case, and
we have to proceed in a different way. First, we
drop (3.10) because this condition is only necessary
to insure the single-valuedness of f,, in which we
are not interested. Instead we choose B(J, ) = 0.
From the differential equation (3.4) we can write

=gt o= [ 5ha),

where the integral is understood to be performed
along the orbit passing through the point (p, q) at
time £.

At least formally, (3.12) is an exact solution of
(3.4) as may be verified by taking the time derivative
of (3.12) along the orbit, observing that

(fl f"f‘dt) f |VH]%’dt+ef,(tl). (3.13)

(3.12)

Now, suppose f, and the integral in (3.12) evaluated
at ¢t = {, are bounded:

I < M/,

f" oh di

where M’ may depend on ¢ as the orbit does whereas
M’ is independent of ¢. Then we obtain from (3.12)

i@, g, t) — folp, ¢, )] < (M’ 4+ M')e.  (3.16)

This leads to an estimate on J in the following way:
(3.4) requires that f remain constant on any orbit.
So, using (3.8) and (3.12) we can write

f&) = f(t) = J(t) + efi(t),
fo(tz) = J(tz)-

From (3.16) with » and ¢ taken on the orbit we
obtain

[J(t) + efi(t) — J(@)] < (M’ + M)
and with (4.13) .
[J(t) — J(&)] < @M’ + M), (3.18)
So it remains to show that (3.14) and (3.15) are

(3.149)

<M, (3.15)

3.17)
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satisfied with a suitable ¢ dependence of M"’. Using
(2.5) and (3.9) we write f, in the form

fl = 21(621 H’ t)z2(q) H’ t)

— Zx(q, H) t)zz(&; Hr t); (319)
where
(7 Gi(¢, ¢) dt
a1, 1) = fe,w.n H — 4G, O
i=1,2, (3.20)
with
GI(E; t) = ‘//I(E) "); Gg(f, t) = 1. (321)

In order to estimate z; and 9z,/d¢ it is convenient
to integrate (3.20) by parts. The resulting expres-
sion, however, becomes meaningless at = qo,
where Y, vanishes [see (2.3)]. So we break up the
interval [£,, £,] at the points

al(t) = £,(3H,, 1), az(t) = £(3H,, )

and use the original representation (3.20) in the
interval (a,, a,). Defining the funetions

(3.22)

il(x) = —Q[H - ll/(."l? t) i‘Gi(xy t)/‘l’a(xy t)
sute, ) =2 [ 11— wie, 1 (880) & 2y)
G, 9
dialx, ¥) = f (H — (&, t)]% dg,
we obtain
L <z <a:

z; = ¢a(@) + ¢i2lr, ) + 2YAG/ Yo,
a <z < a:
zi = ¢ala) + ot ar)
+ ¢islar, ) + 2YAG:/¥o)v,

(3.29)

a <z <&
z; = ¢a(a) + ¢illy, &) + ¢ix(ay, @) + ¢:4(®)
— $01(a2) + ¢i2(as, 2) + 2YAG/ o)y,
where
Y =[H- &0}, H2yR0,
Y =0, H < y(R, ?).

A(G;/¥,) denotes the jump of G,/¢, across the
discontinuity and y = v, where

1 for £ <R <z

(3.25)

Y=

and v, = 0 otherwise, (3.26)

v.=0 for a, <R <L a,

and v, = 1 otherwise.

KARL SCHINDLER

Observing from (3.19) that z equals ¢ or £, we
conclude from (3.24) that under the assumptions
formulated in Sec. 2 all terms of z; and 9z,/0¢
are bounded except for those terms confaining
Y /ot which diverge for H = y(R, t). {Note that
H — ¢(g, 0]} = p/2}, [H — ¥(&, ' = 0, and
[H — ¥z, )] > (Ho/2)! for a; < ¢ < ..} Thus
we write

lz.| < U,
|92./0t] < W, + W, |aY/at|,
where U, W,, W, are positive constants, independent
of e

Although 8Y/at is not bounded, one can obtain
an upper bound on [} |3Y/d¢] dt:

fh i I:
where 8,, S; are constants, independent of ¢, ¢, t,.
The proof of (3.28) is given in the Appendix. Using

(3.28) we conclude from (3.19) and (3.27) that (3.14)
and (3.15) hold with

M = 2U°
"= 4UW1(t2 - tl)
+ 4UW2[S1€‘§(t2 - tl) + Sgé*].

Thus, from (3.18) we finally obtain (3.2) with
M, = 8US,W,, M, = 8U* where for convenience,
¢ is restricted to

e < min [(U/S.W,)°, (S\W./W.)|.

It remains to show that (3.3) is satisfied. We assume
that the orbit leaves the domain Q(t) as defined
in (2.8) during [¢,, ¢,]- As we shall see, this leads
to a contradiction. We first consider the case in
which the boundary of Q(f) crossed first, is the
boundary H = H, and is crossed, say, at time
t = T, < t,. We have with the aid of (2.7):

H(T,) = H,, J(T) < 3’
while initially

i=1,2 (3.27)

di < ‘(t2 — ) + S.ef,  (3.28)

(3.29)

Jb) = J, (3.30)

as follows from (2.7) and (3.1). Since during the
interval [¢;, 7',] the orbit is still in @(¢), (3.2) holds
as shown before:

[J(T) — J(t)| < Md(T, — t,) + Me
< Mt — t) + Mae.  (3.31)
On the other hand, (3.29) and (3.30) lead to
[J(Ty) — J(t)]| = J'/2
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which contradicts (3.31) if € is sufficiently small.
So, the orbit cannot leave the domain @{¢) by passing
the boundary H = H,. If the boundary H = H,
is assumed to be crossed first, the argument runs
similarly. This, then, completes the proof of (3.2)
except for the estimate of (3.28) which is given in
the Appendix.

Since the right-hand side of (3.2) goesto zero
with e — 0 for all orbits, J is an adiabatic invariant.
According to the conventional terminology we have
shown invariance of order i because the leading
term contains ¢ in that power.

We add a brief remark concerning higher-order
invariance. While for general field situations only
invariance of order } seems to be possible by this
method, there are examples in which invariance
of order 1 can be obtained, in spite of the presence
of discontinuities. This, for example, is true for the
plane discontinuity moving with constant speed as
discussed in Sec. 4. However, as we do not need
this improvement there, we shall ignore it and, for
sake of brevity, use the general result (3.2).

In the present approach the higher-order in-
variance is excluded by the presence of the term Y,
the time derivative of which becomes large if H
approaches (R, t). However, if B remains suffi-
ciently close to the center ¢, of the I' curves, dY /8t
remains finite and higher-order invariance can be
obtained. On the other hand, for a particle which
did not hit the front before and starts passing it,
the equation H = ¢(R, ¢} is satisfied at least once
and we cannot obtain higher-order resuits.

In cases where the nth derivatives of H have
jump discontinuities (all lower derivatives being
continuous), the present procedure may be used to
obtain invariance of order n — % instead of order
n — 1. There, however, the gain of one half order
will be less interesting than in the case n = 1
treated here, where without that extra half order,
there would be no invariance at all.

In some cases where the magnetic field goes
through zero, (2.3) does not hold and some orbits
may become nonadiabatic. The case of a homo-
geneous magnetic field which goes through zero has
been studied by Tamor.’

4. PARTICLES PASSING THROUGH A
PLANE SHOCK FRONT

Ag an example, we consider particles moving
through a plane discontinuity separating two regions
of constant homogeneous magnetic field. On either
side of the front the field vector B points into the

$ 8. Tamor, J. Nucl. Energy C1, 199 (1960).
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same direction parallel to the front. The front moves
along its normal direction with constant speed,
inducing an electric field E perpendieular to B and
parallel to the front.

In speaking of a shock front, we must keep in
mind that a discontinuity probably is not a realistic
model for any actual collision-free shock wave,
because it ignores the oscillatory structure behind
the front as established by C. 8. Morawetz.”

Particle orbits of the kind considered here have
been discussed previously by E. N. Parker’ in
connection with acceleration mechanisms for par-
ticles in electromagnetic fields. Although adiabatic
invariance is assumed, it so far seems established
only by numerical calculations.

We treat the present problem in two steps. First,
we show that the particle can stay with the front
only for a finite time and is left behind afterwards.
In the second step this result is used to establish
that the change of the magnetic moment caused
by the passing front is small for small front velocities.

Before giving a more precise formulation of these
properties we observe that a particle separated from
the front by a sufficiently large distance performs
the familiar drift motion in crossed fields, or, if
the electric field vanishes, moves around in circles.
Particles in this state of motion will be called
“separated”’; particles which are not separated are
“connected” (to the front).

Looking at the particle motion in a frame of
reference in which % vanishes on one side of the
diseontinuity, we can state the point {0 be shown
in the following way (¢ = {/¢ as before is the
physical time):

(i) Suppose a particle passes through the front
at time t{. Then, for sufficiently small front veloc-
ities |c¢|, a positive constant N can be found such
that the particle cannot pass through the front again
at any time ¢}, = ¢} 4+ 8 with

8> N/lc. “.1)

(ii) Suppose a particle initially separated from
the front passes through the front at ¢ = = for
the first time, and |c| is sufficiently small. Then,
at any time ¢’ > 7, + N/|c| the particle is separated
again, now drifting (or circling) on the other side
of the front and will stay so for any later time.
The difference between the initial and the final
magnetic moment H/B is of order |c[! or of higher
order,

10 C. 8. Morawetz, Phys. Fluids 4, 988 (1961).
11 E. N. Parker, Phys. Rev. 109, 1328 (1958).
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] Looking at the assumptions listed in Sec. 2, we
final stote observe that (4.2) is of the form (2.1). We can
O (seporated) identify
- ' alt) = {xo for B > z, @.5)
! R 4+ (Bl/Bz)(xo — R) for R < z,.
intermediate state The action integral J takes the form
{connected) (B} 1 1 1
- J=1rH—+*-) 2H~—-——>
D ; .t 5 TG B
X [aresin A + M1 — V)], —1<2A <1,
inita! state (4'6)
(seporoted) J = 2rH/B,, A1

Fia. 2. Particles passing through a plane discontinuity.
(The magnetic field jumps by a factor of 2.)

We choose a Cartesian coordinate frame as in-
dicated in Fig. 2 and take E = 0 in 2 < R. Then
the Hamiltonian can be written as (mass and charge
are eliminated by choosing suitable dimensionless
variables):

H = ip. + ¥(z, ¥),
iBi(x — ) for z < R(Y),
Yz, 1) = 3i[Bix — R(B; — B,) — Byz,]’
for = > R().

z, denotes a constant of motion which, geometrically,
is the position of the center of the circular orbit
section in x < B. B, > 0, B, > 0 are the magnetic
field strengths in z < R and z > R respectively.
The speed of the front is given by

¢ = eR. 4.3)

Since only the product of € and R is specified so far,
we can postulate in addition

[R| = @H'"). (4.4

That is, we take |E| as the upper bound for the
initial particle speed. [We assume that (3.1) is
satisfied.] The induced electric field in z > R is
given by eR(B, — B,).

Although for the Hamiltonian as given by (4.2)
the equations of motion (2.11) can readily be solved
in closed form for either half-space, the matching
problem seems to make any explicit approach more
complicated than the present one.

4.2)

J =2rH/B,, > 1, \=B,{R — ,)/CH)".

For A\* > 1, the particle is separated, and for
A* < 1 it is connected to the front. Since with (2.5)
and with B; = min (B,, B,), B;; = max (B, B,)

2rH 2eH

B, <fH, ) < B, 4.7
holds, we ean choose in view of (2.7)
7= 2;;}1' g o mH
m B g
— H’B{ _ 2H”BH ’
Ho=%p,» H=7%

The assumptions of Sec. 2 concerning continuity
and boundedness of y¥(¢, ¢{) and R(t) are clearly
satisfied.

Thus (3.2) holds, and J is an adiabatic invariant.
Using this we shall prove (i) indirectly, assuming
that the particle passes through the front at time
t;; with 6 being arbitrarily large, which then leads
to a contradiction.

With the aid of (3.2) and (4.7) we can estimate

H(tu) < (Bu/2x) (M0 + Mye)
+ (Bu/BH(t). (4.9)

On the other hand, (4.2) immediately leads to a
lower bound:

H(ty) > %B'Z[R(tu) - %12
> 3B7R| €8 — [R(t) — z|]". (4.10)

It is clear that (4.9) and (4.10) cannot be satisfied
for arbitrarily large 8. An upper limit 6* is obtained
by equating the right-hand sides of both estimates,
which leads to

6 = %ﬁﬂ [1 + O]

e
+ T (2Bl 4 oy,
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For sufficiently small ¢ we can write

< BBHGE () | (Ba)) N
o < BEEE (o (55)) -

So, for 8 > N/|e| there is a contradiction and the

particle cannot move through the front again,

which proves (i).

As for (ii), we first assume that the particle for
¢ < 7;circles in < R which implies B < 0 because
otherwise it never would touch the front.

By using (i) we immediately see that the particle
has again to be separated from the front at any
time ¢ > 7; 4 N/|¢| hitting the front for the last
time at ¢ = 7. It cannot have returned toz < B
because it would be met again by the front. So, it
must be drifting on the other side and stay so because
the front moves off with speed R while the drift
speed is R(1 — B/B,). The invariant for the
initial and the final separated state is proportional
to the magnetic moment H/B, as follows from (4.6)
with A®> > 1. It is easy to see from the solutions
of the equations of motion that H, and hence J,
remain constant in theé circling state and vary
periodically with time in the drift state, the variation
being of order e.

According to (i), 7y — 71 is of order 1/e. Thus
we see from (3.2) that the corresponding change
of J is of order ¢ or smaller [according to the
present notation wehavef, — f, = e(r; — 71) = 0(1)L.
Thus the entire change of J is of order ¢ which
gives the result of point (ii).

If the particle initially drifts inz < R (with B > 0),
a suitable coordinate transformation leads to the
situation just considered. It is easy to show that
the corresponding change of J is of order ¢ so that
the present results still hold. Similarly, (ii) holds if
the magnetic moment for the final state is evaluated
in the frame moving with the drift velocity.

Transforming to a frame of reference in which
the front is at rest, we see from (4.3) and (4.4) that
the variation of J is small if the drift velocity is
small compared to the gyration speed. In an actual
shock wave, this condition can, however, not be
satisfied for all particles. In many cases of practical
interest, however, the condition is fulfilled for (most
of) the electrons and for the high-speed ions. Further-
more, the present results show that a plane dis-
continuity front cannot accelerate the fast particles
to nonadiabatically high energies.”
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APPENDIX

Before estimating the integral

X=f: % dt,

with ¥ as defined in (3.25), we write down some
properties needed later on.

Defining F = Y* = H — ¢ and noting that
ld = |p|/e < (2H,)} we can write for (0, ¢) and
(0, R) in @”(t) and e sufficiently small

[dF/dt] = |¢.(q, ) — dy¥(R, )/dt] < K, ,
[@°F/df] = [¥ila, O + $uolg, D4
— &Y(R, /df] < K,/e,
where K,, K,, are constants, independent of . With
r = 2HY/C, § = K, (A3)

where C is the upper bound on ¢, for (0, ¢) in §”(¢)
(see Assumption 5 in Sec. 2), we can establish the
following property:

(A1)

(a2)

Consider a time interval @ : 7/, 7’ + er] arbitrarily
situated in [f, — &) (e is taken sufficiently small so
that er is smaller than #, — ). Furthermore, con-
sider an orbit staying in @ for ¢ in [t,, £,], on which
during ©

Y() < 2e8)} (A4

is satisfied. Then, for sufficiently small e there are
not more than four points in ® at which ¢(t) — R({)
changes its sign (intersection points).

As a first step we shall show the following:

If an orbit stays in @ for a time interval during
which § is either always positive or negative, then
for sufficiently small ¢ there are at most two inter-
sections in that interval.

We first assume that in the interval considered,
§ is positive. Since ¢ and R are continuous, § — R
must either be zero or must have opposite signs at
two successive intersections.

We assume that there is an intersection at ¢ = =,
with

d(r) — B(ry) = 0. (A5)
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p
by |~ u=H, G
i, N
D7 . A

A« 7]
N

F1e. 3. The domain D, consisting of D; and D..

If such a point does not exist, there can only be one
intersection and the claim holds trivially.

Now suppose in the interval considered there is
another intersection with ¢ > r,; then there must
be at least one, say at ¢ = 7, > r, where

G(rs) — R(r)) £ 0 (A6)

is satisfied. Denoting the lower bound of ¢, in @’
by L and the upper bound of R by A we can estimate

Q(TI) + (L/Gz)(Tz - 7'1) - R(Tl)
— A(ry — 1) < G(rs) — R(r5) < 0. (AT)

For € < L/A, (A7) contradicts (A5) so that the
intersection at ¢{ = 7, cannot exist. Since only one
intersection is possible for ¢ < 7, we have the desired
result. In the case ¢ < 0 the proof is similar.

Now we are able to prove the property quoted
above in the following way. Let D be the intersecting
domain of [p| < H?! and of Q. It consists of two
separated, simply-connected domains D,, D, lying
in ¢ 2 qo, respectively (see Fig. 3). So, as follows
from (2.3) and (2.9), ¥,, D, and ¢ have definite signs
in D, and D,.

At an intersection point we have ¢ = R and,
therefore, from (2.1) and (3.25), ¥ = |p|/2! which,
with the aid of (A3) and (A4), leads to

Ip| < 2(ed)t < HY for e < H,/48,  (AS8)

80 that for sufficiently small e the orbits considered
here have all their intersection points lying in D.
Now we consider that part of the orbit which,
during © lies in D. It consists of a sequence of
continuous sections which we denote by ;. Since
¢ has a definite sign on every C,, there are not more
than two intersections on a given C..

We now estimate the time Af necessary to cross
the strip [p| < H:. Since in D the function p(f)
varies monotonically with time, (2.9) yields

Hot Hol 3
dp| _ f dp _  2H§ _
f_m; Pl el C ~

Al = (A9)
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As the interval © has the width er also, the orbit
section associated with © can, at most, have two
parts C; and has therefore not more than four
intersections, which completes the proof.

Now we note from (2.8) and (3.25) that for (0, R)
not in @, we have ¥ = 0 so that, in view of (4.1),
we can replace (R, {) by H, which also leads to
Y = 0 while now (0, R) remains in Q. So we need
only consider (0, B) in @’ and we can use (A2).

Considering (A1), we divide the interval [¢,, ¢,)
in subintervals L; of width er and separate them
into two classes:

M, : containing at least one point { at which
Y(Z) > (265) i;
N, : containing no such point.

For an arbitrary time ¢ in an M interval we can
write, using (3.25), (A2), and (A3),

3
IF(t)] = |F(@) +f_ Fdi
> 2ed — K7 = €4, (A10)
so that
Y > (e8) (A11)
Using (2.9), it is easily shown that
aY /ot = dY/dt, (A12)
and we obtain from (A2) and (A12)
av| _ 1 |aF| _ K, |
at| =27 ldt < )t (a13)

Therefore, the contribution of all M intervals to
X can be estimated as

z].

In the N intervals, since we need continuity of
Y, we subdivide at every intersection point obtaining
the subintervals N’. Since Y < (2¢)%, there are
not more than four intersections in one N interval
so that the total number » of N’ intervals can be
estimated by

v < 5[( — t)/er + 1]. (A15)

We split the N’-intervals further by all points at
which ¥ changes its sign, obtaining the intervals N7’.
(For definiteness, we consider ¥ = 0 positive.)
From the fact that in an N” interval ¥ can only
be discontinuous when ¥ = 0, it follows that ¥
vanishes at least at one boundary point with the
possible exception of those N’ intervals bounded by
an intersection point (see Fig. 4). Ignoring these

K,

dt < W (t. — ).

9y
3t

(A14)
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exceptional cases for the momént, we can estimate
with the aid of (A2),

[F| < (Ky/e)Ar,,

where Ar; denotes the width of the interval N/,
Denoting the larger boundary value of F by F and
the smaller one by Fs, we obtain

Fy — Fs < (Ky/e)(Ar)
and, therefore,
Yi — Yy < [(Ko/e)(Ar)* + Vi — Vs
< (Ko/e)tAr;,

so that we now have the estimate (summed over
one N’ interval)

Yy
12 ‘[1;’;” at

dt = 3 (Y — Y

< (%)*ef + 2@2e8)},  (Al6)

where the second term takes eare of the exceptions
mentioned above and is obtained in the following
way: If an N” interval does not have ¥ = 0 at
one endpoint (which is only possible if one end-
point is an intersection point) then ¥ must vanish
at one endpoint. Furthermore, ¥ varies monoton-
ically in every N’ interval. So, noting that ¥ <
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Y(t)

Fra. 4. Splitting of an N’ interval into N’/ intervals [the
interval next to the intersection point 4 is of the exceptional
type: ¥(t) does not vanish at one boundary point].

(2¢5)* and using (A12), we can estimate (N’ denot-
ing the exceptional time interval),

Y aY
J.. .

at
As there are at most two such intervals in one N'-
interval, their contribution to (A16) is smaller than
or equal to 2(2¢d)}. Since there are v N'-intervals
we finally obtain, observing (A15) and (A16) and
including (Al4):

dt = < @2

19 -
X = ‘/;‘ l% dt < Slﬁ *(tg - tl) + Szé*,

where S; and S, are constants independent of e.
Thus, the estimate (A1) holds.
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The Dirac equation in its quantized form is discussed in order to deduce the structure of the unitary
representation of the Poincaré group in Fock space. There is a short account of discrete symmetries
in Fock space and a simple method of calculating spin matrix elements is outlined.

I. INTRODUCTION

HE unitary representations of the inhomo-
geneous Lorentz group are well known, a com-
plete classification of them was given already by
Wigner in 1939." Each irreducible representation is
characterized by two quantum numbers, the mass
and the spin. The solutions of the Dirac equation
transform under the connected part of the homo-
geneous Lorentz group according to a four-dimen-
sional spinor representation, which is reducible and
not unitary. On second quantization one obtains a
Hilbert space which is the direct sum of one, two, ete.,
particle subspaces, the so-called Fock representation.
The transformation properties of the field define a
unitary representation of the inhomogeneous Lorentz
group in Fock space. This connection is implied in
several places in the literature,” but to the author’s
knowledge it has not yet been spelled out in detail.
The present paper intends to do this, hoping to com-
bine clarity with simplicity by using elementary
methods. There seem to be two considerations to
justify this. If the notions of Hilbert space and rela-
tivistic invariance are pertinent to particle physics,
the scattering processes are to be described by iso-
metric wave operators which satisfy certain asymp-
totic conditions and establish a unitary equivalence
between the ‘“‘free’” and “interacting’’ generators of
the Poincaré group. One particular model for two
spinless particles which satisfies all these conditions
is already known.® For this kind of approach a de-
tailed understanding of the Hilbert space spanned
by the “free” states and the unitary representation
of the Poincaré group on it, is essential. Secondly,
* Present address: Institutionen for teoretisk fysik, Ume§
Universitet, Umes, Sweden.

1 E. P. Wigner, Ann. Math. 40, 149 (1939).

z See, e.g., A. S. Wightman in Dispersion Relations and
Elementary Particles (John Wiley & Sons, Inc., New York,
19680')1;. F. Jordan, A. J. Macfarlane , and E. C. G. Sudarshan,
Phys. Rev. 133, B487 (1964 ), and also L. B. Redei ‘“Composite

Particles in a Relativistic Model of Two-Body Scattering”
(to be published).

the field equation supplies additional information
with regard to symmetry, especially discrete sym-
metry. For example, the Dirac equation entails the
existence of a pair of particles related through charge
conjugation. There is nothing in the theory of the
Poincaré group which necessitates this. Also, the
Dirac equation limits the choices of possible time-
reversal transformations.

The next introductory chapter contains a short
discussion of the solutions of the Dirac equation,
mainly in order to establish a unique phase conven-
tion for the spinors. (Normally helicity is used to
classify further the positive and negative energy
solutions, which still leaves the phases undermined).
After this, the connection between the transforma-
tion properties of the field and the unitary repre-
sentation in Fock space is explicitly demonstrated.
This is followed by a short discussion of discrete
symmetries; space, time inversion and charge con-
jugation. Finally, a method is briefly outlined by
which matrix elements between spinors can be
evaluated in a simple fashion.

2. SOLUTIONS OF THE DIRAC EQUATION
We start from the Dirac equation®

(=7 8" + m)y(x) = 0,

where %y + v*+" = 2g"". A con_aplete set of solutions
is given by u(p)e™**" and v(p)e'™, po > 0, p° = m’,
where the four-component spinors satisfy

(__p“,yu + m)’“@) = 0; (1)
(" + mp@) = 0. @

For a given 4-vector p, there are two pairs of linearly
independent solutions u(p) and »(p), provided p* =
m’. Normally one uses the helicity operator to
distinguish further among these, but we employ a

¢ We shall be using the same conventions as in 8. S.
Schweber, An Introduction to Relativistic Quantum Field

Theory (Row, Peterson and Company, Evanston, Illinois,
1961). In particular, g% = —gi¥i = 1, gof = 0 if & # 8.
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different set of solutions. Let S(A) be the up-to-a-
sign spinor representation of the homogeneous
Lorentz group £ which satisfies®

S(A)7Y'S(A) = A%y,

det 8 = 1,
for all A € £. From Eqgs. (1), (2), and (3) it follows
that if Ap = ¢, A € &, then S(A)u(p) is a u(g) and

also S(A)v(p) is a v(g). Following Wigner we define
a set of transformations' L(p)*,

L)’ = m™'p’, Lp): = L), =
Lip)s = & + [m(m + p")]7'p'p".
The L{p) have the properties
Lp) € <,
Lpp =p or L@)'p=mp,

where § = (m, 0). For simplicity we now choose a
particular set of v matrices:
] ok
(—Uk 0 )’

o __ (1 © ko
v =)

where ¢* are the Pauli matrices.* (A different choice
for the v matrices would give a different but never-
theless equivalent representation in Fock space.)
Let

wo =) wo=() wo=()

and
v,(p) = @).

We define u,;(p) and v,(p),t = 1,2, --- , by
w(p) = S[L(p) " w:(),

v;(p) = S[L(p)—l]v,-(ﬁ).

One might object that S being a double-valued
representation, Eq. (7) determines u;(p) and v;(p)
only up to a sign. However, Eq. (4) defines a con-
tinuous one «> one mapping of the singly connected
parameter domain p* = m? p° > 0, into £. The
image set L(p) is therefore singly connected. We
can fix the sign uniquely by choosing S[L(5)™'] = I.
For any A & £ and any 4-vector p, p° = m?, p° > 0,
we define'

)

~1_k
-m p,

@)

®)

©®

@

Q(p, 4) = L(p)AL(A™'p)™".
Straightforward computation shows that

Qp, A)QAT'D, Ar) = Q, A14») ©

5 Bee e. g, H. Boerner, Represeniations of Groups (John
Wiley & Sons, Inc., New York, 1963).

8)
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and also

QW, A)p = b,

ie., the Q(p, A) are pure rotations. For the repre-
sentation S one has the corresponding equations:

S[Qm, A)] = SIL@ISWSLA )],  (10)
8[Q(p, AVISIQAT'D, A2)] = £8[Q(p, AiA)],  (11)

where in the last equation the choice of sign is
made to correspond to the sign in the equation
S(A)S(Az) = £8(AA;). This can be best seen by
considering S(A) as being a single-valued representa-
tion of the covering group. The path associated with
A in Eq. (10) then determines the path of S[Q(p, A)]
in such a way that Eq. (11) holds [see the remark
after Eq. (7)]. The S[Q(p, A)] have two important
properties:

(a) They are unitary matrices. This follows from the
fact that S[Q(p, A)] maps the u:(p) and »,(p) into
perpendicular unit vectors.®

(b) The spinor S[@(p, A)Ju:(p) is a u(p) and simi-
larly S[Q(p, A)Jvi(P) is a v(). The matrices S[Q(p, A)]
thus decompose, which we write as

S[Qp, )] = D*(, A D D’(p, 4), (12)

where D*"(p, A) are 2 X 2 unitary matrices which,
because of Eq. (11), satisfy

D**(p, A)D""(AT'p, A) = £D™"(p, Aihs).  (13)

3. REPRESENTATION OF THE INHOMOGENEOUS
LORENTZ GROUP IN FOCK SPACE

We write the four-component field operator ¢(x)
in the form

%
v = et [ @n (5)
X X @ 7eo) + 0.)™ dip)], (149

where ¢; and d; are the usual annihilation operators:
[e.®), ;@] = [d:(p), i@ = 850 — P).
The transformation law*
U4, a) ' (2)U(A, a)
= ; S(A)as¥s(A7 (& — a))
defines a representation of the Poincaré group {A, a}.

First we determine how they act on the creation
operators ¢,’(p) and d,"(p). From Egs. (14) and (15)

(15)

¢ For the proof of this, one has to use that for Hermitian
7% Sty® = 49871, see e.g., Schweber, Ref. 4.
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U\, o) (@)U(A, a)
3
-3 3 _1’7_1 —ip{A "1 (z—a)1]
- @07 [ @0 (2) T iswume o)
+ S(A)v_(p)ewu—‘(z—a)) dlf(p)]

- [ 57
X 3 (S (A"l e, (A7'p)

+ S(A) (A 'ple %™ di(A"p)). (16)

Now we use Eq. (10) to express S(A) in terms of
S[Q(p, A)] and S[L(p)]:

8(4) = S[L@) 18R, MISIL(Ap)].

Substitution into Eq. (16), together with Eqs. (7)
and (13), gives

U, o) "¢ @)U(A, a)
= ent [ap () () 5 swerm

p
X [D"(p, Ayu(@)e™ e ""c,(A”"p)
+ D'(p, Api(p)e e di(A7'p)],

o )52
X 2 (D5, Mus(pe™e e A7'p)

+ Di(p, Ap(ple”e™ di(a7'p)].
On the other hand,

and finally

U, &) WUM, a) = @) [

U, UG, ) = et [ @p (%)
X X [wple UM, ) "e.())U(4, o)
+ v U(A, o) dip)U(A, a)].

Comparing this with the previous equation one
obtains

UA, o) c.(@)U(4, a)
= E [(A7'p)’ /"1™ D%i(p, Ae(A™'p),
UA, @) d{@)U(4, a)
= 2 ATp)"/pTe " Dilp, A) di(87p) (18)

y))

or
U(A, a)eip)U(A, a)™

= [(Ap)°/p°Te’ 2; Dii(Ap, Nei(Ap), (19)
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U(4, a) di(p)U(A, o)™
= [(Ap)°/p°Tte 47" g: Dii(Ap, A) di(Ap), (20)

where the asterisk * denotes complex conjugation.
The particle space H is an infinite direct sum of

subspaces
H = E @ H"‘mx

where the H™'™ consist of vectors of the form
o~ n!)_%(m!)'%
xfdp‘ Lo [ g,

(p )% (pn) ( 1) (qm)f
X 2 el e enlpdi(@) - di(gn)
X f"'m(ply 0 Pus Quy qm)ix."-in:h-*':‘m i()) (21)

with the restriction that the functions f*'™ are anti-
symmetric in the first n and the last m spin and
momentum variables. The inner product is given by

" 0 ™) = Bun m
depl . LA TR
(pl) n) (QI) (qm)
X E Z fn' - (pl, C Pay Gy qm)i.-”i,.:i;---im
g W(Pl’ D 1yt Q)i eriniiae i 21”)

The transformation laws (19) and (20) imply,
assuming the vacuum state to be invariant,

WA, af “Ip), = ™ E DY (p, Of°(47'p)., (22)

[T, af)p), = €™ 22 Dilp, N (A7p).. (23)
The transformation law in the many-particle spaces
H™™ is obtained simply by taking tensor products
of H"* and H*'. The transformations (22) and (23)
are indeed unitary with respect to the inner product
(21’) and taken together with Eq. (13) they define a
pair of irreducible representations® of the inhomo-
geneous Lorentz group. The other subspaces ob-
tained by taking tensor products are invariant but
no longer irreducible.

We now discuss briefly the infinitesimal generators,
In view of the remark above we can restrict our-
selves to H"'* and H°''. The generators of the sub-
group of translations U(1, a) are the multiplications
by p*. To obtain the other generators J and N we
have to use the formula

SIAMN] = I + (v, — 174 (24)
for an infinitesimal Lorentz transformation A*, =
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- 8, 4+ N°,. This is proved, e.g., in Ref. (4). The genera-
tor J is defined by

for A(8)*, = &, + N,, where

)\kl — aeklmnm

>\Oa — )\ao — O,

and 6 is small. Equations (4) and (8) allow one to
caleulate Qp, A(8)];

Qlp, AO)]” = ¢" + 27,

which, with our particular choice of the vy matrices,
gives

S{Q[p) A(B)]} =1 — ifn-(X ('D x),

where £ = }4. Combining this with Eqs. (22) and
(23) we have
AP, = —ip A @), + X sl P, o5
gJrHw). = —ip A (), + ; st (0o, “
where

s*=% and s’ = —s. (26)

This shows that D’(p, A) = D*(p, A)*.
Similarly, N is defined by

UlA(6)] = I — ¢6n-N

for A(6)",
kk() — xok

Qlp, A(0)]", = &, + AQ[p, A(O)",,
where AQ’® = AQ*° = 0 and
AQH — O(m + pO)—l(pknl . plnk)

= &, + N\, where X = N\’ = 0 and
= 6n". In this case one has

giving
S{[Q, AO)]} =I+i6(m+p") 'n-[p A (ZD E)],
and finally
(Nf)p). = —ip° of(p).

— (m+p)7" Z_‘, P A Sif '@ (27)
(N D), = —ip° of*(p).

= (m+2)7" X0 A 8@

This concludes the discussion of the connected
part of the inhomogeneous Lorentz group. The next
chapter contains a short account of the discrete
symmetries.
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4. DISCRETE SYMMETRIES. CALCULATION OF
MATRIX ELEMENTS

For the sake of completeness we now discuss
parity, time reversal, and charge conjugation. In
this connection see Ref. 6.

a. Parity

This is given by a unitary transformation U(Z,)
which satisfies U(,)? = -£1. It acts on the field
¥(x) according to

UG Y@UG) = n@a) [ ap (m/p?)

X Z [yus(—p)e”™*c.(—p) + Yv:(—p)e”™ di(—p)]

= n,@0)t [ @p (/) T PSIL(—D)]

X w.@e " c.(—p) + v’ SIL(—p) o)™ di(—p)},
+1. From Egs. (3) and (4) follows
Y’ SIL(—p) 1YY SIL(—p) ']y’

= [L(p)~'"" = S[L@) "1 "v*S[L(p)~"]
implying

SILE) ' SIL(—p)7' 7 = I.

{Here we made use of the irreducibility of v* and the
convention S[L(p)"'] = I.} This gives

where (np)’ =

]
UG WU = ntom [ @ (3)
X 3 [wtple e(~p) — v:p)e’™ di(—p)]

or
UG)e@UG.) = ne(—p),
UG)'di@UG) = —ndi(—p),
and finally
[UE) 1), = nf"°(—p).,
[UGE)1 @), = —n4f (— D).

b. Time Reversal

(28)

Time reversal is an antiunitary transformation
U(z;) defined by

UG '@)UGE,) = Ty(—t, 2),
where the matrix T satisfies
T—l‘yo*T — 'YO, T—l‘yk‘T — _'Yk-‘

With our choice for the v matrices

(29)

T =nvY"’,  |no] = L.
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Writing down Eq. (29) in detail one has
3
. \=1 N - 3 ﬂ
UG WRUG) = nan) [ dp (p)
X E v’y u:(—p)e”c.(—D)
+ Vv (—pe T di(—P)].
Using the elementary relations
Y’ SIL(—p)"] = SILGT,
v*SILp)'] = —S[L®))NY,
v'S[L(p)™"] = S[L®)"'1*,
one obtains the equations
U(’l:z)-lcf(p)U('i:) = nT(—l)rCrH(—'p) (mOd 2): (31)
UG) ' d@UG) = na(—1)d;.i(—p) (mod 2).

In the derivation it is important to remember that
U(z,) is antiunitary, i.e.,

(30)

]
UG Y@UG) = @n [ & (pﬂ)
X 2 W)™ UG) e @UG)
+ vt UG d@)UG)).

Equation (31) leads to the transformation law in
Fock space

[UE1@)r = n#(—=1)f"(—=P)rsx  (mod 2),

[UGE)")®), = ne(=1)f""(=D)rs:  (mod 2).
Notice that always U(Z,)° = —1I.

c. Charge Conjugation
This is given by the unitary transformation C,
CYRIC™ = Av""V'@),
where T denotes the transposed matrix and A satisfies
ATW'A = —y*T,
In our case A = ney™’, |ne] = 1. An argument

completely analogous to the one used in the two
previous cases gives the final result

CFf)@). = —int(=1)"f"'P)sr (mod 2),

€)@, = n(=1)F @) (mod 2).
At first sight, one might think that Eq. (33) implies

(33)
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changing the 2z component of the spin on charge
conjugation. This is not so. The spin generators
s” and s’ in the two subspaces are not the same, they
are related through Eq. (26).

Matrix elements of the type ;(p) Tu;(p), where T
is some linear combination of the sixteen independent
products of ¥ matrices, can easily be evaluated. By
means of the relation S*(A)y’ = v°S(A)™" and Egs.
(3), (4), and (7) they can be put into the form
u; ()T (p)u;(p) where I''(p) is again a linear com-
bination of products of v matrices, the coefficients
being functions of p. The terms which contain an
odd number of v*, k = 1, 2, 3, do not contribute
and one merely has to take the 7, j element of the
remaining terms which can contain v° or v*y*. Sums
of the form Y. #;(p)Tu.(p) are even simpler as v°
is the only ¥ matrix whose trace over the upper left
block does not vanish. The same is true for matrix
elements which involve the spinors »,(p).

The solutions u;(p) and v,(p) used in this paper
are the center-of-mass spin eigenfunctions. They
are related to the more customary eigenspinors of
the helicity operator h(p) = ¢ |p|™" +™’y-p in the
following way: first of all

[h(P), 70] =0,

and so one can solve the eigenvalue equation
hp) 20 a.@)u,(P) = = 2 a.(p);(®),

where the coeflicients a.(p); depend on p. In addi-
tion, using Egs. (3) and (4) one verifies

[SL®™), Mp)] = 0,

implying that the spinors u,(p) = »_; a.(p);u;(p)
satisfy both

(—p" + myu.(p) =0
and
hpu.(p) = xu.(p).

The same procedure applies to the spinors v(p).
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